
Xj5>Z

wi> Yi
Ogo have arabujn orignan,

Ta a fina (1) Hai (D) give

arioero-avasteo y a

(n)

max 3x1 + &X2

und 2x
, + xz = &

X , + 4x2[L

X1
,
X220

To apxivo yafino for (R) give To Lexing defini for (D)
Evel

-- =-> z = - 3

Wa = 1 - X ,
- &X zz=9 + 2y, + 4yz

'

&

-
I -

- 3= - 3 - 2y1 - 2z

Tabiro Defino for (M) :

Tajiro Dafina for (D) :

-
->

zz
= 8 - 7y , + 4z

x1 = 2 - dXz - 2wz Yz
= 3

-

232+ 121

· Basestn Disn zo (D) :

· Bezastn Disn zu (D) :

(x
,
x

,

W
,
wil = (1

,
0

,
2

,

0 (y
,2225 ,22) =70

,

3
,
0

,
8)

· Bazzustn ekri QG
.

Tor (D):
· Beyrstn Zipni a

. G. Tov (M) :

3 = 3

j
*

= 3
· Betzustn Dion zo (H) :

· Bedagen argn zor (D) : (x
,xN,
w) = (1

,
0

,
2

,
0

ly y
, ziz) = 10

,
3

,
0

,
8)

· Bayesin entri ent as
.

zos(li

· Bijusin netri ins a. G .

zor (D) :
j

*
= 3

*
= 3

35 = j
*

= 3

Moge va giva zo (1) ri zo (D),
Onao givel No sivodo.
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SqËsh l‘sewn prwte‘ontoc kai duko‘

ApÏ tic 9 peript∏seic zeug∏n l‘sewn
prwte‘ontoc-duko‘ mÏno 4 e–nai dunatËc:

'Uparxh bËltisthc l‘shc prwte‘ontoc, ‘parxh
bËltisthc l‘shc duko‘.
Mh-fragmËno prwte‘on, mh-efiktÏ dukÏ.
Mh-efiktÏ prwte‘on, mh-fragmeno dukÏ.
Mh-efiktÏ prwte‘on, mh-efiktÏ dukÏ.

Alli∏c:
'Uparxh bËltisthc l‘shc prwte‘ontoc ) 'Uparxh
bËltisthc l‘shc duko‘, me –dia tim† antik. sunàrthshc.
Mh-fragmËno prwte‘on ) Mh-efiktÏ dukÏ.
Mh-efiktÏ prwte‘on ) Mh-fragmËno † mh-efiktÏ
dukÏ.

Apod: AsjenËc kai IsqurÏ Dukà Jewr†mata.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4



Antistoiq–ec metablht∏n-periorism∏n p kai d

'Estw to p.g.p.

max
Pn

j=1 cjxj

upÏ
Pn

j=1 aijxj  bi, i = 1, 2, . . . ,m
xj � 0, j = 1, 2, . . . , n.

kai to dukÏ tou p.g.p.

min
Pm

i=1 biyi
upÏ

Pm
i=1 aijyi � cj, j = 1, 2, . . . , n

yi � 0, i = 1, 2, . . . ,m.

Upàrqei mia antistoiq–a periorism∏n tou arqiko‘ kai
metablht∏n tou duko‘ kai metablht∏n tou arqikÏu kai
periorism∏n tou duko‘.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4
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Antistoiq–ec metablht∏n-periorism∏n p kai d

'Estw to p.g.p.

max
Pn

j=1 cjxj

upÏ
Pn

j=1 aijxj  bi, i = 1, 2, . . . ,m
xj � 0, j = 1, 2, . . . , n.

kai to dukÏ tou p.g.p.

min
Pm

i=1 biyi
upÏ

Pm
i=1 aijyi � cj, j = 1, 2, . . . , n

yi � 0, i = 1, 2, . . . ,m.

 
nX

j=1

aijxj  bi

!
$ yi,

 
mX

i=1

aijyi � cj

!
$ xj.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4
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Antistoiq–ec arqik∏n-perijwr–wn p kai d

Eisàgwntac perij∏riec to prwte‘on g–netai:

max
Pn

j=1 cjxj

upÏ
Pn

j=1 aijxj + wi = bi, i = 1, 2, . . . ,m
xj � 0, j = 1, 2, . . . , n,
wi � 0, i = 1, 2, . . . ,m,

kai to dukÏ tou g–netai

min
Pm

i=1 biyi
upÏ

Pm
i=1 aijyi � zj = cj, j = 1, 2, . . . , n

yi � 0, i = 1, 2, . . . ,m,
zj � 0, j = 1, 2, . . . , n.

Upàrqei antistoiq–a arqik∏n-perij∏riwn metablht∏n
metax‘ twn duo problhmàtwn: xj $ zj, wi $ yi.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4



Je∏rhma sumplhrwmatik†c qalarÏthtac

Je∏rhma
An to prwte‘on p.g.p. Ëqei bËltisth l‘sh

(x⇤, w⇤) = (x⇤
1, x

⇤
2, . . . , x

⇤
n, w

⇤
1, w

⇤
2, . . . , w

⇤
m)

kai to dukÏ Ëqei ant–stoiqh bËltisth l‘sh

(z⇤, y⇤) = (z⇤1 , z
⇤
2 , . . . , z

⇤
n, y

⇤
1, y

⇤
2, . . . , y

⇤
m)

tÏte

x⇤
jz

⇤
j = 0, j = 1, 2, . . . , n,

w⇤
i y

⇤
i = 0, i = 1, 2, . . . ,m.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4



Je∏rhma sumplhrwmatik†c qalarÏthtac - Apod.

ApÏdeixh asjeno‘c duko‘ jewr†matoc me perij∏riec:

nX

j=1

cjxj 
nX

j=1

(cj + zj)xj =
nX

j=1

 
mX

i=1

aijyi

!
xj

=
mX

i=1

 
nX

j=1

aijxj

!
yi =

mX

i=1

(bi � wi)yi


mX

i=1

biyi.

ApÏ isqurÏ dukÏ je∏rhma
Pn

j=1 cjx
⇤
j =

Pm
i=1 biy

⇤
i ,

opÏte oi anisÏthtec prËpei na isq‘oun wc isÏthtec:
z⇤jx

⇤
j = 0, j = 1, 2, . . . , n kai w⇤

i y
⇤
i = 0, i = 1, 2, . . . ,m.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4



Duk† Simplex - IdËa

H duk† mËjodoc Simplex prok‘ptei efarmÏzontac th
mËjodo Simplex sto dukÏ prÏblhma kai metafràzontac
me Ïrouc lexik∏n tou prwte‘ontoc.

H metàfrash g–netai me bàsh to Ïti se kàje b†ma o
p–nakac tou lexiko‘ tou prwte‘ontoc e–nai o ant–jetoc
anàstrofoc tou p–naka tou lexiko‘ tou duko‘.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4



Duk† Simplex - Paràdeigma

'Eqoume to lexikÏ tou prwte‘ontoc p.g.p.
⇣ = 0 � 2x1 � 4x2 � 6x4

w1 = �3 + x1 � 2x2 + x4

w2 = �5 � 2x1 + 3x2 + 2x4

w3 = 8 � 2x1 � 3x2 � 3x3 � 2x4

me dukÏ p.g.p.
�⇠ = 0 + 3y1 + 5y2 � 8y3
z1 = 2 � y1 + 2y2 + 2y3
z2 = 4 + 2y1 � 3y2 + 3y3
z3 = 0 + 3y3
z4 = 6 � y1 � 2y2 + 2y3.

Simplex sto dukÏ: h y2 mpa–nei, h z2 bga–nei.
Sto prwte‘on: h w2 bga–nei, h x2 mpa–nei.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4
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Duk† Simplex - Paràdeigma (sunËqeia)

'Eqoume to 2o lexikÏ tou prwte‘ontoc p.g.p.

⇣ = �20/3 � 14/3x1 � 4/3w2 � 10/3x4

w1 = �19/3 � 1/3x1 � 2/3w2 + 7/3x4

x2 = 5/3 + 2/3x1 + 1/3w2 � 2/3x4

w3 = 3 � 4x1 � w2 � 3x3

me ant–stoiqo lexikÏ tou duko‘ p.g.p.

�⇠ = 20/3 + 19/3y1 � 5/3z2 � 3y3
z1 = 14/3 + 1/3y1 � 2/3z2 + 4y3
y2 = 4/3 + 2/3y1 � 1/3z2 + y3
z3 = 0 + 3y3
z4 = 10/3 � 7/3y1 + 2/3z2

Sto dukÏ: h y1 mpa–nei, h z4 bga–nei.
Sto prwte‘on: h w1 bga–nei, h x4 mpa–nei.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4
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Duk† Simplex - Paràdeigma (sunËqeia)

'Eqoume to 3o lexikÏ tou prwte‘ontoc p.g.p.

⇣ = �110/7 � 36/7x1 � 16/7w2 � 10/7w1

x4 = 19/7 + 1/7x1 + 2/7w2 + 3/7w1

x2 = �1/7 + 4/7x1 + 1/7w2 � 2/7w1

w3 = 3 � 4x1 � w2 � 3x3

me ant–stoiqo lexikÏ tou duko‘ p.g.p.
�⇠ = 110/7 � 19/7z4 + 1/7z2 � 3y3
z1 = 36/7 � 1/7z4 � 4/7y2 + 4y3
y2 = 16/7 � 2/7z4 � 1/7y2 + y3
z3 = 0 + 3y3
y1 = 10/7 � 3/7z4 + 2/7y2

Sto dukÏ: h z2 mpa–nei, h z1 bga–nei.
Sto prwte‘on: h x2 bga–nei, h x1 mpa–nei.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4
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Duk† Simplex - Paràdeigma (sunËqeia)

'Eqoume to 4o lexikÏ tou prwte‘ontoc p.g.p.

⇣ = �17 � 9x2 � w2 � 4w1

x4 = 11/4 + 1/4x2 + 1/4w2 + 1/2w1

x1 = 1/4 + 7/4x2 � 1/4w2 + 1/2w1

w3 = 2 � 7x2 � 3x3 � 2w1

me ant–stoiqo lexikÏ tou duko‘ p.g.p.

�⇠ = 17 � 11/4z4 � 1/4z1 � 2y3
z2 = 9 � 1/4z4 � 7/4z1 + 7y3
y2 = 1 � 1/4z4 + 1/4z1
z3 = 0 + 3y3
y1 = 4 � 1/2z4 � 1/2z1 + 2y3

Ta lexikà antistoiqo‘n se bËltistec b.e.l.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4
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KanÏnec od†ghshc - Epilog† exerq. metablht†c

Sto dukÏ lexikÏ dialËgoume gia eiserqÏmenh
metablht†, kàpoia pou Ëqei jetikÏ suntelest† sthn
antikeimenik† sunàrthsh.

#

Sto prwte‘on lexikÏ dialËgoume gia exerqÏmenh
metablht† kàpoia pou Ëqei arnhtikÏ stajerÏ Ïro sto
dexiÏ skËloc twn periorism∏n.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4



KanÏnec od†ghshc - Epilog† eiserq. metablht†c

Sto dukÏ lexikÏ dialËgoume gia exerqÏmenh metablht†,
aut† pou antistoiqe– sto mikrÏtero lÏgo stajero‘ Ïrou
proc thn apÏluth tim† arnhtiko‘ suntelest† thc
eiserqÏmenhc metablht†c tou ant–stoiqou periorismo‘.

#

Sto prwte‘on lexikÏ dialËgoume gia eiserqÏmenh
metablht†, aut† pou antistoiqe– sto mikrÏtero lÏgo
ant–jetou suntelest† thc antikeimenik†c sunàrthshc
proc to jetikÏ suntelest† thc exerqÏmenhc metablht†c
tou ant–stoiqou periorismo‘.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4
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Simplex kai Duk† Simplex

AlgÏrijmoc Simplex:
Arq–zei apÏ basik† efikt† l‘sh.
Diathre– thn efiktÏthta se kàje epanàlhyh.
Belti∏nei thn antikeimenik† se kàje epanàlhyh.
Katal†gei se bËltisth b.e.l. † apofa–netai gia
mh-fragmËno.

DukÏc algÏrijmoc Simplex:
Arq–zei apÏ basik† <<bËltisth>> l‘sh (dhl. oi
suntelestËc twn mh-basik∏n metablht∏n sthn
antikeimenik†  0).
Diathre– thn <<beltistÏthta>> se kàje epanàlhyh.
Mei∏nei thn antikeimenik† (�⇠) se kàje epanàlhyh.
Katal†gei se bËltisth b.e.l. † apofa–netai gia
mh-efiktÏ.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4
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Qrhsimopoi∏ntac th Duk† Simplex gia th Fàsh I

'Estw p.g.p. Ïpou h arqik† basik† l‘sh den e–nai efikt†
allà oi suntelestËc twn mh-basik∏n metablht∏n sthn
antikeimenik† sunàrthsh e–nai Ïloi  0.

H duk† Simplex br–skei bËltisth l‘sh † apofa–netai
Ïti to p.g.p. e–nai mh efiktÏ.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4
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Qrhsimopoi∏ntac th Duk† Simplex gia th Fàsh I

P.g.p. se tupik† morf† me
Toulàqiston Ënan jetikÏ suntelest† sthn
antikeimenik†,
Toulàqiston Ëna arnhtikÏ dexiÏ mËloc periorismo‘.

O‘te h Simplex o‘te h duk† Simplex mpore– na
efarmoste– àmesa.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4
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Qrhsimopoi∏ntac th Duk† Simplex gia th Fàsh I

L‘sh:
Allàzw thn antikeimenik† jewr∏ntac kàpoia me Ïlouc
touc suntelestËc arnhtiko‘c (p.q. thn

Pn
j=1(�1)xj).

H efikt† perioq† den allàzei.
EfarmÏzoume th duk† Simplex.
Br–sketai bËltisth b.e.l. pou ja e–nai arqik† b.e.l. gia
to arqikÏ prÏblhma † apofa–netai Ïti den e–nai efiktÏ.
Ekfràzoume thnarqik† antikeimenik† sunart†sei twn
mh-basik∏n metablht∏n thc b.e.l.
EfarmÏzoume thn Simplex.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4
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Paràdeigma

'Estw to p.g.p. se tupik† morf†

max 3x1 + x2 � 4x3

upÏ �x1 � 2x2 + x3  �4
�3x1 � 4x2 + 3x3  �7
3x1 + 3x2 � 2x3  8
x1 + x2 � x3  2,

x1, x2, x3 � 0.

To arqikÏ lexikÏ e–nai

⇣ = 0 + 3x1 + x2 � 4x3

w1 = �4 + x1 + 2x2 � x3

w2 = �7 + 3x1 + 4x2 � 3x3

w3 = 8 � 3x1 � 3x2 + 2x3

w4 = 2 � x1 � x2 + x3.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4
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Paràdeigma (sunËqeia)

Sto arqikÏ lexikÏ

⇣ = 0 + 3x1 + x2 � 4x3

w1 = �4 + x1 + 2x2 � x3

w2 = �7 + 3x1 + 4x2 � 3x3

w3 = 8 � 3x1 � 3x2 + 2x3

w4 = 2 � x1 � x2 + x3.

upàrqei jetikÏc suntelest†c sthn antikeimenik† (opÏte
den mpore– na arq–sei o dukÏc algÏrijmoc Simplex),
upàrqei arnhtikÏc stajerÏc Ïroc stouc periorismo‘c
(opÏte den mpore– na arq–sei o algÏrijmoc Simplex).

EpilËgw nËa antikeimenik† me Ïlouc touc suntelestËc
arnhtiko‘c. H efikt† perioq† den allàzei. 'Eqw p.q.

⇣ 0 = �x1 � x2 � x3.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4



Paràdeigma (sunËqeia)

EfarmÏzw duk† Simplex sto lexikÏ

⇣ 0 = 0 � x1 � x2 � x3

w1 = �4 + x1 + 2x2 � x3

w2 = �7 + 3x1 + 4x2 � 3x3

w3 = 8 � 3x1 � 3x2 + 2x3

w4 = 2 � x1 � x2 + x3.

E–nai max{|� 4|, |� 7|} = |� 7|. Bga–nei h w2.
E–nai min{1/+ 3, 1/+ 4} = 1/4. Mpa–nei h x2.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4



Paràdeigma (sunËqeia)

Kànoume od†ghsh sto arqikÏ lexikÏ tou
tropopoihmËnou p.g.p.

⇣ 0 = 0 � x1 � x2 � x3

w1 = �4 + x1 + 2x2 � x3

w2 = �7 + 3x1 + 4x2 � 3x3

w3 = 8 � 3x1 � 3x2 + 2x3

w4 = 2 � x1 � x2 + x3

Prok‘ptei to 2o lexikÏ tou tropopoihmËnou p.g.p.

⇣ 0 = �7/4 � 1/4x1 � 1/4w2 � 7/4x3

w1 = �1/2 � 1/2x1 + 1/2w2 + 1/2x3

x2 = 7/4 � 3/4x1 + 1/4w2 + 3/4x3

w3 = 11/4 � 3/4x1 � 3/4w2 � 1/4x3

w4 = 1/4 � 1/4x1 � 1/4w2 + 1/4x3

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4



Paràdeigma (sunËqeia)

EfarmÏzoume duk† Simplex sto 2o lexikÏ tou
tropopoihmËnou p.g.p.

⇣ 0 = �7/4 � 1/4x1 � 1/4w2 � 7/4x3

w1 = �1/2 � 1/2x1 + 1/2w2 + 1/2x3

x2 = 7/4 � 3/4x1 + 1/4w2 + 3/4x3

w3 = 11/4 � 3/4x1 � 3/4w2 � 1/4x3

w4 = 1/4 � 1/4x1 � 1/4w2 + 1/4x3

E–nai max{|� 1/2|} = |� 1/2|. Bga–nei h w1.
E–nai
min{(1/4)/(+1/2), (7/4)/(+1/2)} = (1/4)/(+1/2).
Mpa–nei h w2.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4



Paràdeigma (sunËqeia)

Kànoume od†ghsh sto 2o lexikÏ tou tropopoihmËnou
p.g.p.

⇣ 0 = �7/4 � 1/4x1 � 1/4w2 � 7/4x3

w1 = �1/2 � 1/2x1 + 1/2w2 + 1/2x3

x2 = 7/4 � 3/4x1 + 1/4w2 + 3/4x3

w3 = 11/4 � 3/4x1 � 3/4w2 � 1/4x3

w4 = 1/4 � 1/4x1 � 1/4w2 + 1/4x3

Prok‘ptei to 3o lexikÏ tou tropopoihmËnou p.g.p.

⇣ 0 = �2 � 1/2x1 � 1/2w1 � 3/2x3

w2 = 1 + x1 + 2w1 � x3

x2 = 2 � 1/2x1 + 1/2w1 + 1/2x3

w3 = 2 � 3/2x1 � 3/2w1 + 1/2x3

w4 = 0 � 1/2x1 � 1/2w1 + 1/2x3
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Paràdeigma (sunËqeia)

To 3o lexikÏ tou tropopoihmËnou p.g.p.

⇣ 0 = �2 � 1/2x1 � 1/2w1 � 3/2x3

w2 = 1 + x1 + 2w1 � x3

x2 = 2 � 1/2x1 + 1/2w1 + 1/2x3

w3 = 2 � 3/2x1 � 3/2w1 + 1/2x3

w4 = 0 � 1/2x1 � 1/2w1 + 1/2x3

d–nei b.e.l.
Suneq–zoume me Simplex gia e‘resh bËltisthc l‘shc.
Gràfoume thn arqik† antikeimenik† sunart†sei twn
mh-basik∏n metablht∏n thc b.e.l. pou Ëqei prok‘yei:

⇣ = 3x1 + x2 � 4x3

= 3x1 + (2� 1/2x1 + 1/2w1 + 1/2x3)� 4x3

= 2 + 5/2x1 + 1/2w1 � 7/2x3.
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Paràdeigma (sunËqeia)

To 1o lexikÏ tou arqiko‘ p.g.p. e–nai

⇣ = 2 + 5/2x1 + 1/2w1 � 7/2x3

w2 = 1 + x1 + 2w1 � x3

x2 = 2 � 1/2x1 + 1/2w1 + 1/2x3

w3 = 2 � 3/2x1 � 3/2w1 + 1/2x3

w4 = 0 � 1/2x1 � 1/2w1 + 1/2x3

Mpa–nei h x1, bga–nei h w4, kànoume od†ghsh:

⇣ = 2 � 5w4 � 2w1 � x3

w2 = 1 � 2w4 + w1

x2 = 2 + w4 + w1

w3 = 2 + 3w4 � x3

x1 = 0 � 2w4 � w1 + x3

To lexikÏ d–nei bËltisth b.e.l.
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