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!¨΅῭΅%·΅ ΄(῭)*

!¨΅῭΅%·῭¨΄()*¨΅+, !¨΅(*)*΅(¨+,
-·(΅῭(./¨΅+, 01,21΅**΅ 3῭4.56%

-΅7)*΅(¨+8 ()9 :24189 +΅¨ ()9 0΅1΅2·2῾9 (-:0)
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9%.΅*: ῭)·)*0΄·΅(0΅*: ¨.·.¨.

!¨΅῭%῭·΄(¨)* ΄* +,῭-%.΄()( ¨)( ῭+῭/( ῭0 (+῭12¨*03
%(΄-24῭4)(0 ¨* ¨)250(.

6(,(5*/7΄()(:
6(,(787. *493 +,῭:94)῭3 ¨* +῭%%·3 +*,095῭῾3.
=῾4).,᾿¨᾿/(4)0;()2¨)(¨᾿ ΄᾿΅(4.΄()῭3.
6,9-%᾿΄( ;()(4῭΄.3 +9,84.
6,9-%᾿΄( 19,)8¨᾿3 1῭,)/῭῾.

=* ;2῟* ¨)250῭ +,·+*0 4( %2-8 ΄0( (+91(¨᾿. Α (+91(¨᾿ +῭῾
῟( +2,8 ¨* ·4( ¨)250῭ ·΅*0 ;2+῭0῭ ;9¨)῭3/;·,5῭3 ;(0
¨῾45·*)(0 ΄* )᾿4 ;()2¨)(¨᾿ +῭῾ ῟( -,*῟Β ¨)᾿4 (,΅. )῭῾
*+9΄*4῭῾ ¨)(5/῭῾.

῝*4),0;. 05·(: =+2΄* )῭ +,9-%᾿΄( ¨* ῾+῭+,῭-%.΄()(
(¨)250() ;(0 ¨* ;2῟* ῾+῭+,9-%᾿΄( ·΅8 ΄/( ΄*)(-%᾿).
(+91(¨᾿3.
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1)·:·%΅85): 1·/34΄5) !4:῭΅(0΄῾ 6΅)··25+῾

Δ/4*)(0 ῭ +(,(;2)8 ΅2,)᾿3.

Ε2΅4῭῾΄* )᾿4 *%2΅0¨)᾿ 50(5,῭΄. (+9 )᾿4 +9%᾿ 1 ¨)᾿4 +9%᾿ 7.
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1)·:·%΅85): 1·/34΄5) !4:῭΅(0΄῾ 6΅)··25+῾

6(,()᾿,.¨*03:

῝2῟* 50(5,῭΄. (+῭)*%*/)(0 (+9 3 -.΄()( (¨)250(). Φ!,(, ῟(
+2,῭῾΄* 3 50(5῭΅0;·3 (+῭12¨*03.

=* ;2῟* -.΄(, (42%῭7( ΄* )᾿4 +9%᾿ (;()2¨)(¨᾿) ¨)᾿4 ῭+῭/(
-,/¨;῭΄(0, ·΅8 50(1῭,*)0;·3 5῾4()·3 (+῭12¨*03.

῝2῟* (+91(¨᾿ ·΅*0 ;2+῭0῭ ;9¨)῭3 ;(0 ῭5᾿7*/ ¨*
¨῾7;*;,0΄·4᾿ *+9΄*4᾿ +9%᾿ (;()2¨)(¨᾿).
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!¨΅῭ %·΄()*(+,+-.*./ Bellman

!¨΅῭ %·΄()*(+,+-.*./ Bellman

!0 ω(x) = ((x, y), ω(y)) . 12΄()*(. 3)43¨+5῭ 4,6 (+ x *(+ w, (6(·
. ω(y) ·-04) . 12΄()*(. 3)43¨+5῭ 4,6 (+ y *(+ w.

!,63·)7.: 89*(: 6() . ω(y)) 3·0 ·-04) . 12΄()*(. 3)43¨+5῭ 4,6 (+
y *(+ w ·4) ῾,=¨΅·) ω→(y)) 5· 5)·¨6(·¨+ ·6*(+/. ᾿6(· .
ω→(x) = ((x, y), ω→(y)) 2΅·) 5)·¨6(·¨+ ·6*(+/ 4,6 (. ω(x). 8!(+,+.
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0123+΄)*2+- - 4¨)*2+-

;· 204 ,¨61΄.54 3῾045)·+῟ ,¨+Α¨4554()*5+῟ ,·,·¨4*520+῾
΅¨+0)·+῟ +¨-Β+0(4 5· 0(·(·¨5)0)*()·῭ 3῾045)·῭ +¨-Β+῾5·:

!¨΅῭%·:
N = 4¨)῝56/ *(43-:0 = 4¨)῝56/ 3)43+΅)·Δ0 4,+Ε=*·:0
Φ)4 (4 *(=3)4 ΅¨.*)5+,+)+῟5· (+0 3·-·(. t = 1, 2, . . . , N + 1
t = N + 1 : (·¨54()·6 *(=3)+ (3· ΄451=0: 4,6Ε4*.)

΄·¨·(¨΅()%*:
xt = ·4(=*(4*. *(+ *(=3)+ t (*(.0 4¨΅῭ (+῾ *(43-+῾, ,¨)0
,=¨: 4,6Ε4*.)
St = ΅Δ¨+/ ·4(4*(=*·:0 *(+ *(=3)+ t (,·,·¨4*520+/)

+,-.΅()%*:
at = 4,6Ε4*. *(+ *(=3)+ t
Dt(xt) = 32*5. 3῾04(Δ0 4,6Ε4*·:0 6(40 *(.0 4¨΅῭ (+῾
*(43-+῾ t 1¨-*·+54) *(.0 ·4(=*(4*. xt (,·,·¨4*520.)
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0123+΄)*2+- - 4¨)*2+-

/01·2%34 !0(¨42·¨-*:
Γ 5.΅40)*56/ ,+῾ +¨-Β·) (.0 ·4(=*(4*. (+῾ ·,65·0+῾
*(43-+῾ *40 4,+(2΄·*54 (./ (:¨)0῭/ ·4(=*(4*./ ·4) (./
4,6Ε4*./.

xt+1 = gt(xt, at)

5+2)(- ΄67῭-*/΄8(¨-*: ct(xt, at)

9)72·¨%38 ΄67῭-*/΄8(¨-*: ĉ(xN+1)
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0123+΄)*2+- - 4¨)*2+-

!¨΅῭%῭·΅΄ (·)*΅῭*+,+-.῭.΄ / Bellman:

v(t, xt) = max / min
at→Dt(xt)

{ct(xt, at)+v(t+1, gt(xt, at))}, t = 1, 2, . . . , N

,- )-.,+)/012 3·῭450-2

v(N + 1, xN+1) = ĉ(xN+1),

(6%·

v(t, xt) = -7΅8/3)% 0(3)%2 5 ,19/3)% 01.:%2 +6( )% 3)΅:/% t
,18./ )% )17%2, +῭ 3)*῭ +.85 )%· 3)+:·%· t )% 3῾3)*,+ =.·30-)+/
3)*῭ 0+)΅3)+3* xt.
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5¨63΄.27 !8()97(:*(7*.//018(῭¨.*./

·.΅78῭27(+/

89΅+῾5· 204 5.΅=0.54 ·4) ῝2΄+῾5· 04 (+ ΅¨.*)5+,+)῭*+῾5· Α)4 (4
·,65·04 N 2(.. ;(.0 4¨΅῭ ·=῝· 2(+῾/ 4,+Ε4*-Β+῾5· 40 ῝4 (+
40()·4(4*(῭*+῾5· 5· 02+ ῭ ῝4 (+ *῾0(῭¨῭*+῾5·.
Η·3+5204:

c(x) = ·(῭*)+ ·6*(+/ *῾0(῭¨.*./ 5.΅40῭54(+/ ,+῾ *(.0
4¨΅῭ (+῾ 2(+῾/ 2΅·) .΄)·-4 x

k(x) = ()5῭ 5·(4,Δ΄.*./ 5.΅40῭54(+/ .΄)·-4/ x

T = ()5῭ 4Α+¨=/ 02+῾ 5.΅40῭54(+/

M = 40Δ(4(+ 6¨)+ .΄)·-4/

Ι.(+῟5·04:
Θ¨+Α¨4554()*56/ 40()·4(=*(4*.//*῾0(῭¨.*./ ,+῾ ·΄4΅)*(+,+)·-
(+ *῾0+΄)·6 ·6*(+/.
!. ¨΅῭%· - amanou@math.uoa.gr ΄΄ - ΄῭()*)+ 6

-



5¨63΄.27 !8()97(:*(7*.//018(῭¨.*./

·.΅78῭27(+/

1 Κ4 3)4(῾,:῝·- (+ ,¨61΄.54 :/ ,.3.,.

2 Κ4 1¨·῝·- 12΄()*(. ,+΄)()·῭ 40()·4(=*(4*.//*῾0(῭¨.*./ Α)4
(+ ,¨61΄.54 5· (4 ,4¨4·=(: 3·3+5204:

N = 4, M = 5, x1 = 2, T = 70

x c(x) k(x)
0 5 →
1 10 55
2 15 40
3 20 30
4 25 20
5 → 10
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