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Genik† morf† p.m-g.p.

'Ena prÏblhma mh-grammiko‘ programmatismo‘ se
genik† morf† gràfetai wc:

max f(x1, x2, . . . , xn)

upÏ gi(x1, x2, . . . , xn)  0, i = 1, 2, . . . ,m,

hi(x1, x2, . . . , xn) = 0, i = 1, 2, . . . , l,

me f, gi, hi : Rn ! R.
Oi f , gi kai hi jewro‘ntai diafor–simec toulàqiston duo
forËc me suneqe–c parag∏gouc.
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Dianusmatik† genik† morf† p.m-g.p.

Dianusmatik† morf†:

max f(x)
upÏ g(x)  0,

h(x) = 0,

me

x 2 Rn
,

f : Rn ! R,
g : Rn ! Rm

,

h : Rn ! Rl
.
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Tupik† morf† p.m-g.p.

'Ena prÏblhma mh-grammiko‘ programmatismo‘ se
tupik† morf† gràfetai wc:

max f(x1, x2, . . . , xn)

upÏ gi(x1, x2, . . . , xn)  bi, i = 1, 2, . . . ,m,

xj � 0, j = 1, 2, . . . , n,

me f, gi : Rn ! R.
Oi f kai gi jewro‘ntai diafor–simec toulàqiston duo
forËc me suneqe–c parag∏gouc.
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Dianusmatik† tupik† morf† p.m-g.p.

Dianusmatik† morf†:

max f(x)
upÏ g(x)  b,

x � 0,

me

x 2 Rn
,

b 2 Rm
,

f : Rn ! R,
g : Rn ! Rm

.
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Grafik† ep–lush problhmàtwn - Paràdeigma I

'Ena prÏblhma grammiko‘ programmatismo‘:

max 3x1 + 5x2

upÏ x1  4

2x2  12

3x1 + 2x2  18

x1, x2 � 0.
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Grafik† ep–lush problhmàtwn - Paràdeigma I

 

BËltisth l‘sh se koruf† thc efikt†c perioq†c.
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Grafik† ep–lush problhmàtwn - Paràdeigma II

'Ena prÏblhma mh-grammiko‘ programmatismo‘:

max 3x1 + 5x2

upÏ x1  4

9x
2
1 + 5x

2
2  216

x1, x2 � 0.
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Grafik† ep–lush problhmàtwn - Paràdeigma II

 
BËltisth l‘sh Ïqi se koruf† thc efikt†c perioq†c.
BËltisth l‘sh sto s‘noro thc efikt†c perioq†c.
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Grafik† ep–lush problhmàtwn - Paràdeigma III

'Ena prÏblhma mh-grammiko‘ programmatismo‘:

max 3x1 + 5x2

upÏ x1  4

2x2  14

8x1 � x
2
1 + 14x2 � x

2
2  49

x1, x2 � 0.
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Grafik† ep–lush problhmàtwn - Paràdeigma III

 Mh-kurt† efikt† perioq†.
'Oqi monadikÏ topikÏ bËltisto.
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Grafik† ep–lush problhmàtwn - Paràdeigma IV

'Ena prÏblhma mh-grammiko‘ programmatismo‘:

max 126x1 � 9x
2
1 + 182x2 � 13x

2
2

upÏ x1  4

2x2  12

3x1 + 2x2  18

x1, x2 � 0.
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Grafik† ep–lush problhmàtwn - Paràdeigma IV

 

BËltisth l‘sh Ïqi se koruf† thc efikt†c perioq†c.
BËltisth l‘sh sto s‘noro thc efikt†c perioq†c.
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Grafik† ep–lush problhmàtwn - Paràdeigma V

'Ena prÏblhma mh-grammiko‘ programmatismo‘:

max 54x1 � 9x
2
1 + 78x2 � 13x

2
2

upÏ x1  4

2x2  12

3x1 + 2x2  18

x1, x2 � 0.
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Grafik† ep–lush problhmàtwn - Paràdeigma V

 

BËltisth l‘sh se eswterikÏ shme–o thc efikt†c
perioq†c.
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P.m-g.p. qwr–c periorismo‘c
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P.m-g.p. qwr–c periorismo‘c

JËloume na l‘soume to p.m-g.p.

max f(x)
upÏ x 2 Rn

,

me f : Rn ! R diafor–simh toulàqiston duo forËc me
suneqe–c parag∏gouc.
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Orismo– akrotàtwn

'Estw to p.m-g.p.

max f(x)
upÏ x 2 Rn

,

x⇤ 2 Rn olikÏ mËgisto, an

f(x⇤
) � f(x), 8x 2 Rn

.

x⇤ 2 Rn topikÏ mËgisto, an

f(x⇤
) � f(x), 8x se mia perioq† tou x⇤

.

x⇤ 2 Rn gn†sio (strict) olikÏ mËgisto † topikÏ mËgisto
an h anisÏthta e–nai gn†sia.
Anàlogec Ënnoiec gia elàqista.
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Ikan† sunj†kh eswteriko‘ akrotàtou

Je∏rhma (Ikan† sunj†kh eswt. akrotàtou)
'Estw f : S ✓ Rn ! R suneq∏c 2-diafor–simh sto
eswterikÏ shme–o xo tou S. TÏte

rf(xo
) = 0 kai Hf(xo

) arnhtikà orismËnoc

+

xo topikÏ mËgisto.
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Anàdelta kai EssianÏc P–nakac sunàrthshc

'Estw f : S ✓ Rn ! R suneq∏c 2-diafor–simh sto xo,
to anàdelta thc f sto xo e–nai

rf(xo
) =

⇣
@f
@x1

(xo
),

@f
@x2

(xo
), · · · , @f

@xn
(xo

)

⌘
,

o EssianÏc p–nakac thc f sto xo e–nai

Hf(xo
) =

⇣
@2f

@xi@xj
(xo

)

⌘

i,j=1,2,...,n
.
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Jetikà - Arnhtikà (hmi)orismËnoi p–nakec

'Estw A 2 Rn⇥n.
A jetikà orismËnoc ann xTAx > 0, 8x 2 Rn\{0}.
A jetikà hmiorismËnoc ann xTAx � 0, 8x 2 Rn.
A arnhtikà orismËnoc ann xTAx < 0, 8x 2 Rn\{0}.
A arnhtikà hmiorismËnoc ann xTAx  0, 8x 2 Rn.

A arnhtikà orismËnoc , �A jetikà orismËnoc.
A arnhtikà hmiorismËnoc , �A jetikà hmiorismËnoc.
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Jetikà - Arnhtikà (hmi)orismËnoi p–nakec

'Enac p–nakac e–nai jetikà orismËnoc (ant–st.
hmiorismËnoc) an oi idiotimËc tou e–nai jetikËc (antist.
mh-arnhtikËc).

'Enac p–nakac e–nai jetikà orismËnoc an oi k‘riec
upoor–zousËc tou e–nai Ïlec jetikËc.

Eidik† per–ptwsh: 'Enac 2⇥ 2 p–nakac

a b

b c

�

e–nai jetikà orismËnoc an

a > 0

ac� b
2

> 0.
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Ikan† sunj†kh eswteriko‘ akrotàtou

Je∏rhma (Ikan† sunj†kh eswt. akrotàtou)
'Estw f : S ✓ Rn ! R suneq∏c 2-diafor–simh sto
eswterikÏ shme–o xo tou S. TÏte

rf(xo
) = 0 kai Hf(xo

) arnhtikà orismËnoc

+

xo topikÏ mËgisto.
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KurtÏthta I: Kurtà s‘nola

Oi Ënnoiec tou kurto‘ sunÏlou kai thc kurt†c/ko–lhc
sunàrthshc e–nai pol‘ shmantikËc gia to mh-grammikÏ
programmatismÏ.

'Ena upos‘nolo tou Rn lËgetai kurtÏ an gia kàje duo
shme–a tou, to euj‘grammo tm†ma pou ta en∏nei
periËqetai sto s‘nolo.

Isod‘nama, S ✓ Rn kurtÏ an gia kàje x,y 2 Rn kai
� 2 (0, 1) isq‘ei

�x+ (1� �)y 2 S.
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KurtÏthta II: KurtËc sunart†seic

Mia sunàrthsh f : S ✓ Rn ! R orismËnh ep– enÏc
kurto‘ uposunÏlou S tou Rn lËgetai (gnhs–wc) kurt†
an gia kàje duo shme–a tou S, to euj‘grammo tm†ma
pou en∏nei tic eikÏnec twn shme–wn mËsw thc f
br–sketai (gnhs–wc) pànw apÏ to gràfhma thc f :

f : S ✓ Rn ! R (gnhs–wc) kurt† ep– tou kurto‘ S an
gia kàje x,y 2 Rn kai � 2 (0, 1) isq‘ei

f(�x+ (1� �)y)  (<)�f(x) + (1� �)f(y).
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KurtÏthta III: Ko–lec sunart†seic

Mia sunàrthsh f : S ✓ Rn ! R orismËnh ep– enÏc
kurto‘ uposunÏlou S tou Rn lËgetai (gnhs–wc) ko–lh
an gia kàje duo shme–a tou S, to euj‘grammo tm†ma
pou en∏nei tic eikÏnec twn shme–wn mËsw thc f
br–sketai (gnhs–wc) kàtw apÏ to gràfhma thc f :

f : S ✓ Rn ! R (gnhs–wc) ko–lh ep– tou kurto‘ S an
gia kàje x,y 2 Rn kai � 2 (0, 1) isq‘ei

f(�x+ (1� �)y) � (>)�f(x) + (1� �)f(y).
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KurtÏthta IV: Krit†ria kurtÏthtac sunart†sewn

Mia sunàrthsh f : S ✓ Rn ! R e–nai kurt† ann gia
kàje x 2 S o p–nakac Hesse thc f

Hf(x) =

2

66664

@2f(x)
@x2

1

@2f(x)
@x1@x2

· · · @2f(x)
@x1@xn

@2f(x)
@x2@x1

@2f(x)
@x2

2
· · · @2f(x)

@x2@xn

...
... . . . ...

@2f(x)
@xn@x1

@2f(x)
@xn@x2

· · · @2f(x)
@x2

n

3

77775
.

e–nai jetikà hmiorismËnoc, dhlad†

yT
Hf(x)y � 0,y 2 Rn\{0},x 2 S.

Prosoq†! An o p–nakac e–nai jetikà orismËnoc gia kàje
x 2 S Ëpetai kai h gn†sia kurtÏthta thc f , allà den
isq‘ei to ant–strofo.
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KurtÏthta IV: Krit†ria kurtÏthtac sunart†sewn

Mia sunàrthsh e–nai ko–lh ann h ant–jet† thc e–nai
kurt†.

An f(x) =
Pk

h=1 ↵hfh(x) kai ↵h � 0 kai oi fh(x) e–nai
kurtËc, tÏte kai h f(x) e–nai kurt†.

An f(x) = max(f1(x), f2(x), . . . , fk(x)) kai oi fh(x)
e–nai kurtËc, tÏte kai h f(x) e–nai kurt†.

An g : Rn ! R ko–lh, S = {x 2 Rn
: g(x) > 0} kai

f : S !: Rn ! R me f(x) = 1
g(x) , tÏte h f(x) e–nai

kurt†.
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KurtÏthta IV: Krit†ria kurtÏthtac sunart†sewn

An g : R ! R a‘xousa kai kurt† sunàrthsh kai
h : Rn ! R kurt†, tÏte kai h s‘njesh f = g � h e–nai
kurt†.

An g : Rm ! R kurt† sunàrthsh kai h : Rn ! Rm thc
morf†c h(x) = Ax+ b, tÏte kai h s‘njesh f = g � h
e–nai kurt†.
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KurtÏthta V: Krit†rio kurtÏthtac sunÏlwn

An g : Rn ! R kurt† sunàrthsh kai b 2 R tÏte to
{x 2 Rn

: g(x)  b} e–nai kurtÏ.

H tom† kurt∏n sunÏlwn e–nai kurtÏ s‘nolo.
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KurtÏthta VI: KurtÏthta kai akrÏtata

Kàje topikÏ elàqisto kurt†c sunàrthshc e–nai kai
olikÏ elàqisto.

To s‘nolo twn elaq–stwn kurt†c sunàrthshc e–nai
kurtÏ.

Kàje gnhs–wc kurt† sunàrthsh Ëqei monadikÏ elàqisto.
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KurtÏthta VII: KoilÏthta kai akrÏtata

Kàje topikÏ mËgisto ko–lhc sunàrthshc e–nai kai olikÏ
mËgisto.

To s‘nolo twn meg–stwn ko–lhc sunàrthshc e–nai kurtÏ.

Kàje gnhs–wc ko–lh sunàrthsh Ëqei monadikÏ mËgisto.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 5
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Ikan† sunj†kh oliko‘ meg–stou

Je∏rhma (Ikan† sunj†kh oliko‘ meg–stou)
'Estw f : S ✓ Rn ! R ko–lh. TÏte

xotopikÏ mËgisto

+

xoolikÏ mËgisto.
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Probl†mata kurto‘
programmatismo‘
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Beltistopo–hsh upÏ anisotiko‘c periorismo‘c: I

Jewro‘me to p.m-g.p.

max f(x1, x2, . . . , xn)

upÏ gi(x1, x2, . . . , xn)  0, i = 1, 2, . . . , p,
(⇧K⇧�1)

me f : Rn ! R ko–lh, gi : Rn ! R kurtËc,
i = 1, 2, . . . , p, kai oi f kai gi e–nai diafor–simec
toulàqiston duo forËc me suneqe–c parag∏gouc,
i = 1, 2, . . . , p.

Or–zoume th Lagkrantzian† tou p.m-g.p.

L(x1, x2, . . . , xn, µ1, µ2, . . . , µp)

= f(x1, x2, . . . , xn)�
pX

i=1

µigi(x1, x2, . . . , xn).

Ta µi anafËrontai wc pollaplasiastËc Lagrange.
A. Mànou - amanou@math.uoa.gr EE - EnÏthta 5
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Beltistopo–hsh upÏ anisotiko‘c periorismo‘c: I

An upàrqoun x⇤ 2 Rn
, µ 2 Rp

:

µi � 0, i = 1, 2, . . . , p,

@L
@xj

(x⇤
, µ) = 0, j = 1, 2, . . . , n,

µigi(x⇤
) = 0, i = 1, 2, . . . , p,

gi(x⇤
)  0, i = 1, 2, . . . , p,

tÏte to x⇤ e–nai bËltisth l‘sh tou PKP-1.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 5
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