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1. (2 mon�dec) Jewr ste to grammikì prìgramma:

max 2x1 + 3x2

ètsi ¸ste x1 + x2 ≥ 1

3x1 − x2 ≤ 5

x2 − x1 ≤ 1

x1, x2 ≥ 0.

H lÔsh x1 = 3, x2 = 4 eÐnai bèltisth?

Jètwntac x1 = 3, x2 = 4 stic exis¸seic 
x1 + x2 = 1 + z1

3x1 − x2 + z2 = 5

x2 − x1 + z3 = 1

brÐskoume z1 = 6, z2 = 0, z3 = 0. To di�nusma (x1, x2, z1, z2, z3) = (3, 4, 6, 0, 0) eÐnai mia basik  efikt 
lÔsh (b.e.l.) gia to prìblhma, afoÔ ìlec oi sunist¸sec eÐnai mh arnhtikèc kai toul�qiston n = 2 apì
autèc eÐnai mhdenikèc.

SÔmfwna me thn ikan  sunj kh bèltisthc lÔshc, h b.e.l. aut  ja eÐnai bèltisth e�n h sumplhrwmatik 
basik  lÔsh (b.l.) tou duðkoÔ probl matoc, eÐnai efikt , dhl. ìlec oi sunist¸sec tou eÐnai mh arnhtikèc.

To duðkì prìblhma eÐnai:

min − λ1 + 5λ2 + λ3

ètsi ¸ste − λ1 + 3λ2 − λ3 ≥ 2

− λ1 − λ2 + λ3 ≥ 3

λ1, λ2 ≥ 0.

H b.l. (λ1, λ2, λ3, ν1, ν2) pou eÐnai sumplhrwmatik  thc (x1, x2, z1, z2, z3) ikanopoieÐ λizi = 0 kai xjνj = 0
gia k�je i = 1, 2, 3 kai j = 1, 2. Sunep¸c, λ1 = ν1 = ν2 = 0 afoÔ z1, x1, x2 > 0. T¸ra,{

− λ1 + 3λ2 − λ3 = 2 + ν1

− λ1 − λ2 + λ3 = 3 + ν2

ìpou lÔnontac brÐskoume λ2 = 5/2, λ3 = 11/2. 'Ara h b.l. (λ1, λ2, λ3, ν1, ν2) = (0, 5/2, 11/2, 0, 0) eÐnai
b.e.l.

Sunep¸c, h (x1, x2, z1, z2, z3) = (3, 4, 6, 0, 0) eÐnai bèltisth lÔsh gia to arqikì prìblhma.

2. (2 mon�dec) Gr�yte kai lÔste to duðkì prìblhma tou grammikoÔ progr�mmatoc:

max x1 + 2x2 + 3x3 − 5x4 − 12x5

ètsi ¸ste 2x1 + x2 + x3 + x4 − 3x5 ≤ 10

x1, x2, x3, x4, x5 ≥ 0.



To duðkì prìblhma eÐnai:

min λ1

ètsi ¸ste 2λ1 ≥ 1

λ1 ≥ 2

λ1 ≥ 3

λ1 ≥ −5

− 3λ1 ≥ −12

λ1 ≥ 0.

to opoÐo eÐnai isodÔnamo me to min3≤λ1≤4 λ1, to opoÐo èqei bèltisth lÔsh λ1 = 3 kai tim  3.

BreÐte th bèltisth tim  kai lÔsh tou arqikoÔ probl matoc qwrÐc na ektelèsete
simplex.

LÔnontac tic exis¸seic 

2λ1 = 1 + ν1

λ1 = 2 + ν2

λ1 = 3 + ν3

λ1 = −5 + ν4

−3λ1 = −12 + ν5

brÐskoume ν1 = 5, ν2 = 1, ν3 = 0, ν4 = 8, ν5 = 3, dhlad  h bèltisth b.e.l. tou duðkoÔ eÐnai (λ1, ν1, ν2, ν3, ν4, ν5) =
(3, 5, 1, 0, 8, 3) me bèltisth tim  3.

H bèltisth tim  tou arqikoÔ probl matoc eÐnai Ðsh me aut  tou duðkoÔ, dhlad  3.

Apomènei o upologismìc thc bèltisthc lÔshc tou arqikoÔ. Apo tic sunj kec sumplhrwmatik c qalarì-
thtac, brÐskoume ìti h sumplhrwmatik  b.l. (x1, x2, x3, x4, x5, z1) tou arqikoÔ probl matoc ikanopoieÐ
x1 = x2 = x4 = x5 = z1 = 0. Antikajist¸ntac tic timèc autèc sthn exÐswsh 2x1+x2+x3+x4−3x5+
z1 = 10 brÐskoume x3 = 10. 'Ara h bèltisth lÔsh tou arqikoÔ eÐnai (x1, x2, x3, x4, x5) = (0, 0, 10, 0, 0).

3. (3 mon�dec) Jewr ste to grammikì prìgramma:

max x1 − x2 + 2x3

ètsi ¸ste 2x1 + x3 ≤ 3

x2 + x3 ≤ 2

x1, x2, x3 ≥ 0.

(aþ) BreÐte th bèltisth tim  kai lÔsh.

Jètontac x1 = x2 = x3 = 0 stic exis¸seic 2x1 + x3 + z1 = 3, x2 + x3 + z2 = 2 brÐskoume
z1 = 3, z2 = 2 h opoÐec eÐnai mh arnhtikèc timèc. Sunep¸c h b.l. (x1, x2, x3, z1, z2) = (0, 0, 0, 3, 2)
eÐnai b.e.l. kai ja th qrhsimopoi soume wc arqik  b.e.l. ston algìrijmo simplex.



x1 x2 x3 z1 z2 staj.

1 -1 2 0 0 0
(z1) 2 0 1 1 0 3
(z2) 0 1 1 0 1 2

1 -3 0 0 -2 -2
(z1) 2 -1 0 1 -1 1
(x3) 0 1 1 0 1 2

0 -5/2 0 -1/2 -3/2 -5/2
(x1) 1 -1/2 0 1/2 -1/2 1/2
(x3) 0 1 1 0 1 2

Sunep¸c h bèltisth tim  eÐnai 5/2 kai lÔsh h (x1, x2, x3, z1, z2) = (1/2, 0, 2, 0, 0).

(bþ) Pìso ja metablhjeÐ h bèltisth tim  e�n o 1oc periorismìc gÐnei 2x1+x3 ≤ 3.001?

Efìswn metab�letai o pr¸toc periorismìc kat� th mikr  posìthta ε = 0.001, apì thn idiìthta
thc euaisjhsÐac h bèltisth tim  ja metablhjeÐ kat� λ1ε = (1/2) × 0.001 = 0.0005, ìpou λ1 =
−(−1/2) = 1/2, apì to teleutaÐo b ma tou simplex.

(gþ) Poi� ja eÐnai h bèltisth lÔsh e�n o 1oc periorismìc gÐnei 2x1 + x3 ≤ 4? (De
qrei�zetai na xanaektelèsete simplex.)

Efìswn h metabol  tou periorismoÔ den eÐnai mikr , de mporeÐ na efarmosteÐ h idiìthta thc euai-
sjhsÐac. ParathroÔme ìti h sumplhrwmatik  b.e.l. tou duðkoÔ pou antistoiqoÔse sth bèltisth
b.e.l. tou arqikoÔ pou br kame sto er¸thma (3aþ), exakoloujeÐ na eÐnai b.e.l. (ìqi ìmwc aparaÐ-
thta bèltisth) gia to duðkì. Autì sumbaÐnei giatÐ h allag  tou dexioÔ mèlouc tou periorismoÔ
den all�zei touc periorismoÔc tou duðkoÔ kai �ra tic b.e.l. tou duðkoÔ.

Apì th gramm  thc antikeimenik c exÐswshc ston pÐnaka simplex tou teleutaÐou b matoc blèpoume
ìti h b.e.l. aut  eÐnai h (λ1, λ2, ν1, ν2, ν3) = (1/2, 3/2, 0, 5/2, 0). Ja elègxoume e�n axakoloujeÐ
na eÐnai bèltisth gia to duðkì, exet�zontac e�n h sumplhrwmatik  thc b.l. (x1, x2, x3, z1, z2) tou
arqikoÔ probl matoc (me ton allagmèno periorismì) eÐnai efikt . E�n eÐnai ìntwc efikt  tìte
apì thn ikan  sunj kh bèltisthc lÔshc xèroume ìti ja eÐnai kai h nèa bèltisth lÔsh tou arqikoÔ
pou anazhtoÔme.

H (x1, x2, x3, z1, z2) ikanopoieÐ tic sunj kec sumplhrwmatik c qalarìthtac, �ra z1 = z2 = x2 = 0.
T¸ra oi exis¸seic 2x1+x3+z1 = 4, x2+x3+z2 = 2 dÐnoun x1 = 1, x3 = 2, �ra (x1, x2, x3, z1, z2) =
(1, 0, 2, 0, 0) h opoÐa eÐnai b.e.l. afoÔ den èqei arnhtikèc sunist¸sec. Sunep¸c aut  eÐnai h nèa
bèltisth b.e.l.

(dþ) Ja all�xei h bèltisth lÔsh e�n h antikeimenik  sun�rthsh gÐnei x1 + x2 + x3
en¸ oi periorismoÐ meÐnoun �jiktoi?

Efìswn oi periorismoÐ den all�zoun, h bèltisth b.e.l. (x1, x2, x3, z1, z2) = (1/2, 0, 2, 0, 0) pou
br kame sto er¸thma (3aþ) exakoloujeÐ na eÐnai b.e.l. all� ìqi aparaÐthta bèltisth. Ja elègxoume
e�n h b.e.l. aut  eÐnai bèltisth exet�zontac e�n h sumplhrwmatik  b.l. tou duðkoÔ eÐnai efikt .
To duðkì prìblhma eÐnai

min 3λ1 + 2λ2

ètsi ¸ste 2λ1 ≥ 1

λ2 ≥ 1

λ1 + λ2 ≥ 1

λ1, λ2 ≥ 0.



Apì tic sunj kec sumplhrwmatik c qalarìthtac brÐskoume ìti h b.l. (λ1, λ2, ν1, ν2, ν3) tou duðkoÔ
ikanopoieÐ ν1 = ν3 = 0. 'Ara lÔnontac tic exis¸seic

2λ1 = 1 + ν1

λ2 = 1 + ν2

λ1 + λ2 = 1 + ν3

brÐskoume λ1 = λ2 = 1/2 kai ν2 = −1/2 < 0. 'Ara h b.l. (λ1, λ2, ν1, ν2, ν3) den eÐnai efikt .
Sunep¸c, apì thn anagkaÐa sunj kh bèltisthc lÔshc, h (x1, x2, x3, z1, z2) = (1/2, 0, 2, 0, 0) den
eÐnai bèltisth gia to nèo prìblhma.



4. (3 mon�dec) K�je prwÐ mia etairÐa galaktokomik¸n efodi�zei dÔo pìleic me 17 kai
18 tìnouc g�laktoc antÐstoiqa. To g�la metafèretai apì 3 diaforetik� ergo-
st�sia thc etairÐac, ìpou to kìstoc metafor�c (an� tìno) apì k�je ergost�sio
se k�je pìlh dÐnetai apì ton pÐnaka:

pìlh 1 pìlh 2
ergost�sio 1 4 2
ergost�sio 2 4 2
ergost�sio 3 2 3

To ergost�sio 1 par�gei 10 tìnouc kajhmerin�, 20 tìnouc to ergost�sio 2 kai
5 tìnouc to ergost�sio 3.

(aþ) BreÐte ton oikonomikìtero trìpo metafor�c tou g�laktoc.

ArqikopoÐhsh. Gia na broÔme mia arqik  b.e.l. qrhsimopoioÔme ton kanìna thc boreiodutik c
gwnÐac, ìpou brÐskoume

pìlh 1 pìlh 2
ergost�sio 1 10 0 10
ergost�sio 2 7 13 20
ergost�sio 3 0 5 5

17 18

B ma 1: Gia k�je mhdenik  metablht  xij prèpei na ikanopoieÐtai µj−λi = cij, opìte lamb�noume
µ1 − λ1 = 4

µ1 − λ2 = 4

µ2 − λ2 = 2

µ2 − λ3 = 3

Efìswn oi �gnwstoi uperbaÐnoun ton arijmì twn exis¸sewn kat� èna, jètoume aujaÐreta k�poia
metablht  Ðsh mhdèn, p.q., λ2 = 0 kai lÔnoume wc proc touc upìloipouc �gnwstouc gia na
l�boume µ1 = 4, µ2 = 2, λ3 = −1, λ1 = 0. T¸ra gia tic mhdenikèc metablhtèc xij elègqoume e�n
−νij = µj − λi − cij ≤ 0. Gia i = 3, j = 1: µ1 − λ3 − c31 = 2 > 0, �ra ja prèpei na metab�loume
th b.e.l. kat� ε > 0 wc ex c:

pìlh 1 pìlh 2
ergost�sio 1 10 0 10
ergost�sio 2 7-ε 13+ε 20
ergost�sio 3 ε 5-ε 5

17 18

Blèpoume ìti an¸tath epitrept  tim  eÐnai h ε = 5 h opoÐa dÐnei:

pìlh 1 pìlh 2
ergost�sio 1 10 0 10
ergost�sio 2 2 18 20
ergost�sio 3 5 0 5

17 18



B ma 2: Gia k�je mhdenik  metablht  xij prèpei na ikanopoieÐtai µj−λi = cij, opìte lamb�noume
µ1 − λ1 = 4

µ1 − λ2 = 4

µ2 − λ2 = 2

µ1 − λ3 = 2

Jètontac µ1 = 0 kai lÔnontac wc proc touc upìloipouc �gnwstouc lamb�noume µ2 = −2, λ3 =
−2, λ2 = −4, λ1 = −4. T¸ra gia tic mhdenikèc metablhtèc x12, x32 isqÔei −ν12 = µ2 − λ1 − 2 =
0,−ν32 = µ2 − λ3 − 3 = −3 < 0, �ra h b.e.l. x11 = 10, x21 = 2, x22 = 18, x31 = 5 eÐnai bèltisth.

(bþ) BreÐte ton oikonomikìtero trìpo metafor�c e�n h z thsh gia g�la sthn pìlh
1 meiwjeÐ kat� 5 tìnouc. Kat� pìso ja prèpei na elattwjeÐ h posìthta tou
parag¸menou g�laktoc se k�je ergost�sio ètsi ¸ste na mh mènoun adi�je-
tec posìthtec?

Eis�goume thn plasmatik  pìlh 3 me z thsh 5 kai ci3 = 0 gia k�je i = 1, 2, 3.

ArqikopoÐhsh. O kanìnac thc boreiodutik c gwnÐac dÐnei:

pìlh 1 pìlh 2 pìlh 3
ergost�sio 1 10 0 0 10
ergost�sio 2 2 18 0 20
ergost�sio 3 0 0 5 5

12 18 5

B ma 1: LÔnoume tic exis¸seic µ1 − λ1 = 4, µ1 − λ2 = 4, µ2 − λ2 = 2, µ3 − λ3 = 0 me
λ2 = 0, λ3 = 0 (prèpei na jèsoume 2 �gnwstouc Ðsouc me 0 afoÔ oi �gnwstoi uperbaÐnoun ton
arijmì twn exis¸sewn kat� 2) kai lamb�noume: λ1 = 0, µ1 = 4, µ2 = 2, µ3 = 0. Gia th mhdenik 
metablht  x31 isqÔei µ1 − λ4 = 4 > c31 = 0. 'Ara ja prèpei na metab�loume th b.e.l. kat� ε > 0
wc ex c:

pìlh 1 pìlh 2 pìlh 3
ergost�sio 1 10 0 0 10
ergost�sio 2 2-ε 18 ε 20
ergost�sio 3 ε 0 5-ε 5

12 18 5

H an¸tath epitrept  aÔxhsh eÐnai ε = 2 h opoÐa dÐnei:

pìlh 1 pìlh 2 pìlh 3
ergost�sio 1 10 0 2 10
ergost�sio 2 0 18 2 20
ergost�sio 3 2 0 3 5

12 18 5

B ma 2: LÔnontac tic exis¸seic µ1 − λ1 = 4, µ2 − λ2 = 2, µ3 − λ2 = 0, µ3 − λ3 = 0, µ1 − λ3 = 2
gia λ2 = 0, lamb�noume µ2 = 2, µ3 = 0, λ3 = 0, µ1 = 2, λ1 = −2.

ApofasÐzoume na aux soume th x13 kat� ε > 0, afoÔ µ3 − λ1 = 0 + 2 > 0. Sunep¸c,

pìlh 1 pìlh 2 pìlh 3
ergost�sio 1 10-ε 0 ε 10
ergost�sio 2 0 18 2 20
ergost�sio 3 2+ε 0 3-ε 5

12 18 5



ìpou h mègisth aÔxhsh tou ε (Ðsh me 3) dÐnei

pìlh 1 pìlh 2 pìlh 3
ergost�sio 1 7 0 3 10
ergost�sio 2 0 18 2 20
ergost�sio 3 5 0 0 5

12 18 5

B ma 3: Oi exis¸seic µ1−λ1 = 4, µ3−λ1 = 0, µ2−λ2 = 2, µ3−λ2 = 0, µ1−λ3 = 2 gia λ1 = 0,
dÐnoun µ1 = 4, µ3 = 0, λ3 = 2, λ2 = 0, µ2 = 2. ParathroÔme ìti µj − λi ≤ cij gia k�je i, j, �ra h
trèqousa b.e.l. eÐnai bèltisth.

Efìswn sth lÔsh aut , ta ergost�sia 1 kai 2 stèlnoun 3 kai 2 tìnouc antÐstoiqa sthn plasmatik 
pìlh, ja prèpei sthn pragmatikìthta na elatt¸soun thn paragwg  touc kat� ta antÐstoiqa pos�.


