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Spanning	  Trees	  
•  Suppose	  a	  telecommunica0ons	  company	  wants	  to	  build	  a	  network	  
•  The	  network	  needs	  to	  connect	  some	  designated	  loca0ons	  V	  =	  {v1,	  v2,	  ...,	  vn}	  
•  For	  each	  pair	  of	  loca0ons	  (vi,	  vj)	  either	  we	  build	  a	  direct	  link	  or	  we	  would	  

have	  to	  ensure	  there	  is	  a	  path	  through	  other	  nodes	  that	  connects	  them	  	  
•  If	  we	  build	  the	  link	  (vi,	  vj),	  it	  has	  a	  cost	  of	  wij	  	  
•  Requirement:	  Find	  which	  links	  to	  establish	  so	  that	  for	  every	  pair	  of	  nodes	  

there	  is	  a	  path	  connec0ng	  them	  
•  Op0miza0on:	  Build	  the	  network	  as	  cheaply	  as	  possible	  



3 

Spanning	  Trees	  
•  Modeling	  this	  as	  a	  graph	  problem:	  
•  G	  =	  (V,	  E),	  undirected	  graph,	  with	  weights	  on	  the	  edges	  
•  Goal:	  Find	  a	  subset	  of	  the	  edges	  T	  ⊆	  E,	  so	  that	  the	  subgraph	  (V,	  T)	  is	  

connected,	  and	  such	  that	  T	  is	  of	  minimum	  cost	  

Implica0ons:	  
•  T	  must	  be	  a	  tree	  
•  No	  use	  in	  having	  cycles	  
•  If	  there	  exists	  a	  cycle,	  remove	  an	  edge:	  the	  graph	  would	  s0ll	  be	  connected	  

with	  a	  cheaper	  solu0on	  
•  How	  do	  trees	  look	  like?	  
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Spanning	  Trees 
Let	  T	  =	  (V,	  A)	  be	  a	  sub-‐graph	  of	  G	  =	  (V,	  E).	  The	  following	  are	  equivalent	  :	  

!  T	  is	  a	  spanning	  tree	  of	  G.	  
!  T	  is	  acyclic	  and	  connected.	  
!  T	  is	  connected	  and	  has	  |V|	  -‐	  1	  edges.	  
!  T	  is	  acyclic	  and	  has	  |V|	  -‐	  1	  edges.	  
!  T	  is	  minimally	  connected:	  removal	  of	  any	  edge	  disconnects	  it.	  
!  T	  is	  maximally	  acyclic:	  addi0on	  of	  any	  edge	  creates	  a	  cycle.	  
!  T	  has	  a	  unique	  simple	  path	  between	  every	  pair	  of	  ver0ces.	  
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G = (V, E) T = (V, A) 
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Minimum	  Spanning	  Tree	  
A	  MST	  of	  a	  weighted	  graph	  G	  is	  a	  spanning	  tree	  of	  G	  whose	  sum	  of	  edge	  
weights	  is	  minimized	  
	  
	  
	  
	  
	  
	  
	  
	  
	  

 
 

Theorem	  [Cayley,	  1889]:	  There	  are	  nn-‐2	  possible	  spanning	  trees	  
"	  Exhaus0ve	  search	  is	  out	  of	  the	  ques0on!	  
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Minimum	  Spanning	  Tree	  

•  We	  will	  try	  to	  design	  a	  greedy	  algorithm	  
•  As	  we	  will	  see,	  many	  greedy	  approaches	  work	  here	  
•  Need	  first	  to	  understand	  the	  structure	  of	  the	  problem	  
•  The	  algorithms	  we	  will	  see	  are	  itera0ve,	  picking	  one	  edge	  in	  each	  round	  
•  Each	  edge	  makes	  some	  more	  progress	  towards	  eventually	  building	  a	  

spanning	  a	  tree	  
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Cuts	  in	  graphs	  
	  
A	  cut	  of	  a	  graph	  G	  =	  (V,E):	  

!  A	  par00on	  of	  the	  ver0ces	  into	  two	  groups	  S	  and	  V-‐S	  
!  C	  =	  the	  set	  of	  edges	  with	  one	  endpoint	  in	  S	  and	  the	  other	  in	  V-‐S	  
!  The	  cut	  is	  also	  denoted	  as	  (S,	  V-‐S)	  
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S  = {4, 5, 8} 
C = { (5, 6), (5, 7), (3, 4), (3, 5), 
          (7, 8) } 

Obviously,	  for	  any	  cut	  (S,	  V-‐S),	  there	  must	  be	  an	  edge	  of	  a	  MST	  
crossing	  the	  cut	  
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A	  useful	  property	  

The	  Cut	  property:	  
•  Let	  X	  be	  a	  subset	  of	  edges	  that	  belong	  to	  some	  MST	  
•  Let	  C	  be	  any	  cut	  par00oning	  the	  graph	  into	  (S,	  V-‐S)	  such	  that	  	  X	  has	  no	  

edges	  in	  C	  	  
•  Let	  e	  be	  the	  cheapest	  edge	  in	  C	  	  
Then	  X	  U	  {e}	  is	  part	  of	  some	  MST	  
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S  = {4, 5, 8} 
C = { (5, 6), (5, 7), (3, 4), (3, 5), 
          (7, 8) } 
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Proof	  of	  the	  Cut	  Property	  	  
!  Edges	  in	  X	  are	  part	  of	  some	  MST	  T	  	  
!  If	  e	  ∈	  T	  then	  we	  are	  done	  
!  Assume	  that	  e	  ∉	  T	  
!  Add	  e	  to	  T	  	  

!  e	  together	  with	  T	  creates	  a	  cycle	  K	  
!  there	  is	  one	  more	  edge	  e’	  ∈	  C	  ∩	  K	  
!  w(e’)	  ≥	  w(e)	  

!  Remove	  e’	  from	  T	  	  
!  Consider	  T’	  =	  T	  U	  {e}	  –	  {e’}	  
!  Claim:	  T’	  is	  a	  spanning	  tree	  

!  It	  is	  connected	  and	  has	  n-‐1	  edges	  	  
!  W(T’)	  =	  W(T)	  +	  w(e)	  –	  w(e’)	  ≤	  W(T)	  	  	  
Since	  T	  is	  a	  MST,	  it	  must	  be	  that	  W(T)	  =	  W(T’)	  and	  T’	  is	  also	  a	  MST	  	  	  
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A	  Generic	  MST	  Algorithm	  
 
 
 X:= ∅ ; //edges of a MST selected so far 
while |X| < |V|-1 do  
    { Choose a subset S of V such that X has  

  no edges between S and V-S; 
      Let e be the minimum weight edge  

  between S and V-S; 
      X:= X U {e}   } 
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Prim's	  MST	  Algorithm	  
!  Apply	  the	  cut	  property	  for	  the	  cut	  	  S,	  V-‐S,	  where	  S	  is	  the	  set	  of	  ver0ces	  of	  a	  	  

subtree	  of	  a	  MST	  	  (X	  is	  the	  set	  of	  edges	  of	  this	  subtree)	  
!  Ini0alize	  S	  to	  be	  any	  vertex	  
	  
In	  each	  step	  	  
an	  edge	  and	  	  a	  vertex	  	  
are	  added	  to	  the	  subtree	  	  
	  
	  
Repeatedly	  select	  the	  vertex	  with	  	  
the	  minimum	  distance	  	  
from	  the	  current	  subtree	  
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Prim's	  	  MST	  algorithm	  	  
 X:= ∅;//edges selected so far 
S:={s} //s is any vertex 
 while |X| < |V|- 1 do  
       { Find the minimum weight edge,  

     e=(u,v), between S and V-S;      
     //u ∈ S, v ∈ V-S 

         S:=  S U {v};  
         X:= X U {e}   } 
 

•  How	  can	  this	  be	  implemented	  efficiently	  ?	  
•  Need	  to	  select	  the	  vertex	  with	  the	  minimum	  distance	  from	  S	  
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Prim's	  MST	  Algorithm	  
•  A	  priority	  queue	  is	  again	  the	  right	  data	  structure	  
•  Algorithm	  reminiscent	  of	  Dijkstra	  
•  Maintain	  a	  priority	  queue	  for	  nodes	  not	  in	  S	  yet	  
•  The	  key	  for	  each	  node	  v,	  not	  in	  S,	  is	  the	  minimum	  edge	  

connec0ng	  it	  to	  S	  
•  When	  we	  include	  a	  new	  node	  v	  in	  S:	  	  

!  Need	  to	  update	  the	  key	  for	  every	  neighbor	  of	  v	  outside	  S	  	  
!  Exactly	  same	  idea	  as	  in	  Dijkstra	  
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Prim's	  MST	  Algorithm	  -‐	  example	  
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Opera0on	   Descrip0on	  

min(Q) returns	  (a	  pointer	  to)	  the	  element	  of	  
Q	  with	  minimum	  key	  

insert(Q,x) adds	  element	  x	  to	  the	  queue	  Q	  

delete_min(Q) deletes	  the	  element	  of	  minimum	  key	  
from	  Q	  

union(Q1,Q2) Combines	  queues	  Q1	  and	  Q2	  into	  one	  

decrease_key(Q,x,d) Updates	  the	  queue	  by	  decreasing	  the	  
key	  of	  element	  x	  by	  d	  

delete(Q,x) deletes	  element	  x	  from	  Q	  

Priority	  Queues	  
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•  A	  way	  to	  implement	  a	  priority	  queue	  
•  A	  complete	  (but	  not	  necessarily	  full)	  binary	  tree	  

!  Filled	  on	  all	  levels,	  except	  possibly	  the	  last,	  where	  it	  is	  filled	  from	  len	  
to	  right	  

•  Min-‐heap	  property:	  the	  key	  of	  every	  child	  greater	  than	  or	  equal	  to	  
parent’s	  key	  (also	  say	  that	  the	  elements	  are	  min-‐heap	  ordered)	  	  	  

•  Hence,	  min	  element	  is	  in	  root	  
•  A	  heap	  with	  n	  elements	  has	  height	  =	  ⎣log	  n⎦,	  that	  is	  O(log	  n)	  
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Binary	  Heaps	  



Binary	  heaps	  -‐	  array	  implementa6on	  
Use	  an	  array:	  start	  at	  posi0on	  1	  
no	  need	  for	  explicit	  parent	  or	  child	  pointers	  

!  Parent(i) = ⎣i/2⎦ 
!  Left(i) = 2i 
!  Right(i) = 2i+1 
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Binary	  heaps	  – insert 
To	  insert	  a	  new	  element:	  
•  First	  insert	  it	  into	  the	  next	  available	  slot	  at	  the	  end	  of	  the	  tree	  
•  Bubble	  up	  un0l	  the	  heap	  property	  is	  restored 
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Binary	  heaps	  – delete_min 
•  Exchange	  root	  with	  rightmost	  leaf	  (last	  ac0ve	  posi0on	  in	  the	  array)	  
•  Bubble	  root	  down	  un0l	  it’s	  heap-‐ordered	  
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Binary	  heaps	  –	  etc	  
union(Q1,Q2) 
•  Suppose	  Q1	  has	  n1	  elements	  and	  Q2	  has	  n2	  elements	  
•  No	  direct	  solu0on	  
•  O(n)	  opera0ons	  (with	  n:=	  n1	  +	  n2)	  	  
 
decrease_key(Q,x,d) 
•  Decrease	  key	  of	  x	  by	  d	  
•  Bubble	  up	  un0l	  it’s	  heap-‐ordered	  
•  O(log	  n)	  opera0ons	  	  

delete(Q,x) 
•  Decrease	  key	  of	  x	  to	  -‐∞	  
•  Run	  delete_min	  
•  O(log	  n)	  opera0ons	  	  
	  
 
 
  



Binary	  heaps	  –	  summary	  	  

Operation Worst	  case	  
min(Q) O(1)	  

insert(Q,x) O(log	  n)	  

delete_min(Q) 	  	  O(log	  n)	  	  

union(Q1,Q2) O(n)	  

decrease_key(Q,x,d) O(log	  n)	  

delete(Q,x) O(log	  n)	  

21 
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Priority Queues  –  Summary  

Operation Binary 
Worst  

Binomial 
Worst  

Binomial 
Amortized 

Fibonacci 
Amortized  

min(Q) O(1) O(1) O(1) O(1) 

insert(Q,x) O(logn)       O(logn) O(1) O(1) 

delete_min(Q) O(logn)  O(logn)  O(logn)  O(logn) 

union(Q1,Q2) O(n) O(logn) O(logn) O(1) 

decrease_key(Q,x,d) O(logn) O(logn) O(logn) O(1) 

delete(Q,x) O(logn) O(logn) O(logn) O(logn) 
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Prim's	  MST	  Algorithm:	  Complexity	  
            #  of  Operations        Heap implementation         

    Binary   Binomial*        Fibonacci* 
Insert:   n  O(logn)    O(1)   O(1) 
delete_min:  n  O(logn)   O(logn)   O(logn)   
Decrease_key:  m  O(logn)   O(logn)   O(1)   
 
 
Binary heap: n logn + n logn + m logn         ~  O(m logn)  
 
Binomial heap: n ⋅ O(1) + n logn +  m logn   ~  O(m logn)  
 
Fibonacci heap: n ⋅ O(1) + n logn + m ⋅ O(1) ~   O(m + n logn)  
_________________________________________________________ 
* amortized 
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A	  Generic	  MST	  Algorithm	  

X:= ∅ ; //edges of a MST selected so far 
while |X| < |V|-1 do  
    { Choose a subset S of V such that X has  

  no edges between S and V-S; 
      Let e be the minimum weight edge  

  between S and V-S; 
      X:= X U {e}   } 

The	  cut	  property	  implies	  that	  any	  algorithm	  of	  the	  following	  form	  works	  !	  
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Kruskal's	  MST	  Algorithm	  
•  Again	  we	  proceed	  in	  rounds	  
•  This	  0me	  the	  current	  solu0on	  aner	  each	  round	  does	  not	  form	  a	  tree	  
•  It	  forms	  a	  forest	  
•  In	  every	  step,	  we	  pick	  an	  appropriate	  edge	  to	  add	  to	  the	  forest	  
•  The	  addi0on	  of	  each	  edge	  connects	  2	  trees	  from	  the	  forest	  
•  Un0l	  eventually	  we	  have	  a	  spanning	  tree	  
•  Data	  structure	  for	  represen0ng	  currently	  connected	  components:	  Union-‐

find	  	  
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Kruskal's	  MST	  Algorithm 
Suppose	  we	  consider	  adding	  an	  edge	  e	  =	  (u,	  v)	  during	  the	  algorithm	  
Let	  	  Su	  =	  set	  of	  ver0ces	  in	  the	  tree	  that	  u	  belongs	  to	  (similar	  defini0on	  for	  Sv)	  
	  
Case	  1:	  If	  adding	  e	  creates	  a	  cycle,	  then	  ignore	  e	  
Case	  2:	  else	  apply	  the	  cut	  property	  for	  the	  cut	  	  (Su,	  V	  –	  Su)	  	  (or	  for	  Sv)	  	  	  	  
Hence:	  Repeatedly	  add	  the	  lightest	  edge	  that	  does	  not	  produce	  a	  cycle	  	  
with	  the	  current	  subtrees	  	  	  

	  
	  

Case 1: e=(5, 8) Case 2: e=(5, 6) 
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Kruskal's	  MST	  Algorithm 
Case	  2:	  	  Can	  we	  order	  the	  edges	  such	  that	  any	  edge	  e	  =	  (u,	  v),	  	  	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  considered	  	  in	  this	  order,	  is	  the	  lightest	  edge	  	  

	  	  	  	  	  	  	  	  	  	  	  in	  the	  cut	  (Su,	  V	  –	  Su)	  or	  the	  cut	  (Sv,	  V	  –	  Sv)	  ?	  	  	  	  	  
	  
YES:	  Simply	  consider	  edges	  in	  increasing	  	  order	  of	  weights:	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  	  	  Let	  wi	  =	  weight	  of	  edge	  ei	  

	  	  	  	  Sort	  the	  edges	  so	  that 	  	  
	   	  w1	  ≤	  w2	  ≤	  ...	  ≤	  wm	  	  
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Kruskal's	  	  MST	  algorithm	  	  
 X:= ∅;//edges selected so far 
 Sort edges in increasing order of weights:    

 w1 ≤ w2 ≤...≤ wm; 
 i:=1;//ei = edge of weight ci 
 while |X| < |V|-1 or i > m do     
       { if ei does not create a cycle then    

  //if ei=(u,v), then it is the lightest     
  //edge in the cut (Su, V-Su)(same for Sv) 
  X:= X U {ei}; 

          i:=i+1  } 

How	  can	  this	  be	  implemented	  efficiently	  ?	  



The	  Union-‐Find	  Data	  Structure	  
A	  data	  structure	  for	  maintaining	  a	  collec0on	  {S1,	  S2,	  ...,	  Sk}	  of	  DISJOINT	  	  
dynamic	  sets	  
Nota0on:	  if	  x	  is	  an	  element	  of	  some	  set,	  then	  Sx:=	  the	  set	  which	  contains	  x	  
 
Supported	  Opera0ons	  	  
make_set(x) 
Creates	  a	  new	  set	  Sx	  containing	  only	  element	  x;	  
x	  is	  not	  contained	  in	  any	  other	  exis0ng	  set	  
  
union(x,y) 
Unifies	  the	  disjoint	  sets	  containing	  elements	  x	  and	  y	  (Sx	  and	  Sy)	  into	  a	  new	  set;	  
Sets	  Sx	  and	  Sy	  are	  destroyed	  
  
find(x) 
Returns	  the	  set	  	  Sx	  (from	  a	  collec0on	  of	  disjoint	  sets)	  containing	  x;	  	  
If x, y ∈ Si, then find(x)=find(y) 
 29 
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	  Kruskal's	  	  MST	  algorithm	  	  
   Sort edges in increasing order of weights: w1≤w2≤...≤wm; 
   X = ∅;  

for each u ∈ V do make_set(u); 
for i = 1 to m do  
 {  let ei = (u,v) ;  
    if (find(u) ≠ find(v)) then  
   {    union(u,v); 
              X ← X ∪ {ei}  }  } 

UNION-‐FIND	  	  
make_set(u): creates	  a	  set	  containing	  element	  u	  
union(u,v):   unifies	  the	  disjoint	  sets	  containing	  elements	  u	  and	  v	  
find(u):  returns	  the	  set	  	  (from	  a	  collec0on	  of	  disjoint	  sets)	  containing	  

element	  u	  	  	  	  
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	  Kruskal's	  	  MST	  algorithm	  	  
   Sort edges in increasing order of weights: w1≤w2≤...≤wm; 
   X = ∅;  

for each u ∈ V do make_set(u); 
for i = 1 to m do  
 {  let ei = (u,v) ;  
    if (find(u) ≠ find(v)) then  
   {    union(u,v); 
              X ← X ∪ {ei}    }  } 

Complexity 
Sorting:        O(|E| log |E|), that is O(| E| log |V|) 
Union-Find:  |V| make_set operations,    

    2|E|  find operations,    
    |V|-1 union operations 

In total: ?? 



Implemen6ng	  Union-‐Find:	  Up-‐tree	  
representa6on	  of	  sets	   

Every	  set	  Si	  is	  represented	  by	  an	  up-‐tree	  

The	  root	  of	  the	  tree	  is	  the	  representa0ve	  of	  Si	  

Every	  node	  has	  a	  pointer	  to	  its	  parent	  

The	  root	  of	  the	  tree	  has	  a	  pointer	  to	  itself	  

p[x]:	  the	  parent	  of	  element	  x	  
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1st	  approach 
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make_set(x) 
{  p[x]:=x;  } 

union(x,y) 
{  a:=find(x); 
   b:=find(y); 
   p[a]:=b; //or p[b]=a } 

find(x) 
{  while x!=p[x] do x:=p[x]; 
   return x;  } 

O(1),  n operations  

O(n) 

O(n) 

O(n)	  0me	  per	  opera0on	  	  

Hard find, easy union 
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find(x,y)	  is	  not	  efficient	  
A	  tree	  may	  degenerate	  to	  a	  chain	  

Example	  

a b +

a 

b c +

a 

b 

c ... 

a 

b 

z 

Can	  we	  do	  beser?	  	  	  

1st	  approach 



2nd	  approach	  -‐	  Union	  by	  Rank	  
Make	  the	  root	  of	  the	  “larger”	  tree	  the	  parent	  of	  the	  	  
	  	  	  root	  of	  the	  “smaller”	  tree...	  

Union	  by	  rank	  
R[x]: the	  rank	  of	  element	  x	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  a	  measure	  of	  the	  size	  of	  the	  tree	  “rooted”	  at	  x	  
 
R[x] is	  ini0ated	  to	  0	  by	  make_set 
 
R[x] is	  updated	  only	  by union 

       if	  R[a]=R[b]	  then	  R[new root]=R[b]+1 
 
We	  choose	  R[x] to	  be	  the	  height	  of	  the	  tree	  rooted	  at	  x	  

35 
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The	  roots	  of	  the	  trees	  maintain	  their	  ranks,	  we	  do	  not	  update	  the	  rank	  of	  	  
nodes	  that	  stop	  being	  roots	  

make_set(x) 
{  p[x]:=x; 
   R[x]:=0;  } 

union(x,y) 
{  a:=find(x); 
   b:=find(y); 
   if R[a]>R[b] then p[b]:=a; 
                else { p[a]:=b; 

               if R[a]=R[b] then 
                               R[b]:=R[b]+1; } 

find(x) 
{  while x!=p[x] do x:=p[x]; 
   return x;  } 

2nd	  approach	  -‐	  Union	  by	  Rank 
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make_set(x)   O(1) 
find(x)   O(R[root(Sx)]-R[x]) ≤ O(R[root(Sx)]) 

union(x,y)   O(max{R[root(Sx)], R[root(Sy)]}) 

 

To	  es0mate	  the	  complexity,	  we	  need	  to	  bound	  the	  height	  of	  the	  created	  trees,	  
i.e.,	  the	  rank	  of	  the	  roots	  in	  the	  trees	  that	  emerge	  throughout	  the	  execu0on	  of	  
union	  and	  find	  opera0ons	  

2nd	  approach	  -‐	  Union	  by	  Rank 



2nd	  approach	  -‐	  Union	  by	  Rank 
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Given	  a	  call	  of	  find(x)	  or	  union(x,	  y):	  
Sx:	  tree	  that	  x	  belongs	  to	  (respec0vely	  Sy	  for	  y)	  
p:	  root	  of	  the	  tree	  Sx	  
q:	  root	  of	  the	  tree	  Sy	  
size(x):	  #	  of	  nodes	  of	  Sx	  (resp.	  size(y)	  for	  y)	  	  
 
Lemma:	  for	  any	  element	  x,	  size(x)	  ≥	  2R[p]	  

Proof:	  Consider	  the	  tree	  Sx	  that	  x	  belongs	  to	  

!  By	  structural	  induc0on	  	  

!  The	  trees	  are	  growing	  only	  by	  union	  opera0ons	  

!  Basis	  (no	  UNION,	  single-‐node	  tree):	  R[p]=0,	  size(x)=1	  :	  1	  ≥	  20	  =	  1	  

!  Hypothesis:	  The	  lemma	  holds	  before	  a	  union(x,y)	  opera0on	  
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Induc0ve	  step:	  Let	  p’	  =	  new	  root.	  	  
	  
Three	  cases	  in	  union(x,y):	  	  
 
1) R[p]<R[q]   ( R[p’] = R[q]) 

 
 
2) R[p]>R[q] ( R[p’] = R[p]) 
 

	  same	  analysis	  as	  above 
 
 
3) R[p]=R[q] ( R[p’] = R[q]+1) 

size(p ') = size(x)+ size(y) ≥ 2R[ p] + 2R[q] ≥ 2R[q] = 2R[ p ']

size(p ') = size(x)+ size(y) ≥ 2R[ p] + 2R[q] = 2 ⋅2R[q] = 2R[q]+1 = 2R[ p ']

2nd	  approach	  -‐	  Union	  by	  Rank 



2nd	  approach	  -‐	  Union	  by	  Rank 
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•  Thus,	  if	  n	  is	  the	  number	  of	  elements,	  then	  for	  any	  x:	  	  

	   	  n	  ≥	  size(x)	  ≥	  2R[p]	  	  

•  "	  R[p]	  ≤	  logn	  

	  

•  Each	  union	  and	  find	  opera0on	  takes	  0me	  O(logn)	  

•  Implica0on	  for	  Kruskal’s	  algorithm:	  O(mlogn)	  

•  Can	  we	  do	  beser?	  	  

•  YES,	  much	  beser	  !!!	  (but	  in	  amor0zed	  0me)	  
	  



Amor6zed	  complexity	  
T(n,m)	  =	  complexity	  	  of	  a	  	  sequence	  of	  m	  make_set,	  union	  and	  find	  opera0ons	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  on	  a	  collec0on	  of	  sets	  containing	  n	  elements	  in	  	  total	  

•  We	  will	  have	  n	  make_set	  calls	  to	  begin	  with	  

•  m-‐n	  union	  or	  find	  calls	  

•  Amor0zed	  complexity	  per	  opera0on:	  T(n,m)/m	  
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Path	  compression	  	  
•  We	  will	  try	  to	  maintain	  trees	  with	  short	  height	  
•  Trees	  grow	  because	  of	  the	  union	  opera0on	  
•  Idea:	  modify	  find(x)	  so	  that	  τhe	  nodes	  we	  traverse	  from	  x	  to	  

the	  root	  point	  directly	  to	  the	  root	  
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•  We	  	  trace	  the	  path	  x,	  a1,	  a2,	  ...,	  ak,	  r	  	  	  from	  x	  to	  the	  root	  r	  
•  At	  the	  same	  0me,	  we	  also	  make	  all	  the	  parent	  pointers	  of	  x,	  a1,	  a2,...,	  ak	  	  
	  	  	  	  	  	  point	  to	  r	  directly	  

Theorem:	  
T(n,m)	  =	  O(m	  α(n))	  if	  union	  by	  rank	  and	  path	  	  
compression	  are	  used	  (now	  the	  rank	  is	  not	  the	  height	  of	  the	  	  tree)	  
	  
	  	  

find(x) 
{  if x!=p[x] then p[x]:=find(p[x]); 
   return p[x];  } 

Path	  compression	   



Ackerman,	  inverse	  Ackerman	  and	  log*n	  	  
•  A(i,j), i, j ≥ 1  Ackerman	  func6on  

!  A(1,j) = 2j,     j ≥ 1 
!  A(i,1) = A(i-1,2),    i ≥ 2 
!  A(i,j) = A(i-1,A(i,j-1)),   i,j ≥ 2 

     
•  An	  extremely	  fast	  growing	  func0on	  

!  A(2,1) = A(1, 2) = 4, A(2,2) = A(1,A(2,1)) = A(1,4) = 16  
!  A(4,1) = 265536 ≈ 1080 (more	  than	  the	  es6mated	  number	  of	  atoms	  in	  the	  

observable	  universe)	  
 

•  α(n)=	  min{k≥1:	  A(k,1)	  >	  n}	  “inverse”	  Ackerman	  func0on	  	  
	  	  	  	  	  	  	  e.g.	  	  if	  	  n=265536-‐1,	  then	  A(4,1)=265536>n	  ⇒k=4	  
	  	  	  	  	  	  	  for	  all	  prac0cal	  purposes,	  we	  can	  say	  α(n)	  ≤	  4	  =	  O(1)	  
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Ackerman,	  inverse	  Ackerman	  and	  log*n	  	  
 

•  log*n = min{i≥0 : log(i)n ≤ 1}  Iterated logarithm  
  e.g.  for all n in {17,18,…,65536=216): log*n=4   

   for all n in {65537,65538,…,265536=264K): log*n=5  

•  for	  all	  prac0cal	  purposes,	  we	  can	  say	  	  log*n	  ≤	  5	  
	   
•  It	  holds	  that	  either	  α(n)=log*n-‐1	  or	  α(n)=log*n,	  that	  is,	  α(n)	  ≤	  log*n	  
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