
Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

Pijanà probl†mata

Apous–a arqik†c b.e.l.
PollËc epilogËc gia eiserqÏmenh sth bàsh metablht†.
Apous–a epilog†c gia exerqÏmenh apÏ th bàsh
metablht†.
PollËc epilogËc gia exerqÏmenh apÏ th bàsh metablht†.
H antikeimenik† sunàrthsh den belti∏netai sto epÏmeno
lexikÏ.
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I: Apous–a arqik†c b.e.l.

Xekinàme me lexikÏ pou antistoiqe– se b.e.l.
Ti kànoume an den Ëqoume tËtoio arqikÏ lexikÏ;
Qrhsimopoio‘me Ëna bohjhtikÏ prÏblhma pou mac d–nei
arqik† b.e.l. † mac de–qnei Ïti to p.g.p. den Ëqei efiktËc
l‘seic.
H diadikas–a aut† anafËretai wc fàsh I thc Simplex:
ApÏ basik† l‘sh se b.e.l.
H klasik† diadikas–a pou perigràyame e–nai h fàsh II:
ApÏ b.e.l. se bËltisth l‘sh.
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I - Paràdeigma

Jewro‘me to p.g.p. se tupik† morf†
max �3x1 + 4x2

upÏ �4x1 � 2x2  �8
�2x1  �2
3x1 + 2x2  10
�x1 + 3x2  1

�3x2  �2
x1, x2 � 0

me arqikÏ lexikÏ
⇣ = 0 � 3x1 + 4x2

w1 = �8 + 4x1 + 2x2

w2 = �2 + 2x1

w3 = 10 � 3x1 � 2x2

w4 = 1 + x1 � 3x2

w5 = �2 + 3x2
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I - Paràdeigma

To lexikÏ

⇣ = 0 � 3x1 + 4x2

w1 = �8 + 4x1 + 2x2

w2 = �2 + 2x1

w3 = 10 � 3x1 � 2x2

w4 = 1 + x1 � 3x2

w5 = �2 + 3x2

antistoiqe– sth basik† l‘sh
(x1, x2, w1, w2, w3, w4, w5) = (0, 0,�8,�2, 10, 1,�2)
pou den e–nai efikt†.
AutÏ sumba–nei diÏti to p.g.p. †tan se tupik† morf† me
merikà apÏ ta dexià mËlh twn periorism∏n < 0.
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I - Paràdeigma

Gia na antimetwp–soume to prÏblhma autÏ afairo‘me mia
nËa metablht† x0 apÏ kàje aristerÏ mËloc thc tupik†c
morf†c tou arqiko‘ kai
jewro‘me gia antikeimenik† sunàrthsh thn �x0 (dhlad†
prospajo‘me na elaqistopoi†soume thn x0).
Prok‘ptei tÏte to p.g.p.

max �x0

upÏ �x0 �4x1 � 2x2  �8
�x0 �2x1  �2
�x0 +3x1 + 2x2  10
�x0 �x1 + 3x2  1
�x0 � 3x2  �2

x0, x1, x2 � 0.
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I - Paràdeigma

To p.g.p.

max �x0

upÏ �x0 �4x1 � 2x2  �8
�x0 �2x1  �2
�x0 +3x1 + 2x2  10
�x0 �x1 + 3x2  1
�x0 � 3x2  �2

x0, x1, x2 � 0.

Ëqei profan∏c efikt† l‘sh, arke– na pàroume
x1 = x2 = 0 gia tic arqikËc metablhtËc kai arketà
megàlh tim† gia thn teqnht† metablht† x0 (pànw apÏ 8).
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I - AitiolÏghsh mejÏdou

To arqikÏ p.g.p. Ëqei efikt† l‘sh, an kai mÏno an to
tropopoihmËno p.g.p. Ëqei bËltisth l‘sh me
⇣ = �x0 = 0.
Apod:

An to arqikÏ p.g.p. Ëqei efikt† l‘sh, tÏte pa–rnoume
efikt† l‘sh tou tropopoihmËnou, jËtontac x0 = 0.
Aut† e–nai kai bËltisth afo‘ ⇣ = �x0  0.

An to tropopoihmËno p.g.p. Ëqei bËltisth l‘sh me
⇣ = �x0 = 0, tÏte agno∏ntac to x0 Ëqoume mia efikt†
l‘sh tou arqiko‘.
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I - S‘noyh Jewr–ac

An to arqikÏ p.g.p. teje– se tupik† morf† pou d–nei
basik† allà Ïqi efikt† l‘sh jewro‘me to
tropopoihmËno p.g.p. kai br–skoume th bËltisth l‘sh
tou (Fàsh I thc Simplex).
An to tropopoihmËno p.g.p. Ëqei bËltisth l‘sh me
x0 = 0, tÏte aut† d–nei b.e.l. gia to arqikÏ p.g.p. kai
efarmÏzoume thn Simplex gia na bro‘me th bËltisth
l‘sh tou arqiko‘ (Fàsh II thc Simplex).
An to tropopoihmËno p.g.p. den Ëqei bËltisth l‘sh me
x0 = 0, tÏte to arqikÏ p.g.p. den Ëqei efiktËc l‘seic.
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I - Paràdeigma

ArqikÏ lexikÏ tropopoihmËnou p.g.p. Ïqi efiktÏ:

⇣ = 0 � x0

w1 = �8 + x0 + 4x1 + 2x2

w2 = �2 + x0 + 2x1

w3 = 10 + x0 � 3x1 � 2x2

w4 = 1 + x0 + x1 � 3x2

w5 = �2 + x0 + 3x2

Sth Fàsh I thc Simplex, sto arqikÏ lexikÏ apaito‘me
na mpei h teqnht† metablht† sth bàsh sto pr∏to b†ma.
Apaito‘me na bgei apÏ th bàsh h pio arnhtik†
metablht†, ed∏ h w1.
Prok‘ptei Ëtsi b.e.l. gia to tropopoihmËno p.g.p. sto
epÏmeno lexikÏ.
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I - Paràdeigma

ApÏ to Ïqi efiktÏ lexikÏ
⇣ = 0 � x0

w1 = �8 + x0 + 4x1 + 2x2

w2 = �2 + x0 + 2x1

w3 = 10 + x0 � 3x1 � 2x2

w4 = 1 + x0 + x1 � 3x2

w5 = �2 + x0 + 3x2

pàme sto efiktÏ lexikÏ (b.e.l.)
⇣ = �8 � w1 + 4x1 + 2x2

x0 = 8 + w1 � 4x1 � 2x2

w2 = 6 + w1 � 2x1 � 2x2

w3 = 18 + w1 � 7x1 � 4x2

w4 = 9 + w1 � 3x1 � 5x2

w5 = 6 + w1 � 4x1 + x2
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I - Paràdeigma

T∏ra sto efiktÏ lexikÏ tou tropopoihmËnou p.g.p.
efarmÏzoume kanonikà thn Simplex gia na
beltistopoi†soume thn antikeimenik†:

⇣ = �8 � w1 + 4x1 + 2x2

x0 = 8 + w1 � 4x1 � 2x2

w2 = 6 + w1 � 2x1 � 2x2

w3 = 18 + w1 � 7x1 � 4x2

w4 = 9 + w1 � 3x1 � 5x2

w5 = 6 + w1 � 4x1 + x2

EiserqÏmenh sth bàsh metablht†: x1 † x2.
Ac epilËxoume thn x1.
ExerqÏmenh apÏ th bàsh metablht†: w5.
EfarmÏzoume th sun†jh diadikas–a od†ghshc.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I - Paràdeigma

ApÏ to lexikÏ :
⇣ = �8 � w1 + 4x1 + 2x2

x0 = 8 + w1 � 4x1 � 2x2

w2 = 6 + w1 � 2x1 � 2x2

w3 = 18 + w1 � 7x1 � 4x2

w4 = 9 + w1 � 3x1 � 5x2

w5 = 6 + w1 � 4x1 + x2

pàme sto:
⇣ = �2 � w5 + 3x2

x0 = 2 + w5 � 3x2

w2 = 3 + 0.5w1 + 0.5w5 � 2.5x2

w3 = 7.5 � 0.75w1 + 1.75w5 � 5.75x2

w4 = 4.5 + 0.25w1 + 0.75w5 � 5.75x2

x1 = 1.5 + 0.25w1 � 0.25w5 + 0.25x2

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I - Paràdeigma

ApÏ to lexikÏ:
⇣ = �2 � w5 + 3x2

x0 = 2 + w5 � 3x2

w2 = 3 + 0.5w1 + 0.5w5 � 2.5x2

w3 = 7.5 � 0.75w1 + 1.75w5 � 5.75x2

w4 = 4.5 + 0.25w1 + 0.75w5 � 5.75x2

x1 = 1.5 + 0.25w1 � 0.25w5 + 0.25x2

pàme sto:
⇣ = 0 � x0

x2 = 2/3 + 1/3w5 � 1/3x0

w2 = 4/3 + 1/2w1 � 1/3w5 + 5/6x0

w3 = 11/3 � 3/4w1 � 1/6w5 + 23/12x0

w4 = 2/3 + 1/4w1 � 7/6w5 + 23/12x0

x1 = 5/3 + 1/4w1 � 1/6w5 � 1/12x0

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I - Paràdeigma

To lexikÏ

⇣ = 0 � x0

x2 = 2/3 + 1/3w5 � 1/3x0

w2 = 4/3 + 1/2w1 � 1/3w5 + 5/6x0

w3 = 11/3 � 3/4w1 � 1/6w5 + 23/12x0

w4 = 2/3 + 1/4w1 � 7/6w5 + 23/12x0

x1 = 5/3 + 1/4w1 � 1/6w5 � 1/12x0

e–nai bËltisto gia to tropopoihmËno prÏblhma, opÏte h
fàsh I thc Simplex tele–wse.
Afo‘ h bËltisth tim† thc ⇣ e–nai 0, to arqikÏ prÏblhma
Ëqei efikt† l‘sh, pou br–sketai parale–pontac thn x0

apÏ to lexikÏ: (x1, x2, w1, w2, w3, w4, w5) =
(5/3, 2/3, 0, 4/3, 11/3, 2/3, 0).
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I - Paràdeigma

Kratàme touc periorismo‘c tou lexiko‘
⇣ = 0 � x0

x2 = 2/3 + 1/3w5 � 1/3x0

w2 = 4/3 + 1/2w1 � 1/3w5 + 5/6x0

w3 = 11/3 � 3/4w1 � 1/6w5 + 23/12x0

w4 = 2/3 + 1/4w1 � 7/6w5 + 23/12x0

x1 = 5/3 + 1/4w1 � 1/6w5 � 1/12x0

parale–pontac thn x0.
Upolog–zoume thn antikeimenik† sunàrthsh tou arqiko‘
sunart†sei twn mh basik∏n metablht∏n tou lexiko‘:
⇣ = �3x1 + 4x2

= �3(5/3 + 1/4w1 � 1/6w5) + 4(2/3 + 1/3w5)

= �7/3� 3/4w1 + 11/6w5.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I - Paràdeigma

Gia th fàsh II xekinàme apÏ to lexikÏ

⇣ = �7/3 � 3/4w1 + 11/6w5

x2 = 2/3 + 1/3w5

w2 = 4/3 + 1/2w1 � 1/3w5

w3 = 11/3 � 3/4w1 � 1/6w5

w4 = 2/3 + 1/4w1 � 7/6w5

x1 = 5/3 + 1/4w1 � 1/6w5

kai pàme sto
⇣ = �9/7 � 5/14w1 � 11/7w4

x2 = 6/7 + 1/14w1 � 2/7w4

w2 = 8/7 + 3/7w1 + 2/7w4

w3 = 25/7 � 11/14w1 + 1/7w4

w5 = 4/7 + 3/14w1 � 6/7w4

x1 = 11/7 + 3/14w1 + 1/7w4

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma I - Paràdeigma

To teleuta–o lexikÏ

⇣ = �9/7 � 5/14w1 � 11/7w4

x2 = 6/7 + 1/14w1 � 2/7w4

w2 = 8/7 + 3/7w1 + 2/7w4

w3 = 25/7 � 11/14w1 + 1/7w4

w5 = 4/7 + 3/14w1 � 6/7w4

x1 = 11/7 + 3/14w1 + 1/7w4

e–nai bËltisto kai d–nei thn bËltisth b.e.l.
(x1, x2, w1, w2, w3, w4, w5) =
(11/7, 6/7, 0, 8/7, 25/7, 0, 4/7).
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma II: PollËc epilogËc gia eiserqÏmenh

sth bàsh metablht†

An upàrqoun mh-basikËc metablhtËc twn opo–wn oi
suntelestËc sthn ⇣ e–nai jetiko–, dialËgoume m–a gia na
mpei sth bàsh.
Poia na dialËxoume;
Upàrqoun diàforoi kanÏnec epilog†c eiserqÏmenhc sth
bàsh metablht†c.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma II - KanÏnec epilog†c gia thn

eiserqÏmenh sth bàsh metablht†

O kanÏnac tou mËgistou suntelest†.
Ep–lexe th mh-basik† metablht† me to megal‘tero
suntelest† sthn ⇣.
O kanÏnac tou tuqa–ou jetiko‘ suntelest†.
Ep–lexe sthn t‘qh mia mh-basik† metablht† apÏ autËc
pou Ëqoun jetikÏ suntelest† sthn ⇣.
O kanÏnac tou pr∏tou jetiko‘ suntelest†.
Ep–lexe th mh-basik† metablht† pou antistoiqe– ston
pr∏to jetikÏ suntelest† pou sunantàtai sth ⇣.
O kanÏnac tou mikrÏterou de–kth (Bland).
Ep–lexe th metablht† me to mikrÏtero de–kth.
O kanÏnac thc mËgisthc àmeshc a‘xhshc.
Ep–lexe th metablht† pou auxànei perissÏtero thn ⇣.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma III: Apous–a epilog†c gia exerqÏmenh

apÏ th bàsh metablht†

ApÏ tic basikËc metablhtËc pou mei∏nontai kaj∏c h
epileqje–sa mh-basik† metablht† auxànetai dialËgoume
thn pr∏th pou ja mhdeniste– gia na bgei apÏ th bàsh.
An den upàrqei tËtoia metablht†, dhlad† Ïlec oi
basikËc metablhtËc auxànontai kaj∏c h epileqje–sa
mh-basik† metablht† auxànetai tÏte to p.g.p. e–nai mh
fragmËno.
H ⇣ mpore– na pàrei osod†pote megàlec timËc, opÏte den
upàrqei bËltisth l‘sh.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma III - Paràdeigma

'Estw Ïti emfan–zetai to lexikÏ

⇣ = 0 + 2x1 � x2 + x3

w1 = 4 + 5x1 � 3x2 + x3

w2 = 10 + x1 + 5x2 � 2x3

w3 = 7 + 4x2 � 3x3

w4 = 6 + 2x1 + 2x2 � 4x3

w5 = 6 + 3x1 + 3x3

Oi x1 kai x3 mporo‘n na g–noun basikËc.
Ac dialËxoume thn x1.
'Oso auxànei h x1 kamià basik† metablht† den mei∏netai
kai h antikeimenik† sunàrthsh auxànei.
To p.g.p. e–nai mh-fragmËno.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma IV: PollËc epilogËc gia exerqÏmenh
apÏ th bàsh metablht†

ApÏ tic basikËc metablhtËc pou mei∏nontai kaj∏c h
epileqje–sa mh-basik† metablht† auxànetai dialËgoume
thn pr∏th pou ja mhdeniste– gia na bgei apÏ th bàsh.
An upàrqoun duo metablhtËc pou mhden–zontai
tautÏqrona, poia na dialËxoume;
Sto epÏmeno lexikÏ ja emfaniste– kàpoia basik†
metablht† me tim† 0.
Mia b.e.l. sthn opo–a kàpoia basik† metablht† Ëqei
tim† 0 lËgetai ekfulismËnh.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

PrÏblhma V: H antikeimenik† sunàrthsh den
belti∏netai sto epÏmeno lexikÏ

Metasqhmat–zoume to lexikÏ ∏ste h antikeimenik†
sunàrthsh kai oi basikËc metablhtËc na ekfràzontai
sunart†sei twn nËwn mh-basik∏n metablht∏n.
H tim† thc antikeimenik†c sunàrthshc gia th nËa b.e.l.
ja e–nai megal‘terh † –sh apÏ thn prohgo‘menh b.e.l.
An kàpoia basik† metablht† Ëqei tim† 0 kai epilege– na
bgei apÏ th bàsh tÏte h tim† thc antikeimenik†c
sunàrthshc gia th nËa b.e.l. ja e–nai –sh me thn
prohgo‘menh b.e.l.
Upàrqei Ëtsi h per–ptwsh h Simplex na koll†sei kai na
kànei k‘klouc anàmesa se orismËnec b.e.l. qwr–c na
belti∏netai h ⇣.
Upàrqei trÏpoc na apof‘goume touc k‘klouc.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

Probl†mata IV kai V - Paràdeigma

Jewro‘me to p.g.p. se tupik† morf†

max 2x1 + 3x2

upÏ x1 + 2x2  2
x1 � x2  1

�x1 + x2  1
x1, x2 � 0

me arqikÏ lexikÏ

⇣ = 0 + 2x1 + 3x2

w1 = 2 � x1 � 2x2

w2 = 1 � x1 + x2

w3 = 1 + x1 � x2

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

Probl†mata IV kai V - Paràdeigma
ApÏ to arqikÏ lexikÏ

⇣ = 0 + 2x1 + 3x2

w1 = 2 � x1 � 2x2

w2 = 1 � x1 + x2

w3 = 1 + x1 � x2

pàme sto
⇣ = 3 + 5x1 � 3w3

w1 = 0 � 3x1 + 2w3

w2 = 2 � w3

x2 = 1 + x1 � w3

Sto 1o lexikÏ, kaj∏c auxànoume thn x2, oi w1, w3

g–nontai tautÏqrona 0.
Upàrqei epilog† gia thn exerqÏmenh metablht†.
Sto epÏmeno lexikÏ upàrqei basik† me tim† 0. 'Eqoume
ekfulismËnh b.e.l.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

Probl†mata IV kai V - Paràdeigma

ApÏ to 2o lexikÏ
⇣ = 3 + 5x1 � 3w3

w1 = 0 � 3x1 + 2w3

w2 = 2 � w3

x2 = 1 + x1 � w3

pàme sto
⇣ = 3 � 5/3w1 + 1/3w3

x1 = 0 � 1/3w1 + 2/3w3

w2 = 2 � w3

x2 = 1 � 1/3w1 � 1/3w3

H tim† thc antikeimenik†c sunàrthshc den àllaxe.
H b.e.l. den àllaxe.
'Allaxe h bàsh (poiËc metablhtËc e–nai basikËc).

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

Probl†mata IV kai V - Paràdeigma

ApÏ to 3o lexikÏ

⇣ = 3 � 5/3w1 + 1/3w3

x1 = 0 � 1/3w1 + 2/3w3

w2 = 2 � w3

x2 = 1 � 1/3w1 � 1/3w3

pàme sto

⇣ = 11/3 � 5/3w1 � 1/3w2

x1 = 4/3 � 1/3w1 � 2/3w2

w3 = 2 � w2

x2 = 1/3 � 1/3w1 + 1/3w2

To teleuta–o lexikÏ d–nei àristh l‘sh.
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

EkfulismËna lexikà - EkfulismËnec b.e.l.

'Ena lexikÏ lËgetai ekfulismËno an mia basik†
metablht† tou Ëqei thn tim† 0. P.q.

⇣ = 6 + w3 + 5x2 + 4w1

x3 = 1 � 2w3 � 2x2 + 3w1

w2 = 4 + w3 + x2 � 3w1

x1 = 3 � 2w3

w4 = 2 + w3 � w1

w5 = 0 � x2 + w1

'Ena b†ma thc Simplex (od†ghsh) lËgetai ekfulismËno
an den allàzei thn antikeimenik† sunàrthsh. P.q.

x2 mpa–nei, w5 bga–nei ! ekfulismËno b†ma.
w1 mpa–nei, w2 bga–nei ! mh-ekfulismËno b†ma.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

KuklikÏthta

'Enac k‘kloc e–nai mia akolouj–a lexik∏n Simplex pou
katal†goun sto –dio lexikÏ apÏ to opo–o xek–nhsan.
Kàje lexikÏ se Ënan k‘klo e–nai ekfulismËno.
'Ola ta endiàmesa lexikà d–noun sthn antikeimenik†
sunàrthsh thn –dia tim†.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

KuklikÏthta

'Otan h Simplex pËsei se ekfulismËno lexikÏ upàrqei h
per–ptwsh na <<pagideuje–>> se k‘klo kai na mh fjàsei
se bËltisth l‘sh.
Er∏thma: Upàrqei trÏpoc na apofeuqje– autÏ;
Er∏thma: Upàrqei kàpoioc kanÏnac od†ghshc (epilog†
eiserqÏmenhc kai exerqÏmenhc metablht†c ) ∏ste na
apofeuqje– h kuklikÏthta;

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

KanÏnec od†ghshc kai kuklikÏthta

O sun†jhc kanÏnac od†ghshc tou mËgistou suntelest†
(ep–lexe th mh-basik† metablht† me to megal‘tero
suntelest† sthn ⇣) mpore– na odhg†sei se kuklikÏthta.
'Eqei kataskeuaste– tËtoio paràdeigma.
O aplÏc kanÏnac od†ghshc tou Bland (ep–lexe th
mh-basik† metablht† me to mikrÏtero de–kth na mpei kai
th basik† metablht† me to mikrÏtero de–kth gia na bgei)
den odhge– potË se kuklikÏthta.
Gia thn efarmog† tou kanÏna auto‘ onomàzoume tic
perij∏riec metablhtËc me to –dio gràmma me tic arqikËc
kai arijmo‘me touc de–ktec touc metà touc de–ktec twn
arqik∏n metablht∏n.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

SuqnÏthta thc kuklikÏthtac

AkÏma kai me to sun†jh kanÏna od†ghshc tou mËgistou
suntelest† h kuklikÏthta e–nai spània gia mikrà
probl†mata.
'Ena prÏgramma pou paràgei tuqa–a 2⇥ 4 ekfulismËna
lexikà den katËlhxe se kuklikÏthta se 1 disekatom‘rio
parade–gmata.
Gia megàla probl†mata me pollà 0, h kuklikÏthta
mpore– na prok‘yei katà fusikÏ trÏpo.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

Apofug† kuklikÏthtac - MËjodoc diataraq†c

'Enac àlloc trÏpoc apofug†c thc kuklikÏthtac e–nai h
diataraq† twn tim∏n twn basik∏n metablht∏n pou e–nai
0, katà ✏.
AutÏ g–netai kàje forà pou emfan–zontai se Ëna lexikÏ.
An upàrqoun pollËc basikËc metablhtËc pou e–nai 0, tic
diataràssoume Ïlec se diaforetikËc kl–makec, dhlad†
eisàgoume ✏1, ✏2 . . . , ✏k kai efarmÏzoume th Simplex,
upojËtontac Ïti

'Allec timËc >> ✏1 >> ✏2 >> · · · >> ✏k > 0.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

MËjodoc diataraq†c - Paràdeigma

Jewro‘me to p.g.p. se tupik† morf†

max 2x1 + 4x2

upÏ �x1 + x2  0
�3x1 + x2  0
4x1 � x2  0

x1, x2 � 0

me arqikÏ lexikÏ

⇣ = 0 + 2x1 + 4x2

w1 = 0 + x1 � x2

w2 = 0 + 3x1 � x2

w3 = 0 � 4x1 + x2

Oi basikËc metablhtËc w1, w2, w3 e–nai 0 kai tic
antikajisto‘me me ✏1, ✏2, ✏3 me ✏1 >> ✏2 >> ✏3 > 0.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

MËjodoc diataraq†c - Paràdeigma

ApÏ to arqikÏ lexikÏ

⇣ = 0 + 2x1 + 4x2

w1 = 0 + x1 � x2

w2 = 0 + 3x1 � x2

w3 = 0 � 4x1 + x2

pàme sto arqikÏ diataragmËno lexikÏ

⇣ = 0 + 2x1 + 4x2

w1 = 0 + ✏1 + x1 � x2

w2 = 0 + ✏2 + 3x1 � x2

w3 = 0 + ✏3 � 4x1 + x2

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

MËjodoc diataraq†c - Paràdeigma

ApÏ to lexikÏ

⇣ = 0 + 2x1 + 4x2

w1 = 0 + ✏1 + x1 � x2

w2 = 0 + ✏2 + 3x1 � x2

w3 = 0 + ✏3 � 4x1 + x2

dialËgoume eiserq. x2, exerqÏmenh w2 kai pàme sto
lexikÏ

⇣ = 0 + 4✏2 + 14x1 � 4w2

w1 = 0 + ✏1 � ✏2 � 2x1 + w2

x2 = 0 + ✏2 + 3x1 � w2

w3 = 0 + ✏2 + ✏3 � x1 � w2

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

MËjodoc diataraq†c - Paràdeigma

ApÏ to lexikÏ

⇣ = 0 + 4✏2 14x1 � 4w2

w1 = 0 + ✏1 � ✏2 � 2x1 + w2

x2 = 0 + ✏2 + 3x1 � w2

w3 = 0 + ✏2 + ✏3 � x1 � w2

dialËgoume eiserq. x1, exerqÏmenh w3 kai pàme sto
lexikÏ

⇣ = 0 + 18✏2 + 14✏3 � 14w3 � 18w2

w1 = 0 + ✏1 � 3✏2 � 2✏3 + 2w3 + 3w2

x2 = 0 + 4✏2 + 3✏3 � 3w3 � 4w2

x1 = 0 + ✏2 + ✏3 � w3 � w2

Ed∏ Ïloi oi suntelestËc twn mh-basik∏n metablht∏n
sthn ⇣ e–nai  0. 'Eqoume brei àristh b.e.l.
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

MËjodoc diataraq†c - Paràdeigma

Oi ✏1, ✏2, ✏3 antimetwp–zontai wc paràmetroi, Ïqi wc
metablhtËc (o‘te mpa–noun sth bàsh, o‘te bga–noun).
H antikeimenik† sunàrthsh belti∏netai se kàje b†ma:
0 ! 4✏2 ! 18✏2 + 14✏3.
To poià metablht† ja mpei sth bàsh kajor–zetai apÏ
ton kanÏna tou mËgistou suntelest†.
To poià metablht† ja bgei apÏ th bàsh kajor–zetai
monos†manta, lambànontac upÏyh th diaforà tàxhc
megËjouc twn ✏1, ✏2, ✏3.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

TermatismÏc thc Simplex kai kuklikÏthta

Je∏rhma
H mËjodoc Simplex e–te termat–zetai se peperasmËno arijmÏ
lexik∏n katal†gontac

se diap–stwsh ken†c efikt†c perioq†c †

se bËltisth b.e.l. †

se diap–stwsh mh-fragmËnhc antikeimenik†c

sunàrthshc

e–te

katal†gei se kuklikÏthta.
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Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

TermatismÏc thc Simplex kai kuklikÏthta

Den upàrqei arqik† b.e.l. ! Fàsh I thc Simplex.
TËloc fàshc I ! arqik† b.e.l. † ken† efikt† perioq†.
Arqik† b.e.l. ! Fàsh II thc Simplex.
An den Ëqoume ekfulismËnec b.e.l., se kàje lexikÏ thc
fàshc II h tim† thc antikeimenik†c sunàrthshc
belti∏netai † apokal‘ptetai Ïti to p.g.p. e–nai mh
fragmËno.
PeperasmËnoc arijmÏc dunat∏n lexik∏n ! E‘resh
bËltisthc b.e.l. se peperasmËno arijmÏ bhmàtwn, an den
Ëqoume kuklikÏthta.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

Apofug† thc kuklikÏthtac

Je∏rhma
H mËjodoc Simplex se sunduasmÏ me th mËjodo thc
diataraq†c pou epilËgei poià metablht† ja bgei apÏ th bàsh

me ton lexikografikÏ kanÏna od†ghshc apofe‘gei thn

kuklikÏthta.

Je∏rhma
H mËjodoc Simplex me ton kanÏna tou Bland tou mikrÏtetou
de–kth gia thn epilog† eiserqÏmenwn kai exerqÏmenwn

metablht∏n apofe‘gei thn kuklikÏthta.

A. Mànou - amanou@math.uoa.gr EE - EnÏthta 3



Tupik† morf† Simplex K‘rioc algÏr. Pijanà probl†mata

Jemeli∏dec Je∏r. Grammiko‘ Programmatismo‘

Je∏rhma
Gia Ëna p.g.p. se tupik† morf† isq‘oun ta akÏlouja:

Mh-ken† efikt† perioq† ) 'Uparxh b.e.l.
Anuparx–a bËltisthc b.e.l. ) Ken† efikt† perioq† †
mh-fragmËno p.g.p.

'Uparxh bËltisthc efikt†c l‘shc ) 'Uparxh bËltisthc
b.e.l.

Fàsh I ! Br–skei b.e.l. an h efikt† perioq† den e–nai
ken†.
Fàsh II ! Br–skei bËltisth b.e.l. † diapist∏nei Ïti to
p.g.p. e–nai mh-fragmËno.
'Uparxh bËltisthc efikt†c l‘shc ! mh-ken† efikt†
perioq†, fragmËno p.g.p. ! 'Uparxh bËltisthc b.e.l.
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