
DukÏthta

Gia kàje p.g.p.

max
Pn

j=1 cjxj

upÏ
Pn

j=1 aijxj  bi, i = 1, 2, . . . ,m
xj � 0, j = 1, 2, . . . , n.

or–zetai to dukÏ tou p.g.p.

min
Pm

i=1 biyi
upÏ

Pm
i=1 aijyi � cj, j = 1, 2, . . . , n

yi � 0, i = 1, 2, . . . ,m.
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Paràdeigma

Ergostàsio katergas–ac metaleumàtwn paràgei duo
kràmata

Ore–qalko me tim† 3 eur∏ anà monàda
Mpro‘ntzo me tim† 5 eur∏ anà monàda.

Gia mia monàda kràmatoc apaito‘ntai
1 monàda yeudàrgurou, 3 monàdec qalko‘ gia ore–qalko
2 monàdec kass–terou, 2 monàdec qalko‘ gia mpro‘ntzo.

To ergostàsio Ëqei
4 monàdec yeudàrgurou,
12 monàdec kass–terou,
18 monàdec qalko‘.

BËltisto sqËdio m–xhc;
BËltisth apot–mhsh ulik∏n;
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Paràdeigma - P.g.p. m–xhc

MetablhtËc apÏfashc:
x1: Monàdec ore–qalkou pou ja paraqjo‘n,
x2: Monàdec mpro‘ntzou pou ja paraqjo‘n.
P.g.p.:

max 3x1 + 5x2

upÏ x1  4
2x2  12

3x1 + 2x2  18
x1, x2 � 0.
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Paràdeigma - P.g.p. apot–mhshc

MetablhtËc apÏfashc:
y1: Tim† anà monàda yeudàrgurou,
y2: Tim† anà monàda kassitËrou,
y3: Tim† anà monàda qalko‘.
P.g.p.:

min 4y1 + 12y2 + 18y3
upÏ y1 + 3y3 � 3

2y2 + 2y3 � 5
y1, y2, y3 � 0.
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Paràdeigma - P.g.p. m–xhc kai apot–mhshc

To dukÏ tou p.g.p.

max 3x1 + 5x2

upÏ x1  4
2x2  12

3x1 + 2x2  18
x1, x2 � 0.

e–nai to

min 4y1 + 12y2 + 18y3
upÏ y1 + 3y3 � 3

2y2 + 2y3 � 5
y1, y2, y3 � 0.

To dukÏ proËkuye me fusikÏ trÏpo apÏ suzugËc
oikonomikÏ prÏblhma.
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Paràdeigma - P.g.p. m–xhc - Fràgmata

'Estw to p.g.p. m–xhc

max 3x1 + 5x2

upÏ x1  4
2x2  12

3x1 + 2x2  18
x1, x2 � 0.

P∏c mpor∏ na pàrw fràgmata gia th bËltisth tim† thc
antikeimenik†c;

Je∏rhsh grammik∏n sunduasm∏n twn periorism∏n.
P.q.

( x1  4 ) ⇥ 3
+ ( 2x2  12 ) ⇥ 5/2

3x1 + 5x2  42.
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Paràdeigma - P.g.p. m–xhc - Fràgmata

'Estw to p.g.p. m–xhc

max 3x1 + 5x2

upÏ x1  4
2x2  12

3x1 + 2x2  18
x1, x2 � 0.

P∏c mpor∏ na pàrw fràgmata gia th bËltisth tim† thc
antikeimenik†c;
Je∏rhsh grammik∏n sunduasm∏n twn periorism∏n.
P.q.

( x1  4 ) ⇥ 3
+ ( 2x2  12 ) ⇥ 5/2

3x1 + 5x2  42.
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Paràdeigma - P.g.p. m–xhc - Fràgmata

P.g.p:
max 3x1 + 5x2

upÏ x1  4
2x2  12

3x1 + 2x2  18
x1, x2 � 0.

'Alloc grammikÏc sunduasmÏc periorism∏n - fràgma:

( x1  4 ) ⇥ 3/2
+ ( 2x2  12 ) ⇥ 2
+ ( 3x1 + 2x2  18 ) ⇥ 1/2

3x1 + 5x2  39.

Kal‘tero fràgma apÏ to prohgo‘meno.
Mporo‘me kai kal‘tera;
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Paràdeigma - P.g.p. m–xhc - Fràgmata

P.g.p:
max 3x1 + 5x2

upÏ x1  4
2x2  12

3x1 + 2x2  18
x1, x2 � 0.

GenikÏc grammikÏc sunduasmÏc periorism∏n:
( x1  4)⇥ y1

+ ( 2x2  12)⇥ y2
+ ( 3x1 + 2x2  18)⇥ y3

(y1 + 3y3)x1 + (2y2 + 2y3)x2  4y1 + 12y2 + 18y3.

D–nei fràgma gia thn antikeimenik† mÏno an
3  y1 + 3y3, 5  2y2 + 2y3 kai y1, y2, y3 � 0.
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Paràdeigma - P.g.p. m–xhc - Fràgmata

P.g.p:
max 3x1 + 5x2

upÏ x1  4
2x2  12

3x1 + 2x2  18
x1, x2 � 0.

GenikÏ fràgma - grammikÏc sunduasmÏc periorism∏n:

4y1 + 12y2 + 18y3,

efÏson 3  y1 + 3y3, 5  2y2 + 2y3 kai y1, y2, y3 � 0.
BËltisto fràgma - grammikÏc sunduasm∏n periorism∏n:

min 4y1 + 12y2 + 18y3
upÏ y1 + 3y3 � 3

2y2 + 2y3 � 5
y1, y2, y3 � 0.
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Oikonomik† ermhne–a tou duko‘

'Ena p.g.p. thc morf†c

max
Pn

j=1 cjxj

upÏ
Pn

j=1 aijxj  bi, i = 1, 2, . . . ,m
xj � 0, j = 1, 2, . . . , n

mpore– na jewrhje– prÏblhma katanom†c m pÏrwn se n
drasthriÏthtec.
L‘sh tou arqiko‘ (prwte‘ontoc) p.g.p:
BËltisth Ëntash anà drasthriÏthta j.
P.q. Pl†joc proÏntwn t‘pou j pou ja paraqjo‘n.
L‘sh tou duko‘ p.g.p.:
Monadia–a ax–a pÏrou i.
P.q. Monadia–ec ax–ec ulik∏n i.
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Fragmatik† ermhne–a tou duko‘

'Estw to p.g.p.

max
Pn

j=1 cjxj

upÏ
Pn

j=1 aijxj  bi, i = 1, 2, . . . ,m
xj � 0, j = 1, 2, . . . , n.

Anazhto‘me ànw fràgmata gia th bËltisth tim† thc
antikeimenik†c.
Mia idËa e–nai na jewr†soume grammiko‘c sunduasmo‘c
twn periorism∏n.
Pollaplasiàzontac ton periorismÏ i me yi � 0 (∏ste na
mhn allàxei forà) kai prosjËtontac pa–rnoume

mX

i=1

yi

nX

j=1

aijxj 
mX

i=1

yibi.
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Fragmatik† ermhne–a tou duko‘ (sunËqeia)

Gia na d∏sei h anisÏthta

mX

i=1

yi

nX

j=1

aijxj 
mX

i=1

yibi

fràgma gia thn antikeimenik† sunàrthsh prËpei oi
suntelestËc twn xj sto aristerÏ mËloc na e–nai
megal‘teroi apÏ touc ant–stoiqouc suntelestËc twn xj

sthn antikeimenik†, dhl.

mX

i=1

aijyi � cj, j = 1, 2, . . . , n.
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Fragmatik† ermhne–a tou duko‘ (sunËqeia)

L‘nontac to dukÏ p.g.p.

min
Pm

i=1 biyi
upÏ

Pm
i=1 aijyi � cj, j = 1, 2, . . . , n

yi � 0, i = 1, 2, . . . ,m.

br–skoume to kal‘tero ànw-fràgma thc antikeimenik†c
tou prwte‘ontoc

max
Pn

j=1 cjxj

upÏ
Pn

j=1 aijxj  bi, i = 1, 2, . . . ,m
xj � 0, j = 1, 2, . . . , n.

pou mpore– na prok‘yei apÏ grammiko‘c sunduasmo‘c
twn periorism∏n tou.
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Summetr–a thc dukÏthtac

Je∏rhma
To dukÏ tou duko‘ enÏc p.g.p. e–nai to arqikÏ p.g.p.

To dukÏ tou p.g.p.

max
Pn

j=1 cjxj

upÏ
Pn

j=1 aijxj  bi, i = 1, 2, . . . ,m
xj � 0, j = 1, 2, . . . , n.

e–nai to p.g.p.

min
Pm

i=1 biyi
upÏ

Pm
i=1 aijyi � cj, j = 1, 2, . . . , n

yi � 0, i = 1, 2, . . . ,m.
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Summetr–a thc dukÏthtac (sunËqeia)

To p.g.p.

min
Pm

i=1 biyi
upÏ

Pm
i=1 aijyi � cj, j = 1, 2, . . . , n

yi � 0, i = 1, 2, . . . ,m.

gràfetai se tupik† morf† wc

�max
Pm

i=1 �biyi
upÏ

Pm
i=1 �aijyi  �cj, j = 1, 2, . . . , n

yi � 0, i = 1, 2, . . . ,m.

tou opo–ou to dukÏ e–nai

�min
Pn

j=1 �cjxj

upÏ
Pn

j=1 �aijxj � �bi, i = 1, 2, . . . ,m
xj � 0, j = 1, 2, . . . , n.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4



Summetr–a thc dukÏthtac (sunËqeia)

To teleuta–o p.g.p.

�min
Pn

j=1 �cjxj

upÏ
Pn

j=1 �aijxj � �bi, i = 1, 2, . . . ,m
xj � 0, j = 1, 2, . . . , n

gràfetai se tupik† morf† wc

max
Pn

j=1 cjxj

upÏ
Pn

j=1 aijxj  bi, i = 1, 2, . . . ,m
xj � 0, j = 1, 2, . . . , n

pou e–nai akrib∏c to arqikÏ.
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Tupik† morf† tou duko‘

DojËntoc enÏc p.g.p.

max
Pn

j=1 cjxj

upÏ
Pn

j=1 aijxj  bi, i = 1, 2, . . . ,m
xj � 0, j = 1, 2, . . . , n

h tupik† morf† tou duko‘ tou e–nai

�max
Pm

i=1 �biyi
upÏ

Pm
i=1 �aijyi  �cj, j = 1, 2, . . . , n

yi � 0, i = 1, 2, . . . ,m.

LexikÏ tou duko‘ = ArnhtikÏc anàstrofoc tou
lexiko‘ tou prwte‘ontoc.
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AsjenËc DukÏ Je∏rhma

Je∏rhma
H antikeimenik† sunàrthsh tou prwte‘ontoc se mia efikt†

l‘sh tou e–nai mikrÏterh † –sh thc antikeimenik†c

sunàrthshc tou duko‘ se mia efikt† l‘sh tou.

'Ameso apÏ thn fragmatik† ermhne–a tou duko‘.
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AsjenËc DukÏ Je∏rhma - Maj. diat‘pwsh

Je∏rhma

An (x1, x2, . . . , xn) e–nai efikt† l‘sh tou prwte‘ontoc kai
(y1, y2, . . . , ym) e–nai efikt† l‘sh tou duko‘, tÏte

nX

j=1

cjxj 
mX

i=1

biyi.

'Eqoume:

nX

j=1

cjxj 
nX

j=1

 
mX

i=1

aijyi

!
xj =

mX

i=1

 
nX

j=1

aijxj

!
yi


mX

i=1

biyi.
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MËjodoc Simplex kai dukÏthta - Paràdeigma

'Estw to prwte‘on p.g.p. se tupik† morf†

max �3x1 + 2x2 + x3

upÏ � x2 + 2x3  0
�3x1 + 4x2 + x3  3

x1, x2 � 0.

To dukÏ tou se tupik† morf† e–nai

�max � 3y2
upÏ 3y2  3

y1 � 4y2  �2
�2y1 � y2  �1

y1, y2 � 0.
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MËjodoc Simplex kai dukÏthta - Paràdeigma

To arqikÏ lexikÏ tou prwte‘ontoc p.g.p. e–nai

⇣ = 0 � 3x1 + 2x2 + x3

w1 = 0 + x2 � 2x3

w2 = 3 + 3x1 � 4x2 � x3.

To arqikÏ lexikÏ tou duko‘ p.g.p. e–nai

�⇠ = 0 � 3y2
z1 = 3 � 3y2
z2 = �2 � y1 + 4y2
z3 = �1 + 2y1 + y2.

P–nakac duko‘ = Ant–jetoc anàstrofoc prwte‘ontoc.
H basik† l‘sh tou prwte‘ontoc e–nai efikt†.
H basik† l‘sh tou duko‘ den e–nai efikt†.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 4



De nerw Simplex 620 rewesion ka avabogn ofigus

63 (D).

Nia va Eyeghosu avaboje otrijnan agains , re

Or Mattel 5 arussaxi5 :

Yj Maz. anoy .

zor (M) 7) j-ogios naquespos <> Zi nagi-

20 (D) Eigle
zou (D)

Xi > zi

Yi 192 . anoe .
Co (D) ja inostos magiopispos Wi Ragi-

zor (n) Guigie zoo

(n)

y:> Wi

Arabojn orijnsn :

Donor
ple paregame Mreiva sen Ozon or (M),

narrigroyri ens Ojaines ano en bosn sto (D).

Dear Mia Mazabaneri Ojeira
aro en bes 52 (M),

& aristaxi ent Ea fina ou boon So (A).



MËjodoc Simplex kai dukÏthta - Paràdeigma

To arqikÏ lexikÏ tou prwte‘ontoc p.g.p. e–nai

⇣ = 0 � 3x1 + 2x2 + x3

w1 = 0 + x2 � 2x3

w2 = 3 + 3x1 � 4x2 � x3.

To arqikÏ lexikÏ tou duko‘ p.g.p. e–nai

�⇠ = 0 � 3y2
z1 = 3 � 3y2
z2 = �2 � y1 + 4y2
z3 = �1 + 2y1 + y2.

Sto prwte‘on h x2 mpa–nei sth bàsh, h w2 bga–nei.
EfarmÏzw thn anàlogh od†ghsh sto dukÏ:
H z2 bga–nei, h y2 mpa–nei sth bàsh.
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MËjodoc Simplex kai dukÏthta - Paràdeigma

To 2o lexikÏ tou prwte‘ontoc p.g.p. e–nai

⇣ = 3/2 � 3/2x1 � 1/2w2 + 1/2x3

w1 = 3/4 + 3/4x1 � 1/4w2 � 9/4x3

x2 = 3/4 + 3/4x1 � 1/4w2 � 1/4x3.

To 2o lexikÏ tou duko‘ p.g.p. e–nai

�⇠ = �3/2 � 3/4y1 � 3/4z2
z1 = 3/2 � 3/4y1 � 3/4z2
y2 = 1/2 + 1/4y1 + 1/4z2
z3 = �1/2 + 9/4y1 + 1/4z2.

P–nakac duko‘ = Ant–jetoc anàstrofoc prwte‘ontoc
Sto prwte‘on: h x3 mpa–nei sth bàsh, h w1 bga–nei.
Anàlogh od†ghsh sto dukÏ: H z3 bga–nei, h y1 mpa–nei.
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MËjodoc Simplex kai dukÏthta - Paràdeigma

To 3o lexikÏ tou prwte‘ontoc p.g.p. e–nai
⇣ = 5/3 � 4/3x1 � 5/9w2 � 2/9w1

x3 = 1/3 + 1/3x1 � 1/9w2 � 4/9w1

x2 = 2/3 + 2/3x1 � 2/9w2 + 1/9w1.

To 3o lexikÏ tou duko‘ p.g.p. e–nai
�⇠ = �5/3 � 1/3z3 � 2/3z2
z1 = 4/3 � 1/3z3 � 2/3z2
y2 = 5/9 + 1/9z3 + 2/9z2
y1 = 2/9 + 4/9y1 � 1/9z2.

P–nakac duko‘ = Ant–jetoc anàstrofoc prwte‘ontoc
Sto prwte‘on h basik† l‘sh e–nai kai efikt† kai
bËltisth.
Sto dukÏ h basik† l‘sh e–nai kai efikt† kai bËltisth.
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MËjodoc Simplex kai dukÏthta

Perij∏riec metablhtËc tou prwte‘ontoc se 1-1
antistoiq–a me tic arqikËc metablhtËc tou duko‘.
ArqikËc metablhtËc tou prwte‘ontoc se 1-1 antistoiq–a
me tic perij∏riec metablhtËc tou duko‘.
O p–nakac tou arqiko‘ lexiko‘ tou prwte‘ontoc e–nai o
ant–jetoc anàstrofoc tou arqiko‘ lexiko‘ tou duko‘.
Od†ghsh sto prwte‘on ! Ant–st. od†ghsh sto dukÏ.
TÏte o p–nakac kàje lexiko‘ tou prwte‘ontoc e–nai o
ant–jetoc anàstrofoc tou ant–st. lexiko‘ tou duko‘.
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MËjodoc Simplex, dukÏthta, bËltistec b.e.l.

To telikÏ lexikÏ thc Simplex tou prwte‘ontoc d–nei
bËltisth b.e.l. kai gia to prwte‘on kai gia to dukÏ.
EfiktÏthta basik†c l‘shc tou duko‘:
H basik† l‘sh tou prwte‘ontoc e–nai bËltisth )
SuntelestËc antikeimenik†c prwte‘ontoc  0 )
Stajero– Ïroi periorism∏n duko‘ � 0 )
H basik† l‘sh tou duko‘ e–nai efikt†.
BeltistÏthta basik†c l‘shc tou duko‘:
H basik† l‘sh tou prwte‘ontoc e–nai efikt† )
Stajero– Ïroi periorism∏n prwte‘ontoc � 0 )
SuntelestËc antikeimenik†c duko‘  0 )
H basik† l‘sh tou duko‘ e–nai bËltisth.
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MËjodoc Simplex, dukÏthtac, bËltistec b.e.l.

To telikÏ lexikÏ thc Simplex d–nei bËltisth b.e.l. kai
gia to prwte‘on kai gia to dukÏ.
H bËltisth l‘sh tou duko‘ br–sketai diabàzontac tou
suntelestËc thc antikeimenik†c sunàrthshc tou
bËltistou lexiko‘ tou prwte‘ontoc.
Oi timËc twn basik∏n metablht∏n tou duko‘ sth
bËltisth l‘sh e–nai oi ant–jetoi twn suntelest∏n thc
antikeimenik†c sunàrthshc tou bËltistou lexiko‘ tou
prwte‘ontoc.
H bËltisth tim† thc antikeimenik†c sunàrthshc e–nai h
–dia kai gia to prwte‘on kai gia to dukÏ.
'Ola bas–zontai sto Ïti se kàje b†ma oi p–nakec twn
lexik∏n e–nai ant–jetoi anàstrofoi.
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IsqurÏ DukÏ Je∏rhma

Je∏rhma
An to prwte‘on p.g.p. Ëqei bËltisth l‘sh

x⇤ = (x⇤
1, x

⇤
2, . . . , x

⇤
n)

tÏte kai to dukÏ Ëqei àristh l‘sh

y⇤ = (y⇤1, y
⇤
2, . . . , y

⇤
n)

kai oi bËltistec timËc twn antikeimenik∏n sunart†sewn

sump–ptoun:
nX

j=1

cjx
⇤
j =

mX

i=1

biy
⇤
i .
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SqËsh l‘sewn prwte‘ontoc kai duko‘

ApÏ tic 9 peript∏seic zeug∏n l‘sewn
prwte‘ontoc-duko‘ mÏno 4 e–nai dunatËc:

'Uparxh bËltisthc l‘shc prwte‘ontoc, ‘parxh
bËltisthc l‘shc duko‘.
Mh-fragmËno prwte‘on, mh-efiktÏ dukÏ.
Mh-efiktÏ prwte‘on, mh-fragmeno dukÏ.
Mh-efiktÏ prwte‘on, mh-efiktÏ dukÏ.

Alli∏c:
'Uparxh bËltisthc l‘shc prwte‘ontoc ) 'Uparxh
bËltisthc l‘shc duko‘, me –dia tim† antik. sunàrthshc.
Mh-fragmËno prwte‘on ) Mh-efiktÏ dukÏ.
Mh-efiktÏ prwte‘on ) Mh-fragmËno † mh-efiktÏ
dukÏ.

Apod: AsjenËc kai IsqurÏ Dukà Jewr†mata.
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