. Identify the locations of saddle points and extrema of the following function:
fla,y) = 4oy — 2t —y*.

. Find the location on the curve zy? = 54 that is closest to the origin.

. Compute the double integral of the function f(x,y) = cos(z + y) on the region R specified by the
linesz =0,y =0,andx +y = 1.

. Use the Gram-Schmidt process to calculate a set of orthonormal vectors using the following vectors
in the given order:

O = O

1 0
V1 = 1 ’ Vo = ) V3 = 1
0 1

. Find the eigenvalues and eigenvectors of the matrix

A:

N OO
S NN O
S O N

Then, find matrices S, A such that A = SAS™!, and compute S~



1. Identify the locations of saddle points and extrema of the following function:
fl,y) = doy — a* — y*.

Solution: Observe that
Vi(z,y) = (dy — 42°, 4o — 4y°).

Therefore,
Vf(z,y) =00 ey=2° z=y"

The above equations give
P=r=20*-1)=0=@'"-1)"+)z=0= (- 1)(2*+ 1)z =0= (z—1)(z+1)z = 0.
It follows that there are three locations where we may have saddle points and extrema, i.e.,
(0,0), (1,1), (—1,-1).
Next, observe that
foo(m,y) = =122, fy(2,y) = 120", foy(2,y) = 4.
Regarding the point (0, 0), we have
D(0,0) =0—4% <0,

so this point is a saddle point. Regarding the point (1, 1), we have

D(1,1) =144 —4* >0, fuu <O,
so we have a maximum at (1, 1). Likewise, at point (—1, —1), again we have

D(1,1) =144 — 4> >0, f.u <O,
so this point is a maximum as well. B

2. Find the location on the curve xy? = 54 that is closest to the origin.

Solution: The problem is equivalent to minimizing the function 22 + y? subject to the constraint
g(x,y) = xy® — 54 =0.

Note that
Vf=(2z,2y), Vg= (v 2xy).

Observe that Vg = (0, 0) at the origin, that is not a solution. Therefore, if there is a minimum, it will
have to be at a location where, for some A\, we have

1
Vf=AVg<e (20,2y) = (W, 2 1Y) & 20 = \y?, 2y =2)\ay < 20 = NP, A= —.

x
From the last two equations, together with equation zy? = 54, it follows that

2{L’2:y2’ $y2:54:>2$3=54:>x:3:>y:i3\/§’

therefore there are two locations, (3, 3v/2) and (3, —3+/2), where the curve is closest to the origin. B

1



3. Compute the double integral of the function f(z,y) = cos(x + y) on the region R specified by the
linesx =0,y =0,andz +y = 1.

Solution: Using Fubini’s theorem, we have

//Rf(:c,y)dA _ /01 (/Ol_xcos(a:—l—y)dy) dz

_ /01 (/Ol_x(sin(a:+y))/ dy) dm:/; (sin(z + 1 — &) — sinz) do

1
= / (cosz +xsinl) dr =cosl+sinl — 1.
0

4. Use the Gram-Schmidt process to calculate a set of orthonormal vectors using the following vectors
in the given order:

1 0 0
vV = 1 , Vo = 1 , V3= 1
0 0 1
Solution: The first vector is found by normalization:
1
Vi \{i
|7
' 0
For the second vector, we have
0] 1 1 r— 1
el [ v
Q=1 - E Zl T 2| T9=| &
0] 0 0 L 0
Observe that )
19 V27
PRV 8 1 S v ) 1
1 V3 = 75 = —, 2 V3 = N4 = —,
o] [ V2 oy V2
therefore,
1 1
s = T Al T Al V2| T
1 V2 0 2 0 1
|
5. Find the eigenvalues and eigenvectors of the matrix
0 0 2
A=10 2 0
200

Then, find matrices S, A such that A = SAS™!, and compute S



Solution: The characteristic polynomial is

—A 0 2
0 2—=X 0[=0&-XA2=-X)(=N)—-22-X)2=0
2 0 —A
SN2-N)+4A-2=L1=-2)2-N2+N) =-A—=2)*A+2)=0,
therefore the eigenvalues are \; = 2, Ay = 2, and \3 = —2, and
2 0 0
A=10 2 0
00 —2

To find the eigenvectors corresponding to the double eigenvalue A\ = Ay = 2, we write

-2 0 2 T
0O 0 0 o :O<=>—I'1+ZL‘3:07 ZE1—$3:0<=>171:$3,
2 0 —2| |us

whereas 5 can take any value. We select the vectors [0 1 0] and [1 1 1].

To find the eigenvector corresponding to the single eigenvalue A3 = —2, likewise, we write
2 0 2| [ 0
0 4 0| |z =0l ©214+23=0, 25=0.
2 0 2| |z3 0
We select the vector [1 0 —1].
Therefore,
1 0 1
S=111 0
1 0 —1

It remains to find S~'. To this effect, we can perform Gauss-Jordan elimination

10 1100
11 0010
10 -1/00 1|
10 1][1 00]
01 —-1(-110 (R2=R2— R1, R3=R3— R1)
00 —2[-10 1|
10 1 0 0 ] ]
01 -1(-11 0 (R3 = —5R3)
00 1|3 0 —5
1003 0 5]
010/ -3 1 -1 (R2 = R2+ R3, R1 = R1 — R3)
001 5 0 —1]
Therefore,
L g 1
S—l_ 21 1 21
Ty
3 0 —3
|



. Identify the locations of saddle points and extrema of the following function:
f(z,y) = 2* +y* + 4ay.

. Find the location on the curve 2 + xy + y* = 1 that is closest to the origin.

. Compute the double integral of the function f(z,y) = (x + y)? on the region R specified by the lines
r=0,y=1,andy = x.

. Use the Gram-Schmidt process to calculate a set of orthonormal vectors using the following vectors
in the given order:

0 0 1
V) = 1 , Vo = 1 , V3= 1
0 0



1. Identify the locations of saddle points and extrema of the following function:
f(z,y) = 2* +y* + 4ay.

Solution: Observe that
Vf(z,y) = (42° + 4y, 4° + 4x).

Therefore,
Vi(x,y)=(0,0)2°+y=0 y*+z=0.

The above equations give
P =xr=1=-1,0,1.

It follows that there are three locations where we may have saddle points and extrema, i.e.,
(070)7 (17_1)7 (_171)'

Next, observe that
fea(,y) = 1227, fy (2, y) = 120%,  foy(z,y) = 4.
Regarding the point (0, 0), we have
D(0,0) =0—4% <0,
so this point is a saddle point. Regarding the point (1, —1), we have
D(1,-1) =144 —4* >0, fu >0,
so we have a minimum at (1, 1). Likewise, at point (—1, 1), again we have
D(—1,1) =144 —4* >0, fu. >0,
so this point is a minimum as well. B

2. Find the location on the curve 2? + zy + y? = 1 that is closest to the origin.

Solution: The problem is equivalent to minimizing the function f(x,y) = z* + y? subject to the
constraint
gla,y) 2’ +ay+y* —1=0.

Note that
Vf=(22y), Vg=2v+y2y+u).

Observe that Vg = (0, 0) at the location where
2 +y=0, 2y+a=0,

i.e., the location (0, 0), which does not belong to the curve, therefore that location is excluded, and
the extrema must all belong to locations where, for some A\, we have

Vi=AVge2r=A2x+vy), 2y=AN2y+z)<2z(1—X\) =Ny, 2y(1—2N) =z

Multiplying the two equations we arrive at 4zy(1 — \)? = A2xy. Now observe that if x = 0, when
we must either have y = 0, which is impossible because © = y = 0 does not satisfy the constraint, or



A = 1, which then leads to y = 0 and again the constraint is not satisfied. So we must have = # 0.
By a similar argument, y # 0. It then follows, dividing by xy, that

2
4(1—)\)2:)\2<:>4+4>\2—8)\:)\2<:>3A2—8>\+4:0<:>)\1:2,)\2:g.

Regarding the case A\ = 2, it leads to
—2r =2y, —2y=2&ESxr=-—Y,
and plugging this to the constraint we arrive at
x2:1:>:c::|:1:>y::|:1,

therefore we find the locations (1, —1) and (—1, 1), which are both at a distance /2 from the origin.

Regarding the case A = %, it leads to « = y, and plugging this to the constraint we arrive at
1
V3

therefore we find the locations (\/ig, \%) and (— \/Lg, —\%) which are both at a distance \/g from the

3t=1l=r=y==+

origin.
Therefore, the first two locations we found are maxima, and the last two locations we found are
minima.

3. Compute the double integral of the function f(z,y) = (z +y)? on the region R specified by the lines
r=0,y=1,andy = x.

Solution: Using Fubini’s theorem, we have

flon = [ (Jwors) e [ (] (52 )

4. Use the Gram-Schmidt process to calculate a set of orthonormal vectors using the following vectors
in the given order:

0 0 1
V1= 1 ) Vo = 1 ) V3 = 1
—1 0 0



0 1 0 0
1 1
©= |- E| =3
0 2| 1 1
V2 2
Normalizing,
0
e, — qQ2 | 1
2
laall — |22
V2

Finally, noting that v - e; = 7 and v3 - ey = \%, we have

from which it follows that

. Find the eigenvalues and eigenvectors of the matrix

A:

S O W
O o
S NN

Then, find matrices S, A such that A = SAS™!, and compute S—*.

Solution: The characteristic polynomial is

3—A 4 2
A-M|=0&| 0 1-X 2|=0-B-N)1-MA=0e (A-3)(A\—1)A=0,
0 0 -\

therefore the three eigenvalues are the

3 4 2 T 0

01 2 zo| = |0 @3$1+4I2+2$3:O, To+ 223 =10

0 0 O [z3 0

& X9 = 213, 3r1 = 223+ 813 19 =223, T =2x3E 1] =2T3, To= —23.

So, for example, one candidate eigenvectoris [2 —2 1] T



Regarding the second eigenvector, we have

0 4 2 T
0 -2 2 To| =
0 0 =3| |x3

S day+2x3=0, —2x94+2x3=0, 23=0%& 29 =123=0.

o O O

So, for example, one candidate eigenvector is [1 0 O] T

Regarding the third eigenvector, we have

2 4 2 T 0
00 2 ol = |0 & 221 +4294+223=0, 23=0, z3=0
0 0 —1| |a3 0
S xp = —2x9, x3=0.
So, for example, one candidate eigenvector is [—2 1 0] T
Therefore,
000 2 1 =2
A=lo 30|, s=|-20 1
0 01 1 0 0

It remains to find S~!. To this effect, we can perform Gauss-Jordan elimination

2 1 =210 0
-2 0 1|0 10
1 0 000 1]
1 3 -1/ 3 0 0] ] ]
0 1 —-1|1 10 (R1==R1, R2= R2+ R1, R3 = R3 — -R1)
1 1 2 2
0 -1 1]-20 1]
1 2 =13 0 0] ]
01 —1[1 10 (R3=R3+§R2)
00 4|0 35 1]
1 1 0[5 1 2]
01 01 22 (R2 = R2 + 2R3, Rl = R1+ 2R3)
00 3/0 35 1]
1 00[00 1] ]
0101 22 (R1:R1—§R2)
00 1/01 2]
Therefore,
001
St=11 2 2
01 2
|
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