
Simplex

max �3x1 + 2x2 + x3

� x2 + 2x3  0
�3x1 + 4x2 + x3  3

x1, x2 � 0.

�max � 3y2
3y2  3

y1 � 4y2  �2
�2y1 � y2  �1

y1, y2 � 0.

amanou@math.uoa.gr
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Simplex

⇣ = 0 � 3x1 + 2x2 + x3

w1 = 0 + x2 � 2x3

w2 = 3 + 3x1 � 4x2 � x3.

�⇠ = 0 � 3y2
z1 = 3 � 3y2
z2 = �2 � y1 + 4y2
z3 = �1 + 2y1 + y2.

amanou@math.uoa.gr
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Simplex

⇣ = 0 � 3x1 + 2x2 + x3

w1 = 0 + x2 � 2x3

w2 = 3 + 3x1 � 4x2 � x3.

�⇠ = 0 � 3y2
z1 = 3 � 3y2
z2 = �2 � y1 + 4y2
z3 = �1 + 2y1 + y2.

x2 w2

z2 y2
amanou@math.uoa.gr



Simplex

⇣ = 3/2 � 3/2x1 � 1/2w2 + 1/2x3

w1 = 3/4 + 3/4x1 � 1/4w2 � 9/4x3

x2 = 3/4 + 3/4x1 � 1/4w2 � 1/4x3.

�⇠ = �3/2 � 3/4y1 � 3/4z2
z1 = 3/2 � 3/4y1 � 3/4z2
y2 = 1/2 + 1/4y1 + 1/4z2
z3 = �1/2 + 9/4y1 + 1/4z2.

x3 w1

z3 y1
amanou@math.uoa.gr
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Simplex

⇣ = 5/3 � 4/3x1 � 5/9w2 � 2/9w1

x3 = 1/3 + 1/3x1 � 1/9w2 � 4/9w1

x2 = 2/3 + 2/3x1 � 2/9w2 + 1/9w1.

�⇠ = �5/3 � 1/3z3 � 2/3z2
z1 = 4/3 � 1/3z3 � 2/3z2
y2 = 5/9 + 1/9z3 + 2/9z2
y1 = 2/9 + 4/9y1 � 1/9z2.

amanou@math.uoa.gr
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Simplex

!
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Simplex

Simplex
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 0 )
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 0 )
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Simplex

Simplex

amanou@math.uoa.gr



x⇤ = (x⇤
1, x

⇤
2, . . . , x

⇤
n)

y⇤ = (y⇤1, y
⇤
2, . . . , y

⇤
n)

nX

j=1

cjx
⇤
j =

mX

i=1

biy
⇤
i .

amanou@math.uoa.gr
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max
Pn

j=1 cjxjPn
j=1 aijxj  bi, i = 1, 2, . . . ,m

xj � 0, j = 1, 2, . . . , n.

min
Pm

i=1 biyiPm
i=1 aijyi � cj, j = 1, 2, . . . , n

yi � 0, i = 1, 2, . . . ,m.

amanou@math.uoa.gr



max
Pn

j=1 cjxjPn
j=1 aijxj  bi, i = 1, 2, . . . ,m

xj � 0, j = 1, 2, . . . , n.

min
Pm

i=1 biyiPm
i=1 aijyi � cj, j = 1, 2, . . . , n

yi � 0, i = 1, 2, . . . ,m.

 
nX

j=1

aijxj  bi

!
$ yi,

 
mX

i=1

aijyi � cj

!
$ xj.

amanou@math.uoa.gr



max
Pn

j=1 cjxjPn
j=1 aijxj + wi = bi, i = 1, 2, . . . ,m

xj � 0, j = 1, 2, . . . , n,
wi � 0, i = 1, 2, . . . ,m,

min
Pm

i=1 biyiPm
i=1 aijyi � zj = cj, j = 1, 2, . . . , n

yi � 0, i = 1, 2, . . . ,m,
zj � 0, j = 1, 2, . . . , n.

xj $ zj wi $ yi
amanou@math.uoa.gr



(x⇤, w⇤) = (x⇤
1, x

⇤
2, . . . , x

⇤
n, w

⇤
1, w

⇤
2, . . . , w

⇤
m)

(z⇤, y⇤) = (z⇤1 , z
⇤
2 , . . . , z

⇤
n, y

⇤
1, y

⇤
2, . . . , y

⇤
m)

x⇤
jz

⇤
j = 0, j = 1, 2, . . . , n,

w⇤
i y

⇤
i = 0, i = 1, 2, . . . ,m.

amanou@math.uoa.gr
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nX

j=1

cjxj 
nX

j=1

(cj + zj)xj =
nX

j=1

 
mX

i=1

aijyi

!
xj

=
mX

i=1

 
nX

j=1

aijxj

!
yi =

mX

i=1

(bi � wi)yi


mX

i=1

biyi.

Pn
j=1 cjx

⇤
j =

Pm
i=1 biy

⇤
i

z⇤jx
⇤
j = 0 j = 1, 2, . . . , n w⇤

i y
⇤
i = 0 i = 1, 2, . . . ,m

amanou@math.uoa.gr



Simplex

Simplex
Simplex
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Simplex

⇣ = 0 � 2x1 � 4x2 � 6x4

w1 = �3 + x1 � 2x2 + x4

w2 = �5 � 2x1 + 3x2 + 2x4

w3 = 8 � 2x1 � 3x2 � 3x3 � 2x4

�⇠ = 0 + 3y1 + 5y2 � 8y3
z1 = 2 � y1 + 2y2 + 2y3
z2 = 4 + 2y1 � 3y2 + 3y3
z3 = 0 + 3y3
z4 = 6 � y1 � 2y2 + 2y3.

Simplex y2 z2
w2 x2

amanou@math.uoa.gr
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Simplex

⇣ = �20/3 � 14/3x1 � 4/3w2 � 10/3x4

w1 = �19/3 � 1/3x1 � 2/3w2 + 7/3x4

x2 = 5/3 + 2/3x1 + 1/3w2 � 2/3x4

w3 = 3 � 4x1 � w2 � 3x3

�⇠ = 20/3 + 19/3y1 � 5/3z2 � 3y3
z1 = 14/3 + 1/3y1 � 2/3z2 + 4y3
y2 = 4/3 + 2/3y1 � 1/3z2 + y3
z3 = 0 + 3y3
z4 = 10/3 � 7/3y1 + 2/3z2

y1 z4
w1 x4

amanou@math.uoa.gr
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Simplex

⇣ = �110/7 � 36/7x1 � 16/7w2 � 10/7w1

x4 = 19/7 + 1/7x1 + 2/7w2 + 3/7w1

x2 = �1/7 + 4/7x1 + 1/7w2 � 2/7w1

w3 = 3 � 4x1 � w2 � 3x3

�⇠ = 110/7 � 19/7z4 + 1/7z2 � 3y3
z1 = 36/7 � 1/7z4 � 4/7y2 + 4y3
y2 = 16/7 � 2/7z4 � 1/7y2 + y3
z3 = 0 + 3y3
y1 = 10/7 � 3/7z4 + 2/7y2

z2 z1
x2 x1

amanou@math.uoa.gr
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Simplex

⇣ = �17 � 9x2 � w2 � 4w1

x4 = 11/4 + 1/4x2 + 1/4w2 + 1/2w1

x1 = 1/4 + 7/4x2 � 1/4w2 + 1/2w1

w3 = 2 � 7x2 � 3x3 � 2w1

�⇠ = 17 � 11/4z4 � 1/4z1 � 2y3
z2 = 9 � 1/4z4 � 7/4z1 + 7y3
y2 = 1 � 1/4z4 + 1/4z1
z3 = 0 + 3y3
y1 = 4 � 1/2z4 � 1/2z1 + 2y3

amanou@math.uoa.gr
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Simplex Simplex

Simplex

Simplex

 0

�⇠
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Simplex

 0

Simplex

Simplex

amanou@math.uoa.gr



Simplex

Simplex Simplex
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Simplex

Pn
j=1(�1)xj

Simplex

Simplex
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max 3x1 + x2 � 4x3

�x1 � 2x2 + x3  �4
�3x1 � 4x2 + 3x3  �7
3x1 + 3x2 � 2x3  8
x1 + x2 � x3  2,

x1, x2, x3 � 0.

⇣ = 0 + 3x1 + x2 � 4x3

w1 = �4 + x1 + 2x2 � x3

w2 = �7 + 3x1 + 4x2 � 3x3

w3 = 8 � 3x1 � 3x2 + 2x3

w4 = 2 � x1 � x2 + x3.

amanou@math.uoa.gr



⇣ = 0 + 3x1 + x2 � 4x3

w1 = �4 + x1 + 2x2 � x3

w2 = �7 + 3x1 + 4x2 � 3x3

w3 = 8 � 3x1 � 3x2 + 2x3

w4 = 2 � x1 � x2 + x3.

Simplex

Simplex

⇣ 0 = �x1 � x2 � x3.

amanou@math.uoa.gr



Simplex

⇣ 0 = 0 � x1 � x2 � x3

w1 = �4 + x1 + 2x2 � x3

w2 = �7 + 3x1 + 4x2 � 3x3

w3 = 8 � 3x1 � 3x2 + 2x3

w4 = 2 � x1 � x2 + x3.

max{|� 4|, |� 7|} = |� 7| w2

min{1/+ 3, 1/+ 4} = 1/4 x2

amanou@math.uoa.gr
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⇣ 0 = 0 � x1 � x2 � x3

w1 = �4 + x1 + 2x2 � x3

w2 = �7 + 3x1 + 4x2 � 3x3

w3 = 8 � 3x1 � 3x2 + 2x3

w4 = 2 � x1 � x2 + x3

⇣ 0 = 7/4 � 1/4x1 � 1/4w2 � 7/4x3

w1 = �1/2 � 1/2x1 + 1/2w2 + 1/2x3

x2 = 7/4 � 3/4x1 + 1/4w2 + 3/4x3

w3 = 11/4 � 3/4x1 � 3/4w2 � 1/4x3

w4 = 1/4 � 1/4x1 � 1/4w2 + 1/4x3

amanou@math.uoa.gr
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Simplex

⇣ 0 = 7/4 � 1/4x1 � 1/4w2 � 7/4x3

w1 = �1/2 � 1/2x1 + 1/2w2 + 1/2x3

x2 = 7/4 � 3/4x1 + 1/4w2 + 3/4x3

w3 = 11/4 � 3/4x1 � 3/4w2 � 1/4x3

w4 = 1/4 � 1/4x1 � 1/4w2 + 1/4x3

max{|� 1/2|} = |� 1/2| w1

min{(1/4)/(+1/2), (7/4)/(+1/2)} = (1/4)/(+1/2)
w2

amanou@math.uoa.gr
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⇣ 0 = 7/4 � 1/4x1 � 1/4w2 � 7/4x3

w1 = �1/2 � 1/2x1 + 1/2w2 + 1/2x3

x2 = 7/4 � 3/4x1 + 1/4w2 + 3/4x3

w3 = 11/4 � 3/4x1 � 3/4w2 � 1/4x3

w4 = 1/4 � 1/4x1 � 1/4w2 + 1/4x3

⇣ 0 = 3/2 � 1/2x1 � 1/2w1 � 3/2x3

w2 = 1 + x1 + 2w1 � x3

x2 = 2 � 1/2x1 + 1/2w1 + 1/2x3

w3 = 2 � 3/2x1 � 3/2w1 + 1/2x3

w4 = 0 � 1/2x1 � 1/2w1 + 1/2x3

amanou@math.uoa.gr
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⇣ 0 = 3/2 � 1/2x1 � 1/2w1 � 3/2x3

w2 = 1 + x1 + 2w1 � x3

x2 = 2 � 1/2x1 + 1/2w1 + 1/2x3

w3 = 2 � 3/2x1 � 3/2w1 + 1/2x3

w4 = 0 � 1/2x1 � 1/2w1 + 1/2x3

Simplex

⇣ = 3x1 + x2 � 4x3

= 3x1 + (2� 1/2x1 + 1/2w1 + 1/2x3)� 4x3

= 2 + 5/2x1 + 1/2w1 � 7/2x3.

amanou@math.uoa.gr
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⇣ = 2 + 5/2x1 + 1/2w1 � 7/2x3

w2 = 1 + x1 + 2w1 � x3

x2 = 2 � 1/2x1 + 1/2w1 + 1/2x3

w3 = 2 � 3/2x1 � 3/2w1 + 1/2x3

w4 = 0 � 1/2x1 � 1/2w1 + 1/2x3

x1 w4

⇣ = 2 � 5w4 � 2w1 � x3

w2 = 1 � 2w4 + w1

x2 = 2 + w4 + w1

w3 = 2 + 3w4 � x3

x1 = 0 � 2w4 � w1 + x3

amanou@math.uoa.gr
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