1 Function of two variables

Observations
1. A real-valued function is a box that accepts a number and produces another number.
2. We can describe a real-valued function in terms of its graph, which is a curve.

3. A function, in general, is a box that accepts something of one type, and produces something else of
another type.

4. We study real-valued functions of two variables, which accept two numbers and produce another one.
5. We can describe such functions in terms of their graph, which is now a surface.
6. Formally, we have the following:
Definition 1.1. (Real valued functions of two variables)
1. A function of 2 variables is a mapping (x,y) — z = f(z,y).
2. Its domain D C R? is all the pairs (x,y) where the function is defined.
3. Itsrange RC Ris R={f(x,y) : (z,y) € D}.
4. Its graphis G = {(z,y,2) : (z,y) € D, z = f(z,y)} C R3.

5. The equipotential curve, or contour line at level c, is the set

Cle) ={(z,y,2) : (z,y) € D, z = f(z,y) =c} CR’.
INSERT FIRST DEMO HERE. TOPICS: Examples of functions and contour lines
Example 1.1. Let f(z,y) = %\/36 — 922 — 492. Then the domain is the set
D = {(z,y) : 36 — 92° — 4y* > 0},

while the contour lines satisfy the following equations:

1
c= g\/36 — 922 — 4y? & 92 + 4y = 36 — 9¢%.
Therefore, contour lines are ellipses.

Definition 1.2. (Planes) Linear functions of the form f(x,y) = ax + by + c are called planes.

Definition 1.3. (Polynomials and rational functions)

1. A polynomial with variables x,y is a function of the form
f(z,y) = Z Z cie'y’.
i=1 j=1

2. A rational function with variables x,y is a function of the form

p(z,y)
f x? - )
(@) q(z,y)
where p(x,y) and q(x,y) are polynomials.



2 Limit and Continuity

Definition 2.1. (Function limit) Function f(x,y) has limit L at (z,y) = (a,b), and we write

lim  f(z,y)=L  or  flz,y) =L for (z,y) = (a,b),
(2,y)—=(a,b)

if the following holds:

Ve>0,30>0:0<(z—a)2+(y—02<d=|f(z,y) — L] <e

Observations

1. We use the notation
[(z,9)l = V2 + y2

for the Euclidean length of a vector, therefore we also have

I(z,9) = (@, b)ll = V/(z — a)* + (y — b)*.

2. The basic intuition of the plain limit fully transfers: if we take concentric circles around (a, b), then,
as their radius decreases, so does the maximum distance of the values of the function from limit L.

Theorem 2.1. (Limits of polynomial and rational functions)

1. If f(x,y) is a polynomial, then
lim  f(z,y) = f(a,b).

(2,y)—(a,b)

2. If f(z,y) = qu ) Where p(z,v), q(x,y) are polynomials, then

(') If q(a,b) # 0, then

p(a,b)
lim x .
ey DY) = q(a,b)
B’) If q(a,b) = 0 and p(a,b) # 0, then the limit ( l)im( b)f(x, y) does not exist.
x,y)—(a,

3. If q(a,b) = 0 and p(a,b) = 0, anything goes: the limit might exist or it might not exist.

Example 2.1. (Limit calculations)

1.
lim (2°y +3y) =2+6=38.
(w,y)—>(172)( Y v)
2. The limit
. 2+ +1
lim —————
(@y)—00) z? —y?
does not exist. Why? Does the function go to +-00?
3. The limit

2 2
lim u
(z,y)—(0,0) 22 + y?



Yymua 1: Example 2.1.

also does not exist. Indeed, observe that

2

. X
/(7,00 = e =1

yQ
SO = =t

so the limit depends on the angle of approach! See Fig. 1.

Definition 2.2. (Continuity) Function f(x) is continuous in (a,b) if the limzt( 1)11’1’1( ) f(z,y) exists and we
z,y)—(a,

have

lim f(z,y) = f(a,b).

(z,y)—(a,b)

Theorem 2.2. (Basic properties of continuity)

1. If f(z,y) and g(x,y) are continuous at (a, b), then the functions A1 f (x, y) + Xog(x, y), where A, Ay €
R, and f(x,y)g(x,y) are also continuous at (a,b).

2. If f(z,y) and g(x,y) are continuous at (a,b), and g(a,b) # 0, then f (z, y; is also continuous at (a, b).

3. If g(z,y) is continuous at (a,b) and f is continuous at g(a,b), then the composition f(g(x,y)) is
continuous at (a,b).

3 Partial derivatives



Definition 3.1. (Partial Derivatives)
The partial derivatives of f(x,y) at location (xo, yo) are defined as follows:

f(zo + h,yo) — (0, yo)

fe(T0,90) = lim

h—0 h ’
. f(wo,y0 + h) — f(z0,%0)
fy(anyO) = }ng%) h .
Observations
1. We also use the notations
0z af (x,y af
fx(ﬂﬁoyyo) = 8_ = é ) 8_ )
L1 (20,50) X (z0,%0) L (20,90)
0z of (z, of
fy(®0,%0) = 90 ((9 ) = 5
Y1(@o.v0) Y (w0,y0) Y 1(@o,u0)

2. Observe that the partial derivative with respect to z at point (zg,yo) is the usual derivative of the
single-variable function f(z,yo) at x = zy.

3. What is the physical interpretation of partial derivatives?

Definition 3.2. (Second-order partial derivatives)

Observations
1. Higher-order derivatives are defined in a similar manner.
2. We use the following notation:
0*f 0*f 0*f 0*f
Joa = 9.2 fyy:_Qa ffﬂy:—a fym:—-
ox dy 0yox 0xdy

Example 3.1. Let the function

f(z,y) = ze¥ —sin (%) + 232



Its partial derivatives are as follows:

0 1
of = ¢eY —cos (£> — + 32%y7,
ox Yy

O f A AN! 9
9z sin (;) E+6a:y ,
of

= zeY — cos (f)
dy Yy

= xe¥+ % cos z) + 2y2®,
Y Y
0? 2 ,
—J; = wxe¥ — —fcos <£> - % sin (f> <—%) + 227
Ay y y) oy y y
2 2
= xe¥ — —f cos <E) + 93_4 sin (E) + 223,
Y Y Y Y
e () (e () e
= e+ —=cos|—|+—(—sin|—))—+6xy
dz0y y? y) v y)/)y
= ¢’ + — cos (E) - % sin (E) + 627y,
Yy Yy Yy Y

02 f

= tsin(2) (-2 L cos (= L + 62
yox y 2 )y y y? Y
s

Observe that f,, and f,, are equal! This is not a coincidence.

Theorem 3.1. (Equality of partial derivatives) If f,, and f,, are continuous on an open set S, then they are
also equal.

Observation: So, what does it mean for a two-dimensional set to be open? We discuss this in the next
section.

4 Small detour on topology

Observation: The notation A C B implies that the sets A, B cannot be equal. The notation A C B implies
that they might be equal.

Definition 4.1. 1. Let S C R2 We define the complement of S as the set

S={(z,y) eR*: (z,y) & S}.

2. Let S C R? and a point P = (xg,vo). The ball of radius 6 > 0 centered at P is the set

B(P,0) ={Q = (z,y) : [P = QI <d & /(z — 20)* + (y — %) < 6}

3. A point P € S is called an interior point of S is there is a B(P, ) C S.



4. A point P is called a boundary point of S if for all § > 0, the set B(P, ) contains both points in S

and points in S. The set of all boundary points of S is called the boundary 0S of S. Observe that
each point in S is either a boundary point of S, or an interior point of S.

5. A set S is called open if all its points P are interior points, i.e., it contains no boundary points.

6. A set S is called closed if it contains all its boundary points. Equivalently, set S is closed if set S is
open.

7. A set S is called bounded if there is a radius R > 0 such that S € B((0,0), R).

Example 4.1. (Examples of open and closed sets)
1. The set S = {(z,y) : 2* + y*> < 1} is open, and its boundary is 9S = {(z,y) : 2? +y? = 1}.
2. Theset S = {(z,y) : |y| < 1} is open, and its boundary is S = {(z,y) : y = 1}U{(z,y) : y = —1}.

3. Theset S = {(x,y) : |y| < 1, = = 0} is neither closed nor open! Its boundary is the set 05 =
{(z,y) : [yl <L,z =0}

4. Both R? and the empty set () are both open and closed! Such sets are called clopen.

S The gradient and differentiable functions

Definition 5.1. Let a point P = (x,y). The vector

Vf(x,y) é (fz<x7y>’fy(x7y))

is defined as the gradient of f(x,y) at the point (z,y).

Theorem 5.1. (Basic properties of the gradient)

1.
V(f(z,y) +9(z,y) = V(x,y) + Vg(z,y).
2.
V(af(z,y)) = aVf(z,y).
3
V(f(z,y)g(z,y) = g(x,y)V f(z,y) + f(z,y)Vg(x,y).
Observations

1. The above properties have simple proofs, based the definition of the gradient.

2. The gradient points to the direction where the function increases the fastest. This will become clear
later on.

Example 5.1. Let the functions f(z,y) = %y and g(x,y) = 3xy. We have

(
Vi(z.y) (2zy, 2%),
Vy(z.y) = (3z,3y),
V(z® +3zy) = 2oy +3y,2% + 32).

6



Definition 5.2. (Differentiability) Function f(x,y) is differentiable at the point P = (x, yo) if the following
holds:

fxo+hi,yo+he) = f(xo,y0) + hafa(o,y0) + hofy(zo, yo) + hi€r(ha, ha) + haoea(hy, ha)

= f(wo) + (h1, h2) - V f(20,%0) + (h1, h2) - (€1(h1, ha), €2(h1, ha)), (1)
where
(hl,}}zl)n—l)(07())61(h1, hg) = 0, (h17}}21§1_1>(070)€2(h1; h2) = 0.

Observations Setting © = x¢ + hy and y = yo + ho, (1) becomes
f(x,y) = f(xo,y0) + (x — o) f2(T0, o) + (¥ — v0) fy(T0, Yo) + hie1(ha, ho) + haoea(ha, ha).
On the other hand, observe that the function

T(x,y) = f(wo,90) + (x — 20) fo(z0,Y0) + (¥ — Yo) fy (%0, Y0) (2)

describes a plane passing through the location (o, yo, f(x0,%0)). Therefore, differentiability means that
there is a plane, as prescribed above, that approximates the function really well close to that point.

Definition 5.3. 1. The plane given by (2) is called the tangent plane of f at (x¢, yo).
2. A function is called differentiable in an open set R if it is differentiable for all (x,y) € R.

INSERT SECOND DEMO HERE. TOPICS: Tangent planes and partial derivatives

Theorem 5.2. If f(x,y) has continuous partial derivatives f,(x,y) and f,(x,y) everywhere on an open set
that contains (a,b), then f(x,y) is differentiable in (a,b).

Observations

1. The inverse of the theorem does not hold!

2. Therefore, being differential at a point is different from having partial derivatives at a point. See
Fig. 2. On the other hand, in one-variable functions, being differentiable means having a derivative!

Theorem 5.3. If f(x,y) is differentiable at (xo,yo), then it is continuous at (o, Yo).

Amoodein. Observe that

f(xo + hi,yo + ha) = f(@o, yo) = hafo(To, yo) + hafy(o,Y0) + hi€1(hy, ha) + haea(ha, ha),
which does go to 0 as (hq, ha) — 0. N
Example 5.2. For the function f(z,y) = ze? + x%y, we have
Vi(z,y) = (¥ + 2zy, ve! + 2?).

The partial derivatives are continuous everywhere, therefore f is differentiable everywhere. For example,
the equation of the tangent plane that passes through the location

r=2 y=0 2=2"+22x0=2,

7
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Iyfua 2: A function with partial derivatives (0, 0) that is not differentiable there.

is the following:
z = f(2,0)+Vf(2,0)(x — 2,y —0)
= 24+ (1,6)-(z —2,y)
= x+ 6y.
Example 5.3. Let the function
mi (wy) #(0,0),
0, (x,y) = (0,0).

This function has partial derivatives everywhere outside of (0, 0), by known theorems. It also has partial
derivatives at zero, as shown by definition:

flz,y) =

L f(h,0) — £(0,0) .0
Jelr,y) = }11310 h " hs0h

However, it is not even continuous! To see this, set y = x, and the function becomes f(z,y) = 7=

all z!

_1
—2for

6 Directional derivative

Observation: Observe that

h _
fula,y) = mzﬂ“ ’yﬁ flr.y)
h) —



Letussetp = (z,y),i= (1,0),and j = (0, 1). The above equations are then written as

f(p+ hi) — f(p)

fo(p) = lim . ,
. fp+hj)— f(p)
fy(p) = }Zl_% h .

The first partial derivative describes the rate of change in the x direction, and the second describes the rate
of change in the y direction. What about other directions? We use the following definition.

Definition 6.1. (Directional derivative) The directional derivative of f at locationp = (x,y) in the direction
of the unit vector u = (uy, us) is defined as

. f(p+hu) — f(p)
Duf(p) = lim .

Theorem 6.1. If f is differentiable in p = (x,y), then it has a directional derivative in the direction of the
unit vector u = (uy, ug) given by the formula

Dyf(p) =u-Vf(p) = ufolz,y) + usfy(x,y).

Armdderén. Since f(p) is differentiable, we have

f(p+hu) = f(p) + Vf(p) - (hu) + e(hu) - (hu)

o £ ) — £(p)
h—0 h

=V[(p)-u+tlime(hu) - (hu) =V [(p) - u.
O

Theorem 6.2. At location p a differentiable function is increasing the fastest in the direction of the gradient
V f(p) at that location, and is decreasing the fastest in the opposite direction.

Amooerln. Note that
Dy(p) = u-Vf(p) = [[ull[Vf(p)| cos b,

where 0 is the angle formed between the two vectors u and V f(p). Therefore, the directional derivative is
maximum when the two vectors point in the same direction, i.e., # = 0, in which case D,(p) = ||V f(p)|,
and minimum when they point in opposite directions, in which case Dy(p) = —||V f(p)||- O]

Observation: Observe that the two rates are equal, in absolute terms. Does this make sense to you?

Example 6.1. Let the function f(x,y) = 42 — zy + 3y>.

We will find the directional derivative of f at the location p = (2, —1) in the direction of the vector
a = (4,3). Firstly, observe that the given vector a is not of unit length. Can you understand what would
have been the problem if we had used it? We will use the vector

u_ﬂ_(é §)
- V16+9 \5'5/°
Also,
Vf=8x—y,—x+6y)=Vf(21)=(17,-8),

9



therefore 43 "
D.f2,-1)={(=,=|-(17,-8) = —.
re-n=(5.2) 019 =%

Secondly, observe that the fastest rate of increase is in the direction of the unit vector

17. —
L 01-8)

172 + 82

and equals
17,-8) - (17, -8
Dy(2,1)-u' = (17,-8) - (17, =8) = Vv/353.
V172 + 82
Finally, observe that the fastest rate of decrease is in the direction opposite to that of the unit vector, and
so equals

(17, —8) - (17, —8)

Dy(2,1) - (—u') = — = —V353.

21 (=) 172 4 82

Theorem 6.3. The gradient of [ at the location p is perpendicular to the contour line going through P, i.e.,
Vfp) u=0,

where u is a unit vector tangent to the contour line.

(Add figure here)

Example 6.2. Consider the function
2

fly) = +v"

The contour line passing through point (2, 1) is

2 2
x , 4 x
4+y 4+ <Y \/ 1

whereas the gradient at that location is

Vi) = (5.20) = (1,2)

(Add figure here)

7 Unconstrained extrema of functions of 2 variables

Definition 7.1. Let f(x,y) be a function with domain S and a point po.
1. An open set N is called a neighborhood of p if p € N.

2. The value f(po) is a (local) maximum at the (local) maximum point py if there is a neighborhood N
of po such that

f(po) > f(p) Ype NnS.

3. The value f(po) is a (local) minimum at the (local) minimum point pq if there is a neighborhood N of
Po such that

f(po) < f(p) VpeENNS.

10



4. f has a (local) extremum at p if it has a local minimum or maximum at p.

5. The value f(po) is a global maximum at the global maximum point pg if

f(po) > f(p) VpeS.

6. The value f(po) is a global minimum at the global minimum point pg if

f(po) < f(p) VpeS.

7. f has a global extremum at p if it has a global minimum or maximum at p.

Observations
1. Plurals of terms are minima, maxima, extrema.

2. Moving from one dimension to two dimensions, things can become much more complicated! See the
next theorem:

Theorem 7.1. (Necessary conditions for existence of local minimum) If f has an extremum at p, then one
of the following holds:

1. p is a boundary point of S.
2. p is an interior point of S, but f is not differentiable there.
3. p is a stationary or critical point, i.e., all the following hold.:

(o) p is an interior point of S.
(B’) f is differentiable in p.
(v) Vf(p)=0.

INSERT THIRD DEMO HERE. TOPICS: extrema conditions

Theorem 7.2. (Sufficient conditions for local extrema) Let the function f(x,y) have continuous second-
order partial derivatives in a neighborhood of (xo, yo) and V f(zo,vo) = 0. Let

D = D(x0,%) = fuz(T0, Y0) fyy (%0, Y0) — f§y<$o7yo)'
The following hold:
1. If D > 0and fo.(x0,v0) <O, then f(xq,yo) is a local maximum.
2. If D > 0and f..(x0,y0) > 0, then f(x0,v0) is a local minimum.

3. If D < 0 then f(x0,yo) is not an extremum. We call it a saddle point.

4. If D = 0, then anything goes!

11



Example 7.1. Let the function f(z,y) = x* + y? which, of course, we know has a minimum atx =y = 0
and no other extrema. Note that V f(z,y) = (2, 2y), and f,, = f,, = —2, therefore the gradient is 0 only
at the origin x = y = 0, where

D=2x2-2x0x2x0=4,

so indeed Theorem 7.2 tells us we have a minimum at (0, 0).

Example 7.2. Now let the function f(x,y) = —x? — y? which, of course, we know has a maximum at
x = y = 0 and no other extrema. Note that V f(z,y) = (—2z, —2y), and f,, = f,, = —2, therefore agai
the gradient is 0 only at the origin x = y = 0, where

D=(-2)x(-2)—2x0x2x0=4,
so indeed Theorem 7.2 tells us we have a maximum at (0, 0).

Example 7.3. Finally, let the function f(z,y) = 2? — y?. Note that Vf(z,y) = (22, —2y), and f,, = 2,
fyy = —2. The gradient is 0 only at the origin x = y = 0, where

D=2x(-2)—2x0x2x0=—4,
so we have a saddle point.

Example 7.4. (Monkey saddle) Let the function f(z,y) = 2® — 3zy*. We have that
V=32 =3y*, =3y, fux =062, f, =06y,
therefore D = 0 at (z,y) = (0,0), and we cannot use Theorem 7.2.
Example 7.5. We will find the extrema of the function
flz,y) =32 +y* — 9z + 4y
whose domain is R?.

Observe that the function is everywhere differentiable, and without a boundary, so, by Theorem 7.1 the
only locations where there might be an extremum are the locations where the gradient is 0. Observe that

Vfi(z,y)= (92" -9,2y+4) =0 y=—2,0==+1.
Therefore, there are two candidates, (1, —2) and (—1, —2). We apply Theorem 7.2. Observe that
Jea(w,y) = 182, fyy(xay) =2, fxy(xa?/) =0,
therefore at (z,y) = (1, —2) we have
D(1,-2) =18 x2—0=136 >0, fo, = 18 > 0,
and therefore we have a local minimum. On the other hand, at (z,y) = (—1, —2) we have
D=—18x 2= —36,

and so we have a saddle point.

12



Example 7.6. (2015 exam) We will find the extrema of the function f(z,y) = 2%y + zy + 1 on R?. The
function is everywhere differentiable and the domain has no boundary, so if there is a minimum it is on the
locations where the gradient is 0. Observe that

of
-2 = 9
o Ty + vy,
g—i = 1'2—|—$,
0% f
— 4 = 9
8332 y?
2
A
0y?
0*f
910y = 2z+ 1.

Requiring the gradient to be 0 gives

(af of

A 2 2 = :
) = 0.0) % oyt g ) = 0.0

Therefore, we must have z = 0 or x = —1, and in both cases y = 0. Therefore, we have two candidates for
extrema, (0,0) and (—1,0). Regarding the first point,
D(0,0) = f2z(0,0) fyy(0,0) — f2,(0,0) =0 x 0 — 1* <0,
therefore we have a saddle point. Regarding the second point, we have
D(—1,0) = fra(—1,0) fyy(—=1,0) — f2,(=1,0) =0 x 0 — (=1)* < 0,
so again we have a saddle point. See Fig. 4.
Observations
1. The roadmap for solving such exercises is as follows:

(a”) First, we find candidate extrema, using Theorem 7.1.

(B") Then, we investigate each of these candidates, using Theorem 7.2.

2. The following theorem explains nicely why Theorem 2 holds.

Theorem 7.3. (Taylor expansion of two-variable functions) Let f(x,y) = f(X) and a point a. The following
holds, provided third-degree partial derivatives exist at an open sent containing point a

f(x) = f(a) + (x—a)"Vf(a) + %(X —a)'Vif(a)(x —a)+...,

where the Hessian V? f (a) is defined as

21 o
2 2
Jyox oy?

Observations

13
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Zynua 3: Exercise 7.6.

1. The omitted terms are higher-order terms that go to 0 much faster than the second one when x — a.
2. When we are at a point where the gradient is not zero, the dominant term is the second one.

3. When we are a a point where the gradient is zero, the dominant term is the third one.

Let A1, Ay be the eigenvalues of the Hessian. Then, we have the following cases:

(a) If A, A2 > 0, then 2 (x — a)"V?f(a)(x — a) looks like a convex bowl and f has a minimum at

a.

(B") If A\, Xy < 0, then 5(x — a)" V2 f(a)(x — a) looks like an inverted bowl and f has a maximum
at a.

(v") If A1 As < 0, then 1(x —a)" V2 f(a)(x — a) looks like a saddle and f does not have an extremum
at a.

(8") If one eigenvalue is positive and the other is 0, then 1 (x —a)"V2f(a)(x — a) looks like a drain,
and higher order terms become important in some directions.

(¢") If one eigenvalue is negative and the other is 0, then 3(x — a)” V2 f(a)(x — a) looks like an
inverted drain, and higher order terms become important in some directions.

(¢") If both eigenvalues are 0, then 3(x — a)” V?f(a)(x — a) = 0, and higher order terms become
important in all directions.

INSERT FOURTH DEMO HERE. TOPICS: eigenvalue cases

14



Zynua 4: Exercise 7.6.

8 Constrained Optimization

Theorem 8.1. (Necessary condition) Consider the problem of maximizing or minimizing f(z,vy) subject to
g(x,y) = 0 where f(x,y) and g(x,y) are differentiable. Let (xo, o) be an extremum, where Vg # 0. Then,
we must have V f = AV g at the extremum.

Observations

1.

There is a simple geometric explanation for this: if the two gradients are not parallel, then we can
move along the curve Vg and increase/decrease the value of the function. (Insert figure here).

. The method has a blind spot, i.e., locations where Vg = 0. These must be treated separately.

. If we want g(z,y) > 0, then we must also have A < 0. This can also be explained geometrically.

This condition is necessary, not sufficient.

. In practice, we try to solve the system of 3 equations V f = AVg and g(z,y) = 0 to find A, =, y. So,

the new condition gives two equations and one unknown.

Another approach is to solve g(z,y) = 0 for = or y, substitute it in f(x,y), and arrive at a one-
dimensional function, which can be treated as usual. This method does not readily generalize to more
dimensions, whereas the method of the theorem does.

Example 8.1. We want to minimize f(z,y) = zy such that % + 1“’2—2 = 1. The condition V f = AV g gives:

(y,x)zk(%y>,
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Zynuo 5: Theorem 8.1

therefore we have the following three equations:

1 [EQ y2
“\ =y, —+2L =1
4 I? x y? 8 + 2

It follows that y = A\?y/4. If y = 0, then x = 0, which cannot be a solution. If A = 4-2, then

y:

2 P x?
Y Y L 49— 41
8+8 1 x y Y

See Fig. 6. Finally, also observe that Vg = 0 only at the origin, which does not satisfy the constraint, so the
origin cannot have an extremum.

Example 8.2. We will find extrema for the function f(z,y) = 3z + 4y subject to the condition z? + 3> = 1.
Note that
Vf=AVg= (3,4) = A\(2z,2y),

so we have the set of equations
20A=3, 2y=4, 2*+¢y*=1

Observe that A # 0, therefore

3 2 9 4 9 16 25 5 34
o YT T e e TN Tt T T 7 7 (@) (5’5)

Again, also observe that Vg = 0 only at the origin, which does not satisfy the constraint, so the origin cannot
have an extremum.
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Yynpo 6: Example 8.1.

15

0.5

-05

-15

Yynpo 7: Example 8.2.
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Example 8.3. We will now consider a problem case. We will minimize f(z,y) = x+y subjectto g(z,y) =
2?2 4+ y* = 0. Obviously, the minimum is located at (z,y) = (0,0). However, using the theorem gives

Vf=AVg= (1,1) = A\(2z,2y),

which, together with the condition 22 4 y? = 0, has no solution! The problem was that Vg = 0 at the
extremum.

Observation: The above example shows that we need to also examine, separately, the critical points where
g(x,y) has a vanishing gradient.

Theorem 8.2. Consider the problem of finding extrema for the function f(x,y, z) subject to two conditions

gl(xvya Z) =0, 92(x7y72) = 0.

Consider an extremum where the two gradients V g1, V go are linearly independent, i.e., they are not parallel.
Then the following condition holds:
Vf=AVg + uVgs.

Observation: The physical interpretation is as follows: the equations g;(z,y,2) = 0 and go(z,y,2) =
0 represent surfaces with the gradients Vg; and Vg, perpendicular to them. Jointly, the two conditions
represent a curve, with both Vg; and Vg, vertical to it. We want V f to also be perpendicular to the curve,
therefore we need it to be on the linear space spanned by the two gradients Vg; and V gs.

Example 8.4. We would like to minimize f(x,vy,2) = 22 + y*> + 22 subject to 22 + y> — 1 = 0, which
represents a cylinder, and z + y + z — 1=0, which represents a plane. According to the theorem,

Vf=AVg +uVg & (22,2y,22) = A\(2x,2y,0) + p(1,1,1),
therefore we have the conditions
20 =2eN+p, =2 y+p 2z=upn >+ =1 z+y+z=1.
Removing /i, we have
r=a\+z y=M+z 22+y'=1 zr+y+z=1
We now take cases:

1. If A =1, then z = 0, and we have

= (z,y) = (0,1) or (z,y) = (1,0).

2. If A # 1, then

xzyz%éQﬁzl, 2r+2=1

ﬁ(x,y,z):(\/?i,ﬁ,l—\/ﬁ) or (x,y,z)z(—ﬁ —\/§1+\/§).

2 27 2
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Zynua 8: Exercise 8.5.

Example 8.5. (2015 exam) Find all the extrema of the function f(z,y) = z* — zy + y* along the line
g(x,y) =0« y —x — c =0, where c is a parameter of the problem not subject to optimization.
Note that
Vf=Q2xr—-y,—z+2y), Vg=(-1,1),

therefore
Vfi=ANVg&s2r—y=—-\, —x+2y=A\

From these equations, we have that
Ww—y=2—-2y=z=—vy,
and since we must also have y = = + ¢, we have that y = 7. Concluding,

A=

See Fig. 8.
Example 8.6. (2016 exam)
1. We will find all the extrema of the function

322 4 2y% + 22y — 102 — 10y + 15
Are they minima or maxima?
2. Then, we will repeat the previous part with the additional constraint that
r4+y=-—1,

using a Lagrange multiplier.
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1. We calculate the partial derivatives of f(x,y):

f: = 6x+ 2y — 10,
fy = 4y+2x—10,

fx:p = 67
fyy = 47
foy = 2.

We calculate points where the gradient is zero:
Vf=0<% (6x+2y— 10,4y +2x —10) = (0,0) @3z +y =5, 2y+zrz=bsr=1 y=2.

Also,
D = foufyy — (foy)? =6 x4 —22=20>0,

therefore we have a minimum at (x,y) = (1, 2).

2. We require that
Vf=ANVg&sbxr+2y—10=X, 4dy+2zx—10= A\

Solving for A, we find y = 2x, and using the constraint z + y = —1 we find that = —3, y = —3.
We note that the given function is a positive definite quadratic form, therefore this extremum must be
a minimum.

9 Double Integrals

Refer to book

Example 9.1. We will calculate the double integral of the function f(z,y) = x?y? in the triangle formed
by the points (0, 0), (0,1), and (1, 1).
We will use both forms of Fubini’s theorem and arrive at the same result. In the first form, we have

1 1 1 1 yg/
// 2y dA = / /:U2y2dy da::/ z? / = | dy
A 0 T 0 T 3
/121 3 p /1 r? 2P p @ #7011 1
= | s — = | de= —— = ]|dr=|———=| =-——==—.
0 3 3 o \3 3 9 18], 9 18 18

Using the second form, we have

[lean = [([ o) a= [ ([ (5) o)

10 Vectors

Definition 10.1. (Vectors and their operations)
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6.

We define a vector x of dimension n € N to be an ordered set of n components v; € R, 1 <1 < n:

L

The first notation is a column vector, the second notation a row vector. In the rest, we will mostly be
using the row vector notation, for convenience, but all definitions and theory apply for both notations,
mutatis mutandis.

We define the transpose of a row (column) vector to be the corresponding column (row) vector:

X T o
Rl I AN ], [r1 w2 )" = mz
Tn T,

We define vector addition as follows:
[3:1 To ... xn} I [yl Y2 ... yn} = [:c1+y1 To+ Y2 ... xn+yn}.

We define multiplication of a vector with a real number as

a [331 Ty ... .CCn} = |:a.271 ary ... a.:z:n} 5

We define the null vector or zero vector

0=[0 0 ... 0].

We denote the space of all vectors as R", or, more specifically R"*1, for column vectors, and R**",

for row vectors.

Theorem 10.1. (Vector operation properties) The following properties hold for all x, y, z € R":

1. (Commutativity) X +y =y + X.

2. (Associativity) x + (y +z) = (X +y) +z

3. (Identity element) x + 0 = 0 + x.

4. (Inverse element) x + (—x) = 0.

5. a(bx) = (ab)x.

6. Ix =x.

7. (Distributive property) a(x +y) = ax + ay.

8. (Distributive property) (a + b)x = ax + bx.
Observations
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1. The proofs of these properties follow easily from the manner we have defined the operations of the
vectors.

2. Vectors are not the only mathematical constructs to satisfy the properties of the above theorem. Other
constructs exist as well. For example, real functions also satisfy the same properties, mutatis mutandis.
For this reason, all sets that satisfy the above theorem are called vector spaces.

Definition 10.2. (Vector length) We define the length or norm ||x|| of a vector x as

Ixll = /a3 + 2B+ + a2,
Theorem 10.2. (Properties of the length) The length of a vector satisfies the following properties, for all x,
y € R", and all a € R:
1. ||x]| > 0.
2. ||x]| = 0ifand only if x = 0.
3. [lax]] = [al[x]|
4. (Triangle inequality) ||x + y|| < ||x|| + [|y]|-

Observations

1. The proof of these properties follows easily from the manner we have defined the operations (except
the triangle inequality, which can most easily be proved using the Cauchy-Schwarz inequality, shown
later).

2. Again, vectors and their length, defined as above, are not the only mathematical constructs to satisfy
the properties of the above theorem. Other constructs exist as well. For example, vectors also satisfy
these properties if we define the length of a vector as

1
x|l = (27 + a5 + - +ap)

where p is any positive real number. Functions also satisfy the same properties if we define the length

of a function as, for example,
1
1 P
1= ([ 1 a)”,
0

for any p positive real number. All vector spaces equipped with a norm that satisfies the above theorem
are called normed spaces.

Definition 10.3. (Inner product) We define the inner product of two vectors X, y € R" as
X-y—= Z LY
i=1

Theorem 10.3. (Properties of the inner product) For all x, y € R" and a € R, the following properties
hold:

l. X y=y-x.
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2. (ax)-y=ua(x-y).
3. (x+y)z=x-z+y-z
4. x-x>0.
5. xx=0&x=0.
Observations
1. Observe that x - x = ||x||*.
2. The above thoerem is easily proved using the definition of the inner product.

3. Any vector space equipped with an inner product satisfying the above theorem is called an inner
product space. For example, The following will serve as an inner product of two real functions:

frg= [ 1@t s

Theorem 10.4. (Cauchy-Schwarz Inequality) For all X,y € R", the following inequality holds:
x| < [Ix[[lyl]-
Amooeiln. Observe that, for any A € R,
0< [lx—=Ay[* = (x=Ay) - (x = Ay) = x-x = 22y - x + Ny -y = N[|y[* — 2y - x)A + [|x[|*.
The above trinomial is always positive, so the discriminant must be non-positive, 1.e.,

Ay - x)* = 4)x|Pllyl* < 0 & [x -yl < [x]l]lyll

Definition 10.4. (Angles between vectors)
1. Whenx -y = 0, the two vectors X, y are called orthogonal.

2. We define the angle 0 between two vectors X and 'y as

cosf =~ _
IxIyll
Observe that this definition is possible due to the Cauchy-Schwarz inequality, which ensures that m €
[_ 17 1]
Definition 10.5. (Linear Independence) A set of m vectors Xi,Xa, . .., X, are called linearly independent
if

Xy t+aXo+ -+ a,X,=0=>a,=a2=---=a,, =0.

Otherwise, they are called linearly dependent.

23



Example 10.1. The vectors [2 1 O}T, [1 2 3}T and [4 5 G}T are linearly dependent because
2 1 4 0
11 +2(2] —|5] =10
0 3 6 0

Observations

1. If a set of vectors are linearly dependent, then there is a set of numbers a4, ao, .. ., a,,, not all zero,
such that a;x; + asXs + - - - + a,,X,,, = 0. This readily gives that there is one vector x;, such that

Xp = b1X; + boXo + -+ -+ bp_1Xp—1 + b1 Xpq1 + -+ DXy,

1.e., that vector can be written as a linear combination of the rest.

Definition 10.6. (Subspaces) A subspace S of R"™ is a set closed under vector addition and multiplication
with a real number, i.e., if X; and X5 belong to S, then so does k1X, + koXa, for all ki, ky € R.

Observation: Are lines and planes subspaces of R3?

Example 10.2. Let S = {x: a121 + asx2 + - - - + anx,, = 0}. Then it is straightforward to show that .S is
a subspace. Indeed, let x, y € S with

X=1[z1 2 ... ], y=[n v2 - Y],
kix + oy = [k1$1 +koyr kixo +koye ... kiz, + kzyn] )

and observe that

ay(k1xy + kayr) + as(k1xe + koyo) + - -+ + an(k1x, + koyn)
= ki(a121 + agy + -+ - + ann) + ka(a1ys + agyp + -+ - + anyn) = 0.

Definition 10.7. (Orthogonal Subspaces)
1. Two subspaces Sy and S5 are called orthogonal if, for all s, € Sy and all s, € Sy, we have s -s5 = 0.

2. The orthogonal complement S+ of a subspace S is the set of all vectors that are orthogonal to S
(which is easy to see it is a subspace itself).

Observations
1. If 51 and S, are orthogonal, which vectors do they have in common?

2. What are the orthogonal complements of lines and planes in R??

Definition 10.8. (Bases) Let a subspace S and a set of vectors Xi,Xa, . .., X;,.

1. If, foranyy € S we can writey = k1X1 + koXo + - - - + kX, for some ki, ko, ..., k,, € R, then we
say that the vectors X1,Xa, ..., X, span S.

2. If, in addition, the vectors Xi1,Xa, . . ., X, are linearly independent, then we call them a basis of S.
3. If, in addition, all basis vectors are orthogonal with each other, the basis is called orthogonal.

4. If, in addition, the vectors have unit length, the basis is called orthonormal.
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Theorem 10.5. (Dimension) For each subspace S, there is a number k called its dimension such that
1. Any p > k vectors are linearly dependent.
2. Any p = k linearly independent vectors span S.
3. Nop < k vectors can span S.

Theorem 10.6. (Orthonormal basis for R") The space R™ has dimension n. One orthonormal basis is the
following:

ee. = [100...,0],
ea = [010...,0],
€3 = [001,0],
e, = [000...,1].

Observation: Given any two vectors x and y, we can break y in two components, one component y parallel
to x (its projection on x) and one component y | perpendicular to x:

Xy
Y = WX7 YL=YYy)
Indeed, y| is obviously parallel to x, and, furthermore, observe that

X-X
X'y L =X"YyY— HXHQ(X'y):O'

This observation explains the formulas used in the Gram-Schmidt process.

Definition 10.9. (Gram-Schmidt process) Given a set vy, Vo, . .., Vi of vectors, the following process creates
a set of linearly independent vectors of unit length e,, s, ..., e, orthogonal to each other, that span the
same subspace as the original set vy, Vo, . .., Vg, i.e., an orthonormal basis of that space:

— P
di =V, €= 7

_ _ 92
qe = V2 — (V2 : el)eb € = “q K

Qs = Vs — (v3-er)er — (Vs e2)ez, €3 =l

Observations

1. If at some stage q;, = 0, then we just skip it and move to creating the next vector q; ;. Therefore, p
might be smaller than £.

2. Proof goes by induction, but is length and so is omitted. The basic idea is that, at each step, we subtract
from the new vector its part that can be written as a linear combination of the vectors already in the
set, its projections on those vectors already added to the set.

Example 10.3. (2016 exam) We will find an orthonormal basis for the subspace spanned by the vectors

vi=[l 1 1 1, vo=[1 2 1 0], vs=[1 1 2 1]
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using the Gram-Schmidt process.
The first vector in the basis is

Let
q2 = Vo2 — (91 'V2)el

-1 2 1 0]—({% % % %}.[1 9 1 0]){% % % %}
1

-1 21 0-[1 1
=0 10 -1

therefore the second vector in the basis is

2 2
a2l 2 2
Finally, let
q3 = V3 — (el 'V3)e1 - (92 : V3)e2

—_
—_
[\
=
|
7N
L —
N | —
N | —
DN | =
| =
—_
—_
—_
[\
=
~~
1
N =
|
o |
N —
| I

2 2 2
571 1 1 1 2 2
:[1121]———————00£0—£
212 2 2 2 2 2
B 1 1 3 1
N 4 4 4 4|’
with \/_
1 1 9 1 3
||q3||_ 1_6+1_6+1—6+E—7.
Therefore,
o @ _{ 1 1 3 1
° 7 Jlas] 23 23 V3 23]
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11

Matrices

Definition 11.1. (Matrices and their operations)

1.

7.

We define a matrix A of size m x n, m,n € N, to be a collection of elements a;; € R arranged in m
rows and n columns as follows:

a1 a12 500 A1y
a921 a9 ... as
A= "
Am1 Am2 ... A,
We define the transpose A™ of a matrix A as
7
a1 a19 Ce (050" ay; asp ... Am1
21 29 ... Qon | G122 Q22 ... (Gm2
Am1 Am2 ... Qyn, aA1p A2p - .. Amn
We define the addition A + B of two matrices A and B of the same size m X n as
a1y Q2 ... Qi bii bz ... bim a1 +bnn aip+bie ... a, +bi,
21 G2 ... Q3 n bai bae ... ban | | @2 +ba axtbe ... ag, + by
Am1 Am2 - .. Amn bml bm2 L bmn Am1 + bml Am2 + bm2 o Amn + bmn

We define the multiple of a matrix A with a real number k as

aiq a2 ... A1y :I{ZCLH ka12 500 kaln
k a9 Ao ... (0575 . ka21 k?agg 500 k?(lgn
Aml Ama -  Qmn kam kams ... kamn

We define the zero matrix

0 0 0
0, — 0 0 0
0o 0 ... 0

We define the product AB of a matrix A of size m x k with a matrix B of size k x n as the matrix C
of size m X n_for which

ci= Y aphy, 1<i<m, 1<j<n
1<p<k

We denote the space of all matrices of size m x n as R™*".

Observations

1.

Observe that vectors may be thought of as special cases of matrices of size n x 1 or 1 X n.
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2.

Among their many applications, matrices can be used to describe linear systems. Remember that the
system

anry + a2 + -+ apr, = b,

a7 + A%y + - -+ + Az, = bo,

Am1T1 + QpaZo + - - + QpTyn = bm7

may be written more succinctly as Ax = b, where
ayj; a2 ... Qip a1 by
ai; Qo2 ... as ) b2
A = n s X = s b =

Am1 Qm2 - .- Amn T, bn

Theorem 11.1. (Matrices are a vector space) Let A, B, C be any matrices in R™*". The following properties

hold.
1. (Commutativity) A+ B =B + A.
2. (Associativity) A+ (B+C) =(A+ B) + C.
3. (Identity element) A + 0,50 = Opuxen + A.
4. (Inverse element) A+ (—A) = Oxen-
5. a(bA) = (ab)A.
6. 1A= A
7. (Distributive property) a(A + B) = aA + aB.
8. (Distributive property) (a + b)A = aA + bA.
Observations
1. The proof of these properties follows easily from the manner we have defined the operations of the
matrices. Therefore, R™*" is a vector space, with all this entails (i.e., we can define bases, subspaces,
etc.)
2. Let
a;y Q2 ... Qip ay;
A= |0 e g O i< b= [by by .. by], 1< <m.
Gt Gz - G -

1.e., the vectors a; are the columns of the matrix and the vectors b; are its rows. Let also vectors
T
Ho)
X = R Z:[Zl Zo ... Zm:|.

Tn
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Then we can write

L1
n
L2 Z
Ax = [31 as ... an} = ZT;a;.
. Py
Tn

Therefore, we can think of a matrix as a collection of vectors, and multiplying it with another vector
creates an element of the subspace spanned by these vectors.

Likewise, we write

by
zZA = [21 Zy ... zm} b = szbj,
b. . =

which has a similar interpretation.

Theorem 11.2. (Properties of matrices) Let A a matrix of size m X k and B a matrix of size k X n.
1. (AB)T = BT AT,

2. However, AB = BA does not hold in general, even if m = n = k, so that the dimensions of the two
matrices allow both products to make sense.

Definition 11.2. (Fundamental subspaces) Let A be a m X n matrix.
1. We define the range, or column space, or image R(A) of A to be the subspace
R(A) = {b € R™*! : b = Ax for some x € R"*'}.

We call the dimension of this space the rank of the matrix, and we denote it as rank(A).
2. The row space of A is R(AT). Its dimension is also rank(A).
3. We define the null space or kernel N (A) of A to be the subspace

N(A) = {x € R™!: Ax = 0}.

The dimension of this space is called nullity and denoted by null(A).

4. The left null space is N(AT).

Observations

1. It is straightforward to verify that these sets are indeed subspaces, i.e., they are closed under linear
combinations. Indeed, let, for example, by,by € R(A). Then, b; = Axy, by = Ax,, for some
X1, Xy € R™. Then k1b; + koby also belongs to R(A) because

A(k1X1 -+ k’ng) = kl (Axl) + k’Q(AXQ) = klbl + k2b2.

Theorem 11.3. (Fundamental Theorem of Linear Algebra)

N(A) = (R(AT))", N(AT) = (R(A))".
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Definition 11.3. (Full rank matrices) Let A be a matrix of size m x n. If either the columns or the rows are
linearly independent, we call the matrix full rank, otherwise we call it rank deficient.

12 Square Matrices

Definition 12.1. (Square matrices)

1. Matrices of size n X n are called square matrices.
2. The matrix
1 0 0
| 0 1 0
0 0 1

is called the identity matrix.
3. If Ais square and AT = A, then A is called symmetric.

4. If A is square and
AB =BA=1,

then B is called the inverse of A, and denoted by A~L. It is simple to see that the inverse is unique. If
the inverse of a matrix exists, we call that matrix non-singular, otherwise we call it singular.

5. Given the matrix A of size m x n, let A;j be the matrix of size (m — 1) x (n — 1) created from A if
we remove row i and column j.

6. We define the determinant det(A) or |A| of square matrix A by the recursive equation
Al = (=1)"*au|Aa] + (1) ap|Ai] + - + (1) "] Ainl,

which holds for any row 1.

Observation: We can find the inverse of a matrix A, if it exists, through the Gauss-Jordan method as shown
in the following example.

Example 12.1. (2016 exam) We will find the inverse of the following matrix, using the Gauss-Jordan
elimination method

— N
— W N
O e w
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We have:

1 2 3/1 00
2 3 4|01 0
1 10[(00 1]
1 2 3|1 00]
0 -1 -2/-2 10 (R2 = R2 - 2R1, R3 = R3 — Rl)
0 -1 =3|-1 0 1|
1 2 311 0 0]
0 -1 —=2|-2 1 0 (R3 = R3 — R2)
0 0 —-1|1 -1 1]
1 2 3|1 0 0 ]
0122 =1 0 (R2 = —R2, R3 = —R3)
0 0 1|-1 -1
1 2 3] 1 0 0 ]
01 0|4 -3 2 (R2 = R2 — R3)
(00 1]-1 1 -1 |
1 2 0] 4 -3 3 ]
01 0|4 -3 2 (R1 = R1 — R3)
|00 1]-1 1 -1 |
1 0 0|—4 3 —-11
0104 -3 2 (R1 = R1 — 2R2)
(00 1|-1 1 —1]
Therefore, the inverse of the given matrix is
—4 3 -1
4 -3 2
-1 1 =1

Theorem 12.1. (Properties of square matrices)
1. (AB)"'=B71A7L
2. (At = (A1,

|A] = (=1)"*ay| Al + (—1)"F2ag|Az| + - - - + (1) ani| Anil,

so we can select any column as well, when calculating the determinant.

4. |AT| = |A|.

5. |aA| = a"|Al.

6. |AB| = |A||B].

7. If B is created by exchanging two rows or two columns of matrix A, then |B| = —|A|.

8. If we add to any column or row the multiple of another column or row (respectively) the determinant
does not change.
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9. Let the k column vectors a,, as, ...,a, and the matrix
A=la; a, ... a

The vectors are linearly independent if we can delete some of the rows of A such that a matrix of size
k x k of non-zero determinant is created.

Theorem 12.2. (Non-singular matrices) Let A be a square matrix of size n X n. The following statements
are equivalent:

The matrix has an inverse A~".

~

2. The determinant |A| # 0.

3. rank(A) = n.

4. A has n linearly independent columns and n linearly independent rows.
5. N(A) = N(AT) = {0}.

6. All eigenvalues of A (to be defined shortly) are non-zero.

Example 12.2. (2015 exam) We will answer the following questions:
What is the rank of the following matrices?

111 1 11 1 2 3
12 1], 11 1], 4 5 6f,
1 11 1 11 789
To which of the above matrices does the vector [I — 1 10| belong to the range?

Regarding the first matrix, observe that the first and the third rows are equal, so the rank cannot be 3. On
the other hand, the determinant of the matrix that is created if we remove the last row and the last column
is 1 x 2 —1 x 1 = 1, therefore the rank is 2. For the vector [ — 1 10]” to belong to the range of that
matrix, it is necessary for the following system to have a solution:

1 1 1] |z 1
1 2 1] {22 = |1
1 1 1 |23 10

However, subtracting the first system from the last one shows that the system has no solution, so the given
vector does not belong to the range of the matrix.

Regarding the second matrix, all rows are equal, so the rank must be 1. Again, for the vector [1 —
1 10]" to belong to the range of that matrix, it is necessary for the following system to have a solution:

11 17 [ 1
11 1] |ao] = |1
11 1] |3 10

The system clearly does not have a solution, so the given vector does not belong to the range of the matrix.
Regarding the final matrix, observe that the determinant

1 2 3
45 6|=1x(Bx9-6x8)—2x(4x9—-6xT7)+3x(4x8—-5x7)=0,
789
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so again the rank of that matrix cannot be 3. Indeed, if we try to solve the system

1 2 3 T 0
4 5 6| x x| = |0f,
7 89 x3 0
we find that the system becomes:
1 2 30
4 5 6|0
7 8 910
1 2 3 10
<~ 0 -3 -6 10 (R2 =R; — 4R1, Rs = Ry — 7R1)
0 -6 —120
1 2 3]0 1
<~ 01 2|0 (R2 = —gRQ, Rs = Ry — 2R1)
0 0 0]0
therefore one solution is z3 = 1, 1 = 1, x5 = —2. Regarding the given vector, we try to solve the system
1 2 3| |= 1
4 5 6| |zg] = |—1
7 8 9| |3 10
as follows:
1 2 3|1
4 5 6| -1
7 8 9|10
1 2 3 1
<~ 0 -3 —61|-5 (RQ =R, - 4R1, Rs = Ry — 7R1)
0 -6 —12| 3
1 2 3|1 1
<~ 01 2 g , (RQ = —§R2, Rs = Ry — 2R1)
0 0 013
which has no solution, therefore the vector [I — 1 10]” does not belong to the range of that matrix as
well

Definition 12.2. (Characteristic polynomial) We define the characteristic polynomial of matrix A be the
polynomial of )\ of order n given by
|[A— M| =0.

Its n roots are called eigenvalues. If )\ is such a root, any vector x such that Ax = XX is called a (right)
eigenvector and any vector X such that XA = \x is called a left eigenvector.

Example 12.3. We will find the eigenvalues and eigenvectors of the matrix
1 -1
A= [2 ; ] _
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The characteristic polynomial is

1—X -1

det(A—)J)zO@‘ 9 4\

‘:0<:>(1—A)(4—A)+2:0
SN -—BA+6=02 )1 =2, X\ =3.

Regarding the first eigenvector, we have

- -1 -1 T o O . _
Ax—2x<:>[2 2}{x2]_[0}<:>xl+x2_0<:>x1_ T.

T
. . 1 1
Therefore, one eigenvector is [ 75 ﬁ} .

Regarding the second eigenvector, we have

. -2 -1 T . 0 . _
Ax—3x<:>[2 1]{x21—|:0]©2$1+$2—0®$2— 2x1.

T
Therefore, one eigenvector is [ ,—%} :

Sl

Observations

1. Eigenvalues are special, in that when ) is an eigenvalue, there are non-zero vectors x such that Ax =
AX, i.e., multiplication with A does not change the direction of the vector x, only its magnitude.

2. The set of eigenvectors belonging to a specific eigenvalue form a subspace, as it is easy to show.

Theorem 12.3. (Properties of eigenvalues)
1. Diagonal and triangular matrices have their eigenvalues on the main diagonal.

2. If \1 # \g eigenvalues, then the eigenvectors of \y cannot belong to the subspace spanned by the
eigenvectors of \s.

3. Symmetric matrices have real eigenvalues and eigenvectors corresponding to different eigenvalues
are orthogonal to each other.

13 Diagonalization

Let us assume that a square matrix A has n linearly independent eigenvectors, x1, s, . .., x,. Let us create
a matrix whose columns are these vectors:

S = [[Ell'g xn}

Let also A the diagonal matrix with the corresponding eigenvalues in the diagonal, i.e.,

At 0
A 0 X
00 . A
We have
A= SAS™.



To prove this, note that

AS = A[mlxg $n] = [Aml Axy ... Axn}
= [)\1.%’1 )\2.%’2 Ce )\n.fEn] = [33'1 To... Q?n] A
— SA,

from which the result follows.
Diagonalization is useful for a number of reasons. For example, observe that

AP = SASTISAS™. . SAST! = SAFSTL

where
M
0 0 ... M\

n

Unfortunately, not all matrices can be diagonalized, as diagonalization requires n linearly independent
eigenvectors, and not all matrices have them. See the next example

Example 13.1. We will calculate the eigenvalues and eigenvectors of
01
-

The characteristic polynomial is
S‘ 20@82:0@3128220.
Regarding the eigenvectors, we have

0 1 I .

b o] [ o0

therefore the subspace of eigenvectors is the one-dimensional set {(z1,0) : x; € R}.

Example 13.2. We will find the eigenvalues and eigenvectors of the matrix
31
=[]

and then write it in the form A = SAS~! where A is a diagonal matrix.
To find the eigenvalues, we solve the equation

=0 (s5—30°-1=05s"+9-65s—1=0<s5"—65+8=0

 6+36-32
-

3—s 1
1 3—s

S 2,4.

To find the eigenvector corresponding to the eigenvalue s; = 2, we have

3 1 x €T
|:1 3:| |;L‘;‘| =2 |:$;:| <:>35171+$C2:2£C1, £U1—|-3;C2:2x2<:>x1+x2:0.
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T
. . . 1 1
Therefore, one choice for an eigenvector is [ 7 \/5}

Likewise, to find the eigenvector corresponding to the eigenvalue s; = 4, we have

{3 1} [151] =4 [il} & 3r) + 1o =4y, 11+ 31y =4y & 11 = T).
2

T
Therefore, one choice for an eigenvector is [% %} .
It follows that we can write A as

A:SAS_I,
where
11 2 0
SEE RS X
N T U 0 4|’
V2 V2
and
1 1
St=8T= | ¥,
V2 V2

since S is orthonormal.

Example 13.3. We will compute the diagonalization of the matrix

1
A= |1
1

—_ = =

1
1
1
To this effect, we calculate the roots of the characteristic polynomial:

1-x 1 1
det(A—X)=0<| 1 1-X 1 [=0
1 11—

S1-N[Q1=XA"=-1]-(1-A-1D+1-14+X)=0& 1=\ =2\ +21=0
SA=MAMA=2)+22 =22+ 1 -=NDAN=2) =22+ X —2-X2+20) =) (3 -)\) =0,

therefore the eigenvalues are

Therefore, matrix A is

000
A=10 0 O
00 3
Regarding the eigenvectors of the first eigenvalue, we have:
1 11 T 0
1 11 ol = [0 & 214+ 29+ 23 =0.
1 1 1) |3 0
Therefore, we have two degrees of freedom, and two eigenvectors are z; = [I  — 1 0] and 2, =

1 o —17.
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Regarding the eigenvectors of the second eigenvalue, we have:

1-3 1 1 T 0
1 1-3 1 9| = |0 <:>—2$1+$2+5L’3, $1—2$2+I3:0, T+ 19 — 223 = 0.
1 1 1—-3| |3 0

Two of these three equations are independent. We can then set the values of two components, and find the
third. For example, one eigenvector is [1 1 1]7.
Therefore, the required matrix S'is

1 1 1
S=1|-1 0 1
0 -1 1

It remains to find the inverse of .S. To this effect, we can use Gauss-Jordan elimination:

1 1 1/1 00
-1 0 1]0 10
0 -1 1|0 0 1 |
1 1 1/1 0 0]
<10 1 2|1 10 (Ry = Ry + R1)
0 -1 1|0 0 1|
1 1 1[1 0 0]
< |01 2110 (Rs = Rs + Ry)
00 3|1 1 1]
11 1/1 0 0]
00 15 5 5
11 1/1 0 0 ]
SHIEE
~ 010 % % —13 (Rlle—Rg—Rg)
0013 3 3 |
Therefore,
1.2 1
—1 ? 13 32
S
11 1
3 3 3
Concluding, we have
A = SAS!
1 1 1700 0][z -3 3
= |[-1 0 1]]0 0 0] |5 5 -2
0 —1 1] [0 03] |5 5 3
As a means of verification, observe that if we get the product we have
1 2 1 1 2 1
Lo foo oty =5 3 3§—gg 111
—10100()?%—; 3§%—§:111
1
0 -1 1] (0 0 3] |3 3 3 03] |5 5 3 1 11



Alternatively, we could have observed that A is symmetric, so we can make an orthonormal basis with
its eigenvectors, and use this to construct .S, in which case S~! is simply equal to ST. That would have
made the Gauss-Jordan elimination unnecessary.

14 Symmetric matrices

Definition 14.1. Let A be a symmetric (i.e. AT = A) n x n matrix.

1. The expression
x! Ax

is called a quadratic form.

2. Matrix A is called positive definite if for all x # 0, we have x* Ax > 0.
3. Matrix A is called positive semidefinite if for all x # 0, we have x* Ax > 0.
4. Matrix A is called negative definite if for all x # 0, we have x* Ax < 0.
5. Matrix Ais called negative semidefinite if for all x # 0, we have x* Ax < 0.

6. Matrix A is called indefinite if for some x # 0, we have x’ Ax > 0 and for some x # 0, we have
x'Ax < 0.

Theorem 14.1. 1. A matrix A is positive definite if all its eigenvalues are positive.
2. A matrix A is positive semidefinite if all its eigenvalues are nonnegative.
3. A matrix A is negative definite if all its eigenvalues are negative.
4. A matrix A is negative semidefinite if all its eigenvalues are nonpositive.

5. A matrix A is indefinite if it has both positive and negative eigenvalues

Example 14.1. Which of the following matrices are positive (or negative) definite?

A 3 B

To answer this question, it suffices to calculate the eigenvalues of the matrices.

Regarding the first one, which is the identity matrix, we clearly have A\;, A = 1 > 0, therefore that
matrix is positive definite.

Regarding the second one, we have

1—A 0

det(A—)\I):(J@‘ 01—

‘:0@/\2—1:0@/\:1%,
therefore that matrix is indefinite.
Finally, regarding the third matrix, we have

10— A 1

det(A—)J):O@‘ T

':o@(10—x)2:1@A1=9, Ay = 11,
therefore this matrix is positive definite.
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15 Singular Value Decomposition
Any n X m matrix A can be written as follows:
A=UxVT".
This is the Singular Value Decomposition (SVD) of matrix A. In the above,

1. X is a diagonal matrix of size n X m, whose diagonal elements are the square roots o; = /\; of the
non-zero eigenvalues of matrix AA” (and also AT A), in decreasing order.

2. U is an orthogonal matrix of size n x n, comprised of columns that are the eigenvectors of AA7.
3. V is an orthogonal matrix of size m x m, comprised of columns that are the eigenvectors of AT A.

Note that the eigenvectors appearing in the ¢-place of U and V' must correspond to the ¢-larger eigenvalue.
Note that AT A always has real non-negative eigenvalues.

The geometric interpretation of the SVD is as follows: a vector multiplied by A is first rotated in its own
space, then its components are individually scaled, and then the resulting vector is rotated in the space of
the output vector.

Observe that
op 0 0 ...] [of ol i
A= lupug ... Uy 8 002 O('T:;' UQT = [o1u1 o9us .. ] U2T = ZuiawiT,
ol Al

where £ is the number of singular values. Based on this equation, we have
— T, _—
AUZ‘ = O;Uj, A U; = O;U;

Example 15.1. We will find the SVD of the matrix

1 10
A_[O 1 1]'
We have
10
1 1 0 2 1
01 1 01 1 2

whose eigenvalues are given by the equation

det(A — \I) =

2—-A 1
1 2—-A

therefore Ay = 1 and \y = 3.
Therefore,

V3 00
Y= 01 .
Regarding the first eigenvalue, we have

-1 1] |z
|:1 _1:| |:l'; :[O 0]<:>£C1:£C2,
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therefore an eigenvector of unit length is

-
&

Regarding the second eigenvector, we h

)
<
o

1 1]
{1 1} _ij:[@ 0] & 21 +a2=0,

therefore an eigenvector of unit length is \/% — i] .
It follows that )

3
I

1
V2
Regarding the eigenvectors of 1/, we could repeat the above process, however since the eigenvectors
have an arbitrary direction, and V' is not uniquely determined it is not certain that we will arrive at a V' that
will satisfy the SVD equation. One solution is to use the method of the next exercises.
Alternatively, note that v; = U%_ATUZ', therefore, for the first two vectors at least, we have

S-S

L

S ro NG
- — |1 1l 1ALl = 12
= [\/5 \/5] |V
300 1 1
V6
1
1 0 72
1 1
no= |11 |E-%=| 0
01 —\/Li
We cannot find v3 with this method, however we know that it must form an orthonormal basis together
with v; andwv, and so, using, for example, the Gram-Schmidt process, we find that v3 = _\/Lg\% — \/ig .
Therefore,
1 1 1
1 1 1

sqrt6 V2 3
Note that we could also have found the eigenvectors of V' first, and use them to find the two eigenvectors

of U. Indeed,
10 110
AM:llBiﬂ:121,
01 011
whose characteristic polynomial is
1-X 1 0
det(ATA - \I) = I 2-2 1 |[=01-NMNO-1DAX=-2)—-1]—-(1-))
0 1 1—A

(T=NAN+T=A=2)+A=1=(1-XN+1-3)\)+ A

MAT -3 = A = A+3N2+ -1
= MA=3-A—1432+1)=AXA=3 =X +3)) =A[(A=3) = A(A—3)]
= AA=3)1-)N),

therefore the eigenvalues are



as expected.
Regarding the first eigenvector,

-2 1 0 0
1 —1 1 [1'1 To 1'3] = 0| & 2214+ 25 = 0, To — 23 = 0,
0 1 -2 0

Sl=

Sl

s
~

therefore one eigenvector is [1 2 1]7, which, normalizing to have unit length, becomes [
Regarding the second eigenvector,

0

o
8
[}

I
o
8
w

|

|
8

010
1 11 |:l'l i) %3} =
010 0

T
therefore one eigenvector is [1 0 — 1]7, which, normalizing to have unit length, becomes [ L0 — \%} .

Sl

Regarding the third eigenvector,

110 0
121 [$1 T2 $3} = |0 & 29 =—71, x2=—2x3,
011 0
T
therefore one eigenvector is [~1 1 — 1J¥, which, normalizing, becomes |~ —= = — \/%]

Observe that the eigenvectors we found with this method coincide with those found with the previous
one, but this is a coincidence.

Example 15.2. One method of finding the SVD is to solve the eigenvalue system
0 AT| [V V] [V V][Z o0
A 0 ||U -U| |U -U||0 —X
S ATU=VYE, -ATU=-VE, AV =U%, AV=UL e A=UxV?

where 0 is a matrix with zeros and proper dimensions. Observe that the large block matrix is symmetric,
therefore it is guaranteed to have an orthogonal set of eigenvectors.

Example 15.3. (2015 exam) We will find the SVD of the matrix
1 2
=kl

» 1211 2] [5 10
aa =1y 3 3= )

whose characteristic polynomial is

We have

det(AAT —\I) :‘ S-A 10 ‘

0 90y | = (A=5)(A=20)=100 = 0 & X*~25A+100-100 = 0 ¢ A(A—25) = 0.

S
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Next, we find the eigenvectors of AAT. Regarding the eigenvector corresponding to A = 0, we have

5 10 1| 0 .
590 fa] 1) a0

therefore one eigenvector is [2 — 1]7. Normalizing it, gives the eigenvector of unit length [\% — \/Lg} .
Regarding the eigenvector corresponding to A = 25, we have

5-25 10 ][=] [0 L
{10 20—25} LL-J_{O]‘:”O“ or2 =0,

therefore one eigenvector is [12]7. Normalizing it, gives the eigenvector of unit length [\/ig \/lg] .
Therefore, we found that

1 2
U=1% 4
Vi VB

Regarding V', we note that v; = iATui, therefore, regarding the first one,

1 1
ok {1 2} Gl = |F
1 512 4 2 2
V5 V5
Regarding the second column of V, as the corresponding singular value is zero, we can use the method
above. Requiring, however v, to form an orthonormal basis together with v, we readily find

L2
Al
VCRE

Wrapping everything up, we found that

1 2 1 2 17
L2l _ 1 P Yy «»
2 4 Z —L1jo o] | -1
VB VB Ve VB
Alternatively, we could have notices that A is symmetric with an eigenvector space of dimension 2,
therefore its SVD coincides with its diagonalization! The required calculations would be fewer.

ot

16 Example Exercises

Multivariate Calculus
1. Find extrema when there are no constraints
2. Find extrema with constraints
3. Plot contour lines.
Linear Algebra
1. Find eigenvalues

2. Find SVD
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. Find if a set of vectors are linearly independent.
. Find inverse matrix

. What is a positive (negative) (semi)definite matrix, and how to determine if a given matrix belongs
to any of these classes of matrices

. Find the rank, range, and null space of a matrix.
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