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KefĹlaio 1

EISAGWGH

H JewrÐa Prosèggishc eÐnai klĹdoc thc epistămhc thc Majhmatikăc AnĹlushc an th
doÔme upì to prÐsma thc jewrÐac pou qreiĹzetai gia thn epÐteuxh thc epijumhtăc prosèg-
gishc. JewreÐtai ìmwc kai klĹdoc thc Arijmhtikăc AnĹlushc an th doÔme upì to prÐsma
tou telikoÔ proðìntoc pou eÐnai mia Arijmhtikă mèjodoc kai telikĹ ènac algìrijmoc gia
thn eÔresh thc prosèggishc. ’Opwc ja doÔme sth sunèqeia ta majhmatikĹ ergaleÐa thc
JewrÐac Prosèggishc proèrqontai apì ton Apeirostikì Logismì, th Grammikă ’Algebra,
thn TopologÐa kai th Sunarthsiakă AnĹlush.

To genikìtero prìblhma thc JewrÐac Prosèggishc sunÐstatai sthn eÔresh lÔshc
sto parakĹtw prìblhma:

Prìblhma 1 ’Estw V ènac stajmhtìc grammikìc qÿroc efodiasmènoc me th nìrma
‖ · ‖ kai W ènac upoqÿroc tou V . Dojèntoc v ∈ V , Na brejeÐ w∗ ∈ W tètoio ÿste

‖v − w∗‖ ≤ ‖v − w‖ ∀w ∈ W. (1.1)

Ja lème tìte ìti w∗ eÐnai h bèltisth prosèggish tou v ston W .

Me Ĺlla lìgia jèloume na broÔme to plhsièstero stoiqeÐo sto v pou anăkei ston W .
Autì to kĹnoume epeidă èqoume perissìtera majhmatikĹ ergaleÐa gia na meletăsoume
èna prìblhma ston upoqÿro W apì ekeÐna pou èqoume sto qÿro V .

Ja asqolhjoÔme edÿ kurÐwc me thn prosèggish sunartăsewn ston upoqÿro Pn twn
poluwnÔmwn n bajmoÔ. Wc qÿro anaforĹc V ja èqoume kurÐwc to qÿro twn suneqÿn
sunartăsewn sto kleistì diĹsthma [a, b] pou ja to sumbolÐzoume me C[a, b] ă to qÿro
twn sunartăsewn pou orÐzontai se èna sÔnolo diakritÿn shmeÐwn {x1, x2, · · · xm} pou
ja to sumbolÐzoume me Xm.

Sto eisagwgikì autì kefĹlaio ja dÿsoume kĹpoia prÿta stoiqeÐa gia tic nìrmec pou
ja qrhsimopoiăsoume kai sth sunèqeia mia genikă jewrÐa Ôparxhc kai monosămantou thc
bèltisthc prosèggishc.
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6 KEF§ALAIO 1. EISAGWGH

1.1 Nìrmec

O genikìc orismìc thc nìrmac eÐnai o akìloujoc: ’Estw V ènac grammikìc qÿroc. Nìr-
ma sto V ja eÐnai mia sunĹrthsh apì to V stouc mh arnhtikoÔc pragmatikoÔc arijmoÔc
IR+,0 (‖ · ‖ : V → IR+,0) pou plhroÐ tic parakĹtw treic idiìthtec:

(i) ‖v‖ ≥ 0 kai ‖v‖ = 0 an kai mìno Ĺn (ann) v = 0.
(ii) ‖λv‖ = |λ|‖v‖ gia kĹje stajerì λ ∈ IR (ă λ ∈ CI).
(iii) ‖v + u‖ ≤ ‖v‖+ ‖u‖ (trigwnikă idiìthta).

Mia nìrma orÐzei mia apìstash sto V ton opoÐo kajistĹ stajmhtì grammikì qÿro.
An v kai u eÐnai stoiqeÐa tou V , tìte ‖v − u‖ eÐnai h apìstash metaxÔ autÿn twn
stoiqeÐwn.

Oi kuriìterec nìrmec pou qrhsimopoioÔntai eÐnai oi nìrmec 1, 2 kai ∞ ă l1, l2 kai
l∞ antÐstoiqa. An wc qÿro V èqoume to qÿro suneqÿn sunartăsewn C[a, b] tìte oi
antÐstoiqec nìrmec orÐzontai wc:

l1 : ‖v‖1 =
∫ b

a
|v(x)|dx.

l2 : ‖v‖2 =

(∫ b

a
|v(x)|2dx

) 1
2

.

l∞ : ‖v‖∞ = max
a≤x≤b

|v(x)|.
Autèc apoteloÔn eidikèc periptÿseic thc lp nìrmac pou orÐzetai wc:

lp : ‖v‖p =

(∫ b

a
|v(x)|pdx

) 1
p

, p ≥ 1.

Ac shmeiwjeÐ ìti o p mporeÐ na eÐnai jetikìc pragmatikìc (≥ 1) kai ìqi aparaÐthta
akèraioc. ApodeiknÔetai de, sqetikĹ eÔkola, ìti limp→∞ ‖v‖p = ‖v‖∞.

AntÐstoiqa, an wc qÿro V èqoume to qÿroXm, twn sunartăsewn se diakritì sÔnolo,
autèc eÐnai gnwstèc apì th Grammikă ’Algebra wc dianusmatikèc nìrmec kai orÐzontai wc
exăc:

l1 : ‖v‖1 =
m∑

i=1

|vi|.

l2 : ‖v‖2 =

(
m∑

i=1

|vi|2
) 1

2

.

l∞ : ‖v‖∞ = max
i∈{1,2,···,m}

|vi|.
Autèc apoteloÔn eidikèc periptÿseic thc lp nìrmac pou orÐzetai wc:

lp : ‖v‖p =

(
n∑

i=1

|vi|p
) 1
p

, p ≥ 1.
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ApodeiknÔetai kai edÿ, sqetikĹ eÔkola, ìti limp→∞ ‖v‖p = ‖v‖∞.
EÐnai eÔkolo na apodeiqteÐ h isqÔc twn triÿn idiotătwn gia tic nìrmec l1 kai l∞ enÿ

gia thn l2 ă genikìtera gia thn lp eÐnai dÔskolo na apodeiqteÐ h trigwnikă idiìthta.
DÐnoume edÿ, qwrÐc apìdeixh tic anisìthtec, gnwstèc wc anisìthtec Minkowski, pou
apodeiknÔoun thn idiìthta aută.

(∫ b

a
|v(x) + u(x)|pdx

) 1
p

≤
(∫ b

a
|v(x)|pdx

) 1
p

+

(∫ b

a
|u(x)|pdx

) 1
p

kai (
n∑

i=1

|vi + ui|p
) 1
p

≤
(

n∑

i=1

|vi|p
) 1
p

+

(
n∑

i=1

|ui|p
) 1
p

.

Duo Ĺllec qrăsimec anisìthtec pou anafèrontai sthn lp nìrma eÐnai oi anisìthtec
Hölder:

∫ b

a
|v(x)u(x)|dx ≤

(∫ b

a
|v(x)|pdx

) 1
p

·
(∫ b

a
|u(x)|qdx

) 1
q

, p > 1,
1

p
+

1

q
= 1

kai
n∑

i=1

|viui| ≤
(

n∑

i=1

|vi|p
) 1
p

·
(

n∑

i=1

|ui|q
) 1
q

, p > 1,
1

p
+

1

q
= 1.

Eidikèc periptÿseic autÿn gia p = q = 2 eÐnai oi gnwstec wc anisìthtec Cauchy-

Schwarz:
∫ b

a
|v(x)u(x)|dx ≤

(∫ b

a
|v(x)|2dx

) 1
2

·
(∫ b

a
|u(x)|2dx

) 1
2

kai
n∑

i=1

|viui| ≤
(

n∑

i=1

|vi|2
) 1

2

·
(

n∑

i=1

|ui|2
) 1

2

.

DÐnoume edÿ mia apìdeixh gia thn prÿth twn anisotătwn Cauchy-Schwarz, h deÔterh
apodeiknÔetai me ton Ðdio akribÿc trìpo.

Apìdeixh: JewroÔme to oloklărwma
∫ b

a
(|v(x)|+ θ|u(x)|)2dx =

∫ b

a
|v(x)|2dx+ 2θ

∫ b

a
|v(x)u(x)|dx+ θ2

∫ b

a
|u(x)|2dx,

ìpou θ eÐnai mia pragmatikă parĹmetroc. Profanÿc to oloklărwma autì paÐrnei mh
arnhtikèc timèc afoÔ eÐnai oloklărwma mh arnhtikăc sunĹrthshc. ParathroÔme epÐshc
ìti to deÔtero mèloc thc parapĹnw isìthtac eÐnai triÿnumo wc proc θ. AfoÔ eÐnai
triÿnumo pou paÐrnei mh arnhtikèc timèc, ja èqei diakrÐnousa mh jetikă. Ja èqoume
epomènwc

∆ = 4

(∫ b

a
|v(x)u(x)|dx

)2

− 4
∫ b

a
|v(x)|2dx ·

∫ b

a
|u(x)|2dx ≤ 0,

apì thn opoÐa prokÔptei eÔkola h anisìthta Cauchy-Schwarz.
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1.2 ’Uparxh kai monosămanto thc bèltisthc pro-
sèggishc

Ja dÿsoume edÿ merikĹ genikĹ jewrămata Ôparxhc kai monadikìthtac thc bèltisthc
prosèggishc, xekinÿntac apì to jeÿrhma Ôparxhc.

Jeÿrhma 1 (’Uparxh bèltisthc prosèggishc) An V eÐnai ènac stajmhtìc grammi-
kìc qÿroc efodiasmènoc me th nìrma ‖ · ‖ kai W ènac upoqÿroc tou V peperasmènhc
diĹstashc, tìte dojèntoc v ∈ V, ∃w∗ ∈W tètoio ÿste

‖v − w∗‖ ≤ ‖v − w‖

gia ìla ta w ∈ W .

Apìdeixh: Epeidă 0 ∈ W , an autì ătan h bèltisth prosèggish, h elĹqisth nìrma
ja ătan ‖v − 0‖ = ‖v‖ = M . An w eÐnai tètoio ÿste ‖v − w‖ > ‖v‖, de ja mporoÔse
na eÐnai bèltisth prosèggish epeidă to 0 ja èdine kalÔterh prosèggish. Epomènwc th
bèltisth prosèggish ja prèpei na thn anazhtoÔme sto sÔnolo twn w gia ta opoÐa

‖v − w‖ ≤ ‖v‖ = M.

Tìte
‖w‖ = ‖ − w‖ = ‖v − w − v‖ ≤ ‖v − w‖+ ‖v‖ ≤ 2M.

’Estw ìti o W eÐnai ènac k−diĹstatoc qÿroc kai ìti w1, w2, · · ·wk eÐnai mia bĹsh autoÔ.
Tìte to stoiqeÐo w ∈ W grĹfetai wc w = λ1w1 + λ2w2 + · · · + λkwk. OrÐzoume th
sunĹrthsh

f(λ1, λ2, · · · , λk) = ‖v − w‖ = ‖v − (λ1w1 + λ2w2 + · · ·+ λkwk)‖

kai ja apodeÐxoume ìti aută paÐrnei elĹqisth timă ìtan to shmeÐo (λ1, λ2, · · · , λk) kineÐtai
ston k−diĹstato qÿro, me ton periorismì

‖w‖ = ‖λ1w1 + λ2w2 + · · ·+ λkwk‖ ≤ 2M. (1.2)

EÐnai fanerì ìti h sunĹrthsh

g(λ1, λ2, · · · , λk) = ‖w‖ = ‖λ1w1 + λ2w2 + · · ·+ λkwk‖

eÐnai suneqăc wc proc (λ1, λ2, · · · , λk) kai epomènwc ja paÐrnei elĹqisth timă sto sum-
pagèc sÔnolo

|λ1|+ |λ2|+ · · ·+ |λk| = 1, (1.3)

èstwm autì to elĹqisto. Ja èqoumem > 0 giatÐ se antÐjeth perÐptwsh de ja plhroÔtai
o periorismìc (1.3).
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Epistrèfoume xanĹ sth genikă perÐptwsh ìpou isqÔei o periorismìc (1.2) kai upojètoume
katarqăn ìti

∑k
i=1 |λi| 6= 0. Tìte

g

(
λ1∑k
i=1 |λi|

,
λ2∑k
i=1 |λi|

, · · · , λk∑k
i=1 |λi|

)
≥ m > 0

ă isodÔnama, an lĹboume upìyh thn idiìthta (ii) twn normÿn,

g(λ1, λ2, · · · , λk) ≥ m
k∑

i=1

|λi|.

ParathroÔme ìti aută isqÔei kai gia
∑k
i=1 |λi| = 0, epomènwc ja isqÔei gia ìla ta

(λ1, λ2, · · · , λk) ∈ IRk.
H parapĹnw sqèsh mazÐ me thn (1.2) dÐnoun

2M ≥ g(λ1, λ2, · · · , λk) ≥ m
k∑

i=1

|λi|

apì thn opoÐa prokÔptei ìti
k∑

i=1

|λi| ≤ 2M

m
.

Aută me th seirĹ thc dÐnei

|λi| ≤ 2M

m
, i = 1, 2, · · · , k.

H teleutaÐa orÐzei ènan uperkÔbo pou eÐnai sumpagèc sÔnolo kai katĹ sunèpeia h f pou
eÐnai suneqăc, paÐrnei elĹqisth timă sto sÔnolo autì, pou antistoiqeÐ sth bèltisth
prosèggish. •

DÐnoume sth sunèqeia kĹpoia paradeÐgmata:

ParĹdeigma 1 ’Estw V = C[a, b], o grammikìc qÿroc ìlwn twn suneqÿn sunartă-
sewn sto diĹsthma [a, b] me nìrma thn omoiìmorfh ă Chebyshev nìrma:

‖f‖∞ = max
a≤x≤b

|f(x)|.

’Estw epÐshc W o upoqÿroc n + 1 diĹstashc Pn, ìlwn twn poluwnÔmwn to polÔ n

bajmoÔ orismènwn sto diĹsthma [a, b]. Apì to Jeÿrhma 1 prokÔptei ìti upĹrqei h
bèltisth prosèggish p∗ ∈ Pn tètoia ÿste

‖f − p∗‖∞ = max
a≤x≤b

|f(x)− p∗(x)| ≤ ‖f − p‖∞ = max
a≤x≤b

|f(x)− p(x)| ∀p ∈ Pn

ă alliÿc
min
p∈Pn

max
a≤x≤b

|f(x)− p(x)| = max
a≤x≤b

|f(x)− p∗(x)|.
Apì thn teleutaÐa sqèsh h prosèggish aută èlabe kai to ìnoma min-max prosèggish.
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ParĹdeigma 2 ’Estw to sÔnolo twn diakritÿn shmeÐwn {x1, x2, · · · , xm} me x1 < x2 <

· · · < xm kai V = Em, o grammikìc qÿroc ìlwn twn sunartăsewn f = (f1, f2, · · · , fm)

orismènwn sta shmeÐa autĹ. H omoiìmorfh nìrma ston Em orÐzetai wc

‖f‖∞ = max
i=1,2,···,m

|fi|.

’Estw epÐshc W o upoqÿroc n + 1 diĹstashc Pn, ìlwn twn poluwnÔmwn to polÔ n

bajmoÔ orismènwn sta shmeÐa autĹ. Apì to Jeÿrhma 1 prokÔptei ìti upĹrqei h bèltisth
prosèggish p∗ ∈ Pn tètoia ÿste

‖f − p∗‖∞ = max
i=1,2,···,m

|fi − p∗(xi)| ≤ ‖f − p‖∞ = max
i=1,2,···,m

|fi − p(xi)| ∀p ∈ Pn

ă alliÿc
min
p∈Pn

max
i=1,2,···,m

|fi − p(xi)| = max
i=1,2,···,m

|fi − p∗(xi)|.

An sta duo parapĹnw paradeÐgmata antÐ thc omoiìmorfhc nìrmac orÐsoume thn l2
nìrma èqoume thn prosèggish elĹqistwn tetragÿnwn. ExasfalÐzetai kai edÿ h Ôparxh
thc bèltisthc prosèggishc apì to Jeÿrhma 1. EpÐshc exasfalÐzetai h Ôparxh thc
bèltisthc prosèggishc kai stic periptÿseic ìpou wc nìrma lĹboume opoiadăpote nìrma,
arkeÐ o upoqÿroc W na eÐnai peperasmènhc diĹstashc.

ParĹdeigma 3 ’Estw V = C2π[0, 2π], o grammikìc qÿroc ìlwn twn suneqÿn periodi-
kÿn sunartăsewn, me perÐodo 2π sto diĹsthma [0, 2π] me nìrma thn l2 (ă thn eukleÐdeia
nìrma):

‖f‖2 =
(∫ 2π

0
|f(x)|2dx

) 1
2

.

’Estw epÐshc W o upoqÿroc ìlwn twn trigwnometrikÿn poluwnÔmwn Sk, to polÔ k

bajmoÔ thc morfăc

α0 +
k∑

i=1

αi cos(ix) +
k∑

i=1

βi sin(ix).

ApodeiknÔetai eÔkola ìti oi periodikèc sunartăseic cos(ix), sin(ix), i = 1, 2, · · · , k
kajÿc kai h stajerĹ sunĹrthsh 1, eÐnai grammikĹ anexĹrthtec metaxÔ twn kai apoteloÔn
mia bĹsh gia ton Sk. Autì shmaÐnei ìti o Sk eÐnai diĹstashc 2k+ 1 kai epomènwc apì to
Jeÿrhma 1 prokÔptei ìti upĹrqei h bèltisth prosèggish s∗ ∈ Sk tètoia ÿste

‖f − s∗‖2 ≤ ‖f − s‖2 ∀s ∈ Sk.

To epìmeno parĹdeigma deÐqnei ìti h apaÐthsh o upoqÿroc W na eÐnai peperasmènhc
diĹstashc, eÐnai upoqrewtikă.

ParĹdeigma 4 ’Estw V = C[0, 1
2
], efodiasmènoc me thn omoiìmorfh nìrma. ’Estw

epÐshc W o upoqÿroc ìlwn twn poluwnÔmwn opoioudăpote bajmoÔ orismènwn sto diĹ-
sthma [0, 1

2
] (O W eÐnai Ĺpeirhc diĹstashc giatÐ den upĹrqei Ĺnw frĹgma sto bajmì).
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Ja apodeÐxoume ìti h sunĹrthsh f(x) = 1
1−x den èqei bèltisth prosèggish sto [0, 1

2
].

GnwrÐzoume ìti gia dojèn ε > 0, upĹrqei akèraioc N tètoioc ÿste

|f(x)− (1 + x+ x2 + · · ·+ xN)| < ε, 0 ≤ x ≤ 1

2
.

’Etsi, an upărqe bèltisth prosèggish p∗ ∈ W ja Ðsque

‖f − p∗‖∞ = 0⇔ p∗ =
1

1− x
pou den anăkei ston W afoÔ den eÐnai poluÿnumo, epomènwc den upĹrqei bèltisth pro-
sèggish.

To parapĹnw jeÿrhma mac dÐnei tic sunjăkec Ôparxhc bèltisthc prosèggishc. Prin
proboÔme sth diatÔpwsh kai apìdeixh twn sunjhkÿn monadikìthtac ja dÿsoume èna
qarakthrismì tou sunìlou twn bèltistwn proseggÐsewn, afoÔ prÿta jumhjoÔme ton
orismì tou kurtoÔ sunìlou.

Orismìc 1 ’Ena sÔnolo S lègetai kurtì se èna grammikì qÿro an gia s1, s2 ∈ S

sunepĹgetai ìti

λ1s1 + λ2s2 ∈ S
me λ1 ≥ 0, λ2 ≥ 0 kai λ1 + λ2 = 1.

Jeÿrhma 2 An v ∈ V kai W eÐnai ènac upoqÿroc tou V , tìte to sÔnolo W ∗ ìlwn
twn bèltistwn proseggÐsewn tou v ston W eÐnai kurtì sÔnolo.

Apìdeixh: An to W ∗ eÐnai to kenì sÔnolo tìte eÐnai apì mìno tou kurtì. ’Estw w∗1
kai w∗2 eÐnai duo bèltistec proseggÐseic tou v ston W , tìte

‖v − w∗1‖ = ‖v − w∗2‖ = ρ.

JewroÔme λ1 ≥ 0, λ2 ≥ 0, λ1 + λ2 = 1. Tìte

‖v−(λ1w
∗
1+λ2w

∗
2)‖ = ‖λ1(v−w∗1)+λ2(v−w∗2)‖ ≤ λ1‖v−w∗1‖+λ2‖v−w∗2‖ = (λ1+λ2)ρ = ρ.

Epomènwc λ1w
∗
1 + λ2w

∗
2 ∈W ∗ kai ètsi to W ∗ eÐnai kurtì sÔnolo. •

Orismìc 2 ’Enac stajmhtìc grammikìc qÿroc V lème ìti èqei austhrĹ kurtă nìrma,
ìtan to sÔnolo B = {v : ‖v‖ ≤ 1} (monadiaÐa mpĹla) eÐnai austhrĹ kurtì.

UpenjumÐzoume ìti gia na eÐnai austhrĹ kurtì èna sÔnolo apaiteÐtai h isqÔc thc
prìtashc: An v1 6= v2 me ‖v1‖ = ‖v2‖ = 1, tìte ‖λ1v1 +λ2v2‖ < 1, ìtan λ1 > 0, λ2 > 0

kai λ1 + λ2 = 1.



12 KEF§ALAIO 1. EISAGWGH

Jeÿrhma 3 An V eÐnai ènac grammikìc qÿroc me mia austhrĹ kurtă nìrma kai W
eÐnai ènac upoqÿroc tou V , tìte to stoiqeÐo v ∈ V èqei to polÔ mia bèltisth prosèggish
ston W .

Apìdeixh: Upojètoume ìti w∗1 kai w∗2 eÐnai duo diaforetikèc bèltistec proseggÐseic
tou v ston W . Apì to Jeÿrhma 1 ja èqoume ìti kai w∗1+w∗2

2
ja eÐnai epÐshc bèltisth

prosèggish tou v ston W . Upojètoume ìti

‖v − w∗1‖ = ‖v − w∗2‖ = ρ

kai jètoume me v1 =
v−w∗1
ρ

kai v2 =
v−w∗2
ρ
. Tìte profanÿc v1 6= v2, ‖v1‖ = ‖v2‖ = 1 kai

epeidă h nìrma eÐnai austhrĹ kurtă,

∥∥∥∥
1

2
v1 +

1

2
v2

∥∥∥∥ =

∥∥∥∥∥
1

2ρ
(v − w∗1) +

1

2ρ
(v − w∗2)

∥∥∥∥∥ =
1

ρ

∥∥∥∥v −
w∗1 + w∗2

2

∥∥∥∥ < 1

ă
∥∥∥v − w∗1+w∗2

2

∥∥∥ < ρ to opoÐo eÐnai Ĺtopo. •
O sunduasmìc tou Jewrămatoc 1 me to Jeÿrhma 3 dÐnei wc apotèlesma to parakĹtw

pìrisma.

Pìrisma 1 An V eÐnai ènac grammikìc qÿroc me mia austhrĹ kurtă nìrma kaiW eÐnai
ènac upoqÿroc tou V peperasmènhc diĹstashc, tìte kĹje stoiqeÐo v ∈ V èqei akribÿc
mia bèltisth prosèggish ston W .

ApodeiknÔetai ìti oi lp nìrmec, gia p > 1, eÐnai ìlec austhrĹ kurtèc nìrmec ìtan
V = C[a, b] ă sth diakrită perÐptwsh ìpou V = Em. Epomènwc gia ìlec autèc tic nìr-
mec exasfalÐzetai h monadikìthta thc bèltisthc poluwnumikăc prosèggishc. Eidikìtera
gia thn l2 ă eukleÐdeia nìrma exasfalÐzetai h monadikìthta thc bèltisthc poluwnumikăc
prosèggishc “ElaqÐstwn Tetragÿnwn”. AntÐjeta, gia tic nìrmec l1 kai l∞ èqoume ìti
den eÐnai austhrĹ kurtèc nìrmec. Epomènwc den exasfalÐzetai apì to genikì autì Jeÿ-
rhma h monadikìthta thc bèltisthc prosèggishc “Prÿthc DÔnamhc” oÔte h monadikìthta
thc bèltisthc “Omoiìmorfhc” prosèggishc. Parìla autĹ, eidikă melèth kĹje miac apì
tic parapĹnw periptÿseic, apodeiknÔei th monadikìthta thc bèltisthc prosèggishc kai
stic periptÿseic autèc. Autì ja to doÔme sto epìmeno kefĹlaio gia thn perÐptwsh thc
omoiìmorfhc prosèggishc. De ja apodeÐxoume edÿ ìti eÐnai austhrĹ kurtèc oi lp nìrmec
gia p > 1 allĹ ja dÿsoume paradeÐgmata apì ta opoÐa ja faÐnetai ìti oi l1 kai l∞ den
eÐnai austhrĹ kurtèc nìrmec.

ParĹdeigma 5 ’Estw V = C[0, 1], efodiasmènoc me thn l1 nìrma. Gia tic sunartăseic
v1(x) = 2x kai v2(x) = 2(1 − x), èqoume ìti v1 6= v2 me ‖v1‖ =

∫ 1
0 2xdx = ‖v2‖ =∫ 1

0 2(1 − x)dx = 1. An jewrăsoume λ1 = λ2 = 1
2

paÐrnoume ìti ‖v‖ = ‖v1+v2

2
‖ =

‖2x+2(1−x)
2

‖ = ‖1‖ = 1. Autì shmaÐnei ìti h l1 nìrma den eÐnai austhrĹ kurtă nìrma.
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ParĹdeigma 6 ’Estw V = C[0, 1], efodiasmènoc me thn l∞ nìrma. Gia tic sunartăseic
v1(x) = x kai v2(x) = 2x − 1, èqoume ìti v1 6= v2 me ‖v1‖ = maxx∈[0,1]{x} = ‖v2‖ =

maxx∈[0,1]{|2x − 1|} = 1. An jewrăsoume λ1 = λ2 = 1
2
paÐrnoume ìti ‖v‖ = ‖v1+v2

2
‖ =

‖x+2x−1)
2
‖ = maxx∈[0,1] |3x−1

2
| = 1. Autì shmaÐnei ìti h l∞ nìrma den eÐnai austhrĹ kurtă

nìrma.

ParĹdeigma 7 ’Estw V = Em, m > 1, efodiasmènoc me thn l∞ nìrma. Gia tic
sunartăseic v1 = (1, 1, · · · , 1) kai v2 = (1, 1 − 1

m
, 1 − 2

m
, · · · , 1

m
), èqoume ìti v1 6= v2

me ‖v1‖ = ‖v2‖ = 1. An jewrăsoume λ1 = λ2 = 1
2

paÐrnoume ìti ‖v‖ = ‖v1+v2

2
‖ =

max(1, 1− 1
2m
, 1− 2

2m
, · · · , 1

2
+ 1

2m
) = 1. Autì shmaÐnei ìti h l∞ nìrma den eÐnai austhrĹ

kurtă nìrma.

Oloklhrÿsame edÿ th genikă jewrÐa Ôparxhc kai monadikìthtac thc bèltisthc pro-
sèggishc.

Askăseic

1. Na apodeiqteÐ ìti h èkfrash
∫ b
a |xf(x)|dx, f ∈ C[a, b] orÐzei mia nìrma sto qÿro

C[a, b]

2. DÐnetai to sÔnolo twn diakritÿn shmeÐwn {x1, x2, · · · , xm} kai Em, o grammikìc
qÿroc ìlwn twn sunartăsewn f = (f1, f2, · · · , fm) orismènwn sta shmeÐa autĹ.
Na apodeiqteÐ ìti h èkfrash

∑m
i=1 i|fi|, f ∈ Em orÐzei mia nìrma sto qÿro Em,

enÿ h èkfrash
∑m
i=1(i− 1)|fi|, f ∈ Em den orÐzei nìrma sto qÿro Em.

3. Na apodeiqtoÔn oi anisìthtec

‖f‖2
2 ≤ ‖f‖1 · ‖f‖∞ kai ‖f‖1 ≤

√
2 · ‖f‖2, ∀f ∈ C[−1, 1].

4. DÐnetai to sÔnolo twn diakritÿn shmeÐwn {x1, x2, · · · , xm} kai Em, o grammikìc
qÿroc ìlwn twn sunartăsewn f = (f1, f2, · · · , fm) orismènwn sta shmeÐa autĹ.
Na apodeiqtoÔn oi anisìthtec

‖f‖2
2 ≤ ‖f‖1 · ‖f‖∞ kai ‖f‖1 ≤

√
m · ‖f‖2, ∀f ∈ Em.

5. Na brejeÐ to sÔnolo ìlwn twn bèltistwn proseggÐsewn tou shmeÐou (1 1 1)T ∈
IR3 sto qÿro IR2 = (x y 0)T , x, y ∈ IR, jewrÿntac wc nìrma thn ‖ · ‖∞.
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KefĹlaio 2

OMOIOMORFH PROSEGGISH

’Estw ìti Pn eÐnai to sÔnolo twn poluwnÔmwn to polÔ n bajmoÔ. To Jeÿrhma 1 mac
dÐnei ìti gia dojeÐsa sunĹrthsh f ∈ C[a, b] upĹrqei poluÿnumo p∗n ∈ Pn tètoio ÿste

‖f − p∗n‖ ≤ ‖f − p‖ ∀p ∈ Pn,

ìpou ‖·‖ eÐnai h omoiìmorfh nìrma (l∞ ă nìrma Ĺpeiro). Ja sumbolÐzoume me En(f ; [a, b])

= ‖f − p∗n‖ to sfĹlma thc omoiìmorfhc bèltisthc prosèggishc. ’Otan ja eÐnai sug-
kekrimèno to diĹsthma [a, b] kai de ja upĹrqei lìgoc sÔgqushc, gia suntomÐa ja to
sumbolÐzoume kai me En(f).

Gia na èqei ènnoia h poluwnumikă prosèggish ja prèpei, ìso auxĹnei o bajmìc tou
poluwnÔmou, tìso na mikraÐnei to sfĹlma. Ja apodeÐxoume edÿ ìti En(f) → 0 gia
n→∞, pou eÐnai to gnwstì Jeÿrhma thc poluwnumikăc prosèggishc tou Weierstrass.

Jeÿrhma 4 (Weierstrass) Dojèntwn f ∈ C[a, b] kai ε > 0, upĹrqei poluÿnumo p

tètoio ÿste
‖f − p‖ < ε.

Apìdeixh: Ja kataskeuĹsoume èna tètoio poluÿnumo, qrhsimopoiÿntac ta poluÿnu-
ma Bernstein. MetasqhmatÐzoume prÿta to diĹsthma [a, b] sto [0, 1]. O metasqhmatismìc
eÐnai grammikìc kai 1−1. Jètontac x = (b−a)t+a èqoume f(x) = f((b−a)t+a) = g(t),
ìpou h g(t) orÐzetai sto [0, 1] kai eÐnai suneqăc. MporoÔme epomènwc na apodeÐxoume to
jeÿrhma gia sunartăseic orismènec sto [0, 1].

DojeÐsac sunĹrthshc h(t) fragmènhc sto [0, 1] orÐzoume to poluÿnumo Bernstein

m bajmoÔ Bm(h; t) wc exăc:

Bm(h; t) =
m∑

k=0

h

(
k

m

)(
m
k

)
tk(1− t)m−k. (2.1)

EÐnai fanerì ìti
i) Bm(h; t) ∈ Pm
ii) Bm(αh; t) = αBm(h; t)

15
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iii) Bm(h1 + h2; t) = Bm(h1; t) + Bm(h2; t)

iv) An h1(t) ≤ h2(t) tìte Bm(h1; t) ≤ Bm(h2; t)

Apì tic (ii) kai (iii) prokÔptei ìti

Bm(αh1 + βh2; t) = αBm(h1; t) + βBm(h2; t)

pou shmaÐnei ìti o telestăc Bm eÐnai ènac grammikìc telestăc. H idiìthta (iv) prokÔptei
eÔkola afoÔ, gia dedomèno t ∈ [0, 1] ekeÐno pou allĹzei ston tÔpo (2.1) eÐnai oi parĹ-

gontec h1(t) kai h2(t), h1(t) ≤ h2(t), enÿ o stajerìc parĹgontac

(
m
k

)
tk(1 − t)m−k

eÐnai mh arnhtikìc. H idiìthta aută kajistĹ ton telestă Bm èna jetikì telestă afoÔ
gia h = h2 − h1 ≥ 0 èqoume ìti

Bm(h; t) ≥ 0.

’Eqoume na apodeÐxoume ìti gia ε > 0 kai gia h ∈ C[0, 1], upĹrqei akèraioc m0 tètoioc
ÿste

‖h−Bm0(h)‖ < ε.

Ja meletăsoume tÿra th sumperiforĹ tou telestă Bm, ìtan efarmosteÐ stic sunar-
tăseic monÿnuma 1, t kai t2.
Gia h(t) = 1,

Bm(1; t) =
m∑

k=0

(
m
k

)
tk(1− t)m−k = (t+ 1− t)m = 1.

Gia h(t) = t, èqoume

Bm(t; t) =
∑m
k=0

k
m

(
m
k

)
tk(1− t)m−k =

∑m
k=1

(
m− 1
k − 1

)
tk(1− t)m−k

= t
∑m−1
j=0

(
m− 1
j

)
tj(1− t)m−1−j = t(t+ 1− t)m−1 = t.

Tèloc, gia h(t) = t2, èqoume

Bm(t2; t) = Bm

(
t
(
t− 1

m

)
; t
)

+
1

m
Bm(t; t) = Bm

(
t
(
t− 1

m

)
; t
)

+
1

m
t.

UpologÐzoume tÿra to Bm

(
t
(
t− 1

m

)
; t
)
.

Bm

(
t
(
t− 1

m

)
; t
)

=
m∑

k=0

k

m

k − 1

m

(
m
k

)
tk(1− t)m−k

allĹ

k

m

k − 1

m

(
m
k

)
=

k(k − 1)m!

m2k!(m− k)!
=

(m− 1)!

m(k − 2)!(m− k)!

=
(m− 1)

m

(m− 2)!

(k − 2)!(m− k)!
=
(

1− 1

m

)(
m− 2
k − 2

)
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opìte

Bm

(
t
(
t− 1

m

)
; t
)

=
(

1− 1

m

)
t2
m−2∑

j=0

(
m− 2
j

)
tj(1− t)m−2−j =

(
1− 1

m

)
t2.

TelikĹ èqoume ìti

Bm(t2; t) =
(

1− 1

m

)
t2 +

1

m
t = t2 +

1

m
t(1− t).

Autèc oi treic sunartăseic elègqou eÐnai arketèc gia na apodeÐxoume to zhtoÔmeno gia
kĹje sunĹrthsh h.
Upojètoume ìti ‖h‖ = M kai ìti s, t ∈ [0, 1], tìte prokÔptei eÔkola ìti

−2M ≤ h(t)− h(s) ≤ 2M. (2.2)

Apì thn Ĺllh pleurĹ, epeidă h h eÐnai omoiìmorfa suneqăc sto [0, 1] èqoume ìti, gia
kĹje ε1 > 0 upĹrqei δ(ε1) > 0 tètoio ÿste

−ε1 ≤ h(t)− h(s) ≤ ε1, ìtan |t− s| < δ. (2.3)

Apì tic (2.2) kai (2.3) prokÔptei ìti isqÔei h

−ε1 − 2M

δ2
(t− s)2 ≤ h(t)− h(s) ≤ ε1 +

2M

δ2
(t− s)2 (2.4)

gia ìla ta s, t ∈ [0, 1]. PragmatikĹ an |t− s| < δ tìte h (2.4) isqÔei afoÔ ta frĹgmatĹ
thc eÐnai ekeÐna thc (2.3) dieurumèna katĹ ton ìro 2M

δ2 (t − s)2, enÿ an |t − s| ≥ δ tìte
h (2.4) isqÔei afoÔ ta frĹgmata thc eÐnai ekeÐna thc (2.2) dieurumèna katĹ parĹgonta
(t−s)2

δ2 ≥ 1 kai katĹ ton ìro ε1.
Sth sunèqeia, qrhsimopoiÿntac th grammikìthta kai th jetikìthta tou telestă Bm, ton
efarmìzoume stic anisìthtec (2.4) jewrÿntac tic sunartăseic wc proc th metablhtă t
enÿ to s to paÐrnoume stajerì. ’Etsi èqoume

Bm

(
−ε1 − 2M

δ2
(t− s)2; t

)
≤ Bm (h(t)− h(s); t) ≤ Bm

(
ε1 +

2M

δ2
(t− s)2; t

)

ă isodÔnama

−ε1 − 2M

δ2
Bm((t− s)2; t) ≤ Bm(h(t); t)− h(s) ≤ ε1 +

2M

δ2
Bm((t− s)2; t). (2.5)

AllĹ

Bm((t− s)2; t) = Bm(t2; t)− 2sBm(t; t) + s2Bm(1; t)

= t2 +
1

m
t(1− t)− 2st+ s2 = (t− s)2 +

1

m
t(1− t).
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LambĹnontac tÿra to ìrio thc parapĹnw sqèshc gia t teÐnontoc sto s èqoume

lim
t→sBm((t− s)2; t) =

1

m
s(1− s) ≤ 1

4m
,

afoÔ s ∈ [0, 1]. Jewrÿntac epÐshc ta ìria se ìla ta mèlh thc (2.5) gia t teÐnontoc sto
s, paÐrnoume

−ε1 − M

2δ2m
≤ Bm(h; s)− h(s) ≤ ε1 +

M

2δ2m

ă

|Bm(h; s)− h(s)| ≤ ε1 +
M

2δ2m
. (2.6)

Tÿra an epilèxoume ε1 = ε
2
, tìte gia kĹje m0 >

M
δ2ε

èqoume to zhtoÔmeno

|Bm(h; s)− h(s)| < ε, 0 ≤ s ≤ 1. (2.7)

•
ApodeÐxame edÿ to Jeÿrhma tou Weierstrass jewrÿntac ta poluÿnuma Bernstein.

Ja mporoÔse na gÐnei h apìdeixh qrhsimopoiÿntac kĹpoia Ĺllh akoloujÐa poluwnÔmwn
arkeÐ na plhroÔntai kĹpoiec proôpojèseic. O Korovkin èdwse mia genikìterh apìdeixh
thc poluwnumikăc prosèggishc. DÐnoume edÿ to Jeÿrhma Korovkin qwrÐc apìdeixh afoÔ
aută basÐzetai sthn Ðdia teqnikă.

Jeÿrhma 5 (Korovkin) ’Estw C[a, b] to sÔnolo twn suneqÿn sunartăsewn sto diĹ-
sthma [a, b]. JewroÔme to sÔnolo twn sunartăsewn T = {1, x, x2}, pou kaleÐtai sÔnolo
Korovkin. ’Estw {Φn} mia akoloujÐa grammikÿn kai jetikÿn telestÿn sto qÿro C[a, b].
An gia kĹje g ∈ T , h Φn(g) sugklÐnei omoiìmorfa sthn g, tìte h {Φn} apoteleÐ mia
diadikasÐa prosèggishc, dhladă

Φn(f) sugklÐnei omoiìmorfa sthn f ∀f ∈ C[a, b].

To Jeÿrhma Korovkin genikeÔetai kai gia sunartăseic pollÿn metablhtÿn. To
dÐnoume edÿ sthn pio genikă tou morfă.

Jeÿrhma 6 (Korovkin) ’EstwK èna sumpagèc sÔnolo tou IRd kai èstw C(K) o qÿroc
Banach twn suneqÿn sunartăsewn (pragmatikÿn ă migadikÿn) sto K, efodiasmènoc
me th nìrma Ĺpeiro. JewroÔme to sÔnolo twn sunartăsewn T = {1, xi, ‖x‖2

2, i =

1, . . . , d}, pou kaleÐtai sÔnolo Korovkin. ’Estw {Φn} mia akoloujÐa grammikÿn kai
jetikÿn telestÿn sto qÿro C(K). An gia kĹje g ∈ T , h Φn(g) sugklÐnei omoiìmorfa
sthn g, tìte h {Φn} apoteleÐ mia diadikasÐa prosèggishc, dhladă

Φn(f) sugklÐnei omoiìmorfa sthn f ∀f ∈ C(K).
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ParathroÔme edÿ ìti ìtan to sumpagèc sÔnolo eÐnai diĹstashc d, arkoÔn d+ 2 su-
nartăseic sto sÔnolo Korovkin T , ek twn opoÐwn h mia eÐnai deÔterou bajmoÔ, pou eÐnai
aparaÐthth gia na mac dÿsei mia anisìthta antÐstoiqh thc (2.2) sthn perÐptwsh twn
telestÿn Bernstein. Akìmh prèpei na tonÐsoume ìti to Jeÿrhma Korovkin mporeÐ na
epektajeÐ kai gia thn perÐptwsh prosèggishc me Ĺllou eÐdouc sunartăseic pèran twn po-
luwnumikÿn, arkeÐ na epilegeÐ katĹllhla to sÔnolo elègqou T . ’Ena tètoio parĹdeigma
apoteleÐ h prosèggish twn periodikÿn sunartăsewn me trigwnometrikĹ poluÿnuma.

Ta parapĹnw jewrămata dÐnoun apĹnthsh sto prìblhma thc Ôparxhc thc poluwnu-
mikăc prosèggishc. De milăsame kajìlou gia to pìso kală eÐnai aută h prosèggish,
dhladă gia to sfĹlma apokopăc katĹ thn poluwnumikă prosèggish me sugkekrimèno to
bajmì tou poluwnÔmou. De ja epimeÐnoume sto jèma autì giatÐ qreiĹzetai arketă jew-
rÐa, aplÿc ja anafèroume ìti h sÔgklish thc poluwnumikăc prosèggishc exartĹtai apì
th sunĹrthsh f kai pio sugkekrimèna apì to eÐdoc thc sunèqeiac thc f . OrÐzetai edÿ
to Mètro Sunèqeiac ω(δ), δ > 0 miac sunĹrthshc f wc

ω(δ) = sup
x1,x2∈[a,b],|x1−x2|≤δ

|f(x1)− f(x2)|. (2.8)

’Oso taqÔtera sugklÐnei h sunĹrthsh ω sto mhdèn tou δ teÐnontoc sto mhdèn, tìso
mikrìtero eÐnai to sfĹlma thc poluwnumikăc prosèggishc.

Gia th sunĹrthsh f(x) = x, gia parĹdeigma, èqoume

ω(δ) = sup
x1,x2∈[a,b],|x1−x2|≤δ

|x1 − x2| = δ,

enÿ gia th sunĹrthsh f(x) = x2,

ω(δ) = sup
x1,x2∈[a,b],|x1−x2|≤δ

|x2
1 − x2

2| = sup
x1,x2∈[a,b],|x1−x2|≤δ

|x1 + x2||x1 − x2| ≤ 2bδ.

Prèpei na tonÐsoume epÐshc ìti ta poluÿnuma Bernstein kajÿc kai ta poluÿnuma
pou prokÔptoun apì akoloujÐec telestÿn Korovkin, apoteloÔn aplÿc mia poluwnumi-
kă prosèggish kai ìqi th bèltisth omoiìmorfh poluwnumikă prosèggish. Sto exăc ja
asqolhjoÔme me th bèltisth omoiìmorfh poluwnumikă prosèggish. Ja apodeÐxoume kĹ-
poiec idiìthtec pou th qarakthrÐzoun, ÿste na mporèsoume na katalăxoume se algìrijmo
eÔreshc autăc.

2.1 Qarakthrismìc thc bèltisthc omoiìmorfhc
prosèggishc

’Estw p∗n h bèltisth omoiìmorfh prosèggish thc f ∈ C[a, b], sto qÿro Pn twn poluw-
nÔmwn to polÔ n bajmoÔ, tìte h sunĹrthsh sfĹlma dÐnetai wc

e(x) = f(x)− p∗n(x),
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me ‖e(x)‖ = En(f ; [a, b]). Sto Jeÿrhma pou akoloujeÐ ja dÿsoume mia prÿth idiìthta
thc bèltisthc prosèggishc.

Jeÿrhma 7 UpĹrqoun toulĹqisto duo diaforetikĹ shmeÐa x1, x2 ∈ [a, b] tètoia ÿste

|e(x1)| = |e(x2)| = En(f ; [a, b])

kai e(x1) = −e(x2).

Apìdeixh: H kampÔlh y = e(x) ja brÐsketai metaxÔ twn eujeiÿn y = ±En(f) kai ja
efĹptetai toulĹqiston se mia apì autèc. QwrÐc blĹbh thc genikìthtac upojètoume ìti
efĹptetai mìno sthn y = En(f) kai ìti

min
a≤x≤b

e(x) = m > −En(f).

JewroÔme c = En(f)+m
2

> 0. Tìte gia to poluÿnumo qn = p∗n − c ∈ Pn isqÔei ìti
f(x)− qn(x) = e(x)− c kai epomènwc

−(En(f)− c) = m− c ≤ e(x)− c ≤ En(f)− c

pou shmaÐnei ìti

‖f − qn‖ ≤ En(f)− c.
Autì ìmwc eÐnai Ĺtopo afoÔ upojèsame ìti p∗n eÐnai h bèltisth prosèggish.

Pìrisma 2 H bèltisth proseggistikă stajerĹ (poluÿnumo mhdenikoÔ bajmoÔ) eÐnai

p∗0 =
1

2
( max
a≤x≤b

f(x) + min
a≤x≤b

f(x))

me

E0(f) =
1

2
( max
a≤x≤b

f(x)− min
a≤x≤b

f(x)).

Ja dÿsoume tÿra ènan orismì gia na mporèsoume sth sunèqeia na diatupÿsoume to
basikì jeÿrhma pou qarakthrÐzei th bèltisth prosèggish.

Orismìc 3 ’Ena sÔnolo shmeÐwn x0, x1, . . . , xk me a ≤ x0 < x1 < · · · < xk ≤ b lègetai
enallassìmeno sÔnolo shmeÐwn gia th sunĹrthsh sfĹlma e = f − p∗n, an

|e(xj)| = |f(xj)− p∗n(xj)| = ‖f − p∗n‖, j = 0, 1, . . . , k

kai

f(xj)− p∗n(xj) = −(f(xj+1)− p∗n(xj+1)), j = 0, 1, . . . , k − 1.
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Jeÿrhma 8 ’Estw f ∈ C[a, b]. To poluÿnumo p∗n eÐnai h bèltisth prosèggish sto
diĹsthma [a, b] thc f , sto sÔnolo poluwnÔmwn Pn an kai mìno an (ann) upĹrqei enallas-
sìmeno sÔnolo shmeÐwn gia th sunĹrthsh sfĹlma e = f − p∗n, apoteloÔmeno apì n+ 2

shmeÐa.

Apìdeixh: (⇐) ’Estw ìti upĹrqei enallassìmeno sÔnolo shmeÐwn x0, x1, . . . , xn+1

gia thn e = f − p∗n. ’Estw epÐshc ìti upĹrqei qn ∈ Pn tètoio ÿste

‖f − qn‖ < ‖f − p∗n‖.

Tìte
|f(xj)− qn(xj)| < ‖f − p∗n‖ = |f(xj)− p∗n(xj)|, j = 0, 1, . . . , n+ 1

kai apì ton orismì tou enallassomènou sunìlou prokÔptei ìti: An

f(xj)− p∗n(xj) = ‖f − p∗n‖ > 0⇒ f(xj)− p∗n(xj) > f(xj)− qn(xj)

ă
f(xj)− p∗n(xj)− (f(xj)− qn(xj)) = qn(xj)− p∗n(xj) > 0,

enÿ an

f(xj)− p∗n(xj) = −‖f − p∗n‖ < 0⇒ f(xj)− p∗n(xj) < f(xj)− qn(xj)

ă
f(xj)− p∗n(xj)− (f(xj)− qn(xj)) = qn(xj)− p∗n(xj) < 0.

Autì shmaÐnei ìti to poluÿnumo qn − p∗n enallĹssei suneqÿc prìshmo kajÿc to j

metabĹlletai apì to 0 sto n+1. Dhladă upĹrqei rÐza se kĹje diĹsthma (xj, xj+1), j =

0, 1, . . . , n. ’Etsi to poluÿnumo qn − p∗n ∈ Pn èqei n+ 1 rÐzec, to opoÐo eÐnai Ĺtopo.
(⇒) ’Estw ìti p∗n eÐnai h bèltisth prosèggish thc f , ìpou h f den eÐnai poluÿnumo

n bajmoÔ. ’Estw epÐshc ìti to mègisto enallassìmeno sÔnolo shmeÐwn apoteleÐtai apì
m + 1 shmeÐa a ≤ x0 < x1 < · · · < xm ≤ b. Apì to Jeÿrhma 7 prokÔptei ìti m ≥ 1.
Ja apodeÐxoume ìti m ≥ n+ 1.

’Estw ìti m ≤ n kai ìti
‖f − p∗n‖ = ρ.

JewroÔme th diamèrish t0, t1, t2, . . . , ts ∈ [a, b] tètoia ÿste a = t0 < t1 < t2 < · · · <
ts = b kai h sunĹrthsh e = f − p∗n na plhroÐ thn

|e(ξ)− e(η)| < 1

2
ρ ∀ξ, η ∈ [tj, tj+1], j = 0, 1, . . . , s− 1.

KĹje upodiĹsthma pou perièqei akraÐo jetikì shmeÐo t gia th sunĹrthsh e (e(t) =

ρ), to kaloÔme (+) upodiĹsthma enÿ kĹje upodiĹsthma pou perièqei akraÐo arnhtikì
shmeÐo t gia th sunĹrthsh e (e(t) = −ρ), to kaloÔme (`) upodiĹsthma. GrĹfoume apì
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aristerĹ proc ta dexiĹ mìno ta (±) upodiastămata I1, I2, . . . , IN kai èstw ìti eÐnai (+)
to upodiĹsthma I1. QwrÐzoume sth sunèqeia to sÔnolo I1, I2, . . . , IN se uposÔnola pou
ja perièqoun ta diadoqikĹ (+) ă (`) upodiastămata. ’Estw ìti autĹ eÐnai:

{I1, I2, . . . , Ik1} (+) upodiastămata

{Ik1+1, Ik1+2, . . . , Ik2} (−) upodiastămata
...

...
...

{Ikm+1, Ikm+2, . . . , Ikm+1} (−)m upodiastămata

KĹje uposÔnolo perièqei toulĹqiston èna upodiĹsthma, enÿ 2 ≤ m + 1 ≤ n + 1 apì
tic upojèseic pou kĹname. EÐnai fanerì ìti ta upodiastămata Ikj kai Ikj+1 eÐnai xèna
metaxÔ twn afoÔ upĹrqei olìklhro diĹsthma pou ta qwrÐzei. Autì sumbaÐnei diìti e(x) >
1
2
ρ, x ∈ Ikj kai e(x) < −1

2
ρ, x ∈ Ikj+1 an Ikj kai Ikj+1 eÐnai (+) kai (`) upodiastămata,

antÐstoiqa ă antÐstrofa an autĹ eÐnai (`) kai (+) upodiastămata, antÐstoiqa. JewroÔme
tÿra m shmeÐa z1, z2, . . . , zm tètoia ÿste

zj > x ∀x ∈ Ikj kai zj < x ∀x ∈ Ikj+1.

OrÐzoume sth sunèqeia to poluÿnumo q ∈ Pm:

q(x) = (z1 − x)(z2 − x) · · · (zm − x).

ParathroÔme ìti to q(x) èqei to Ðdio prìshmo me th sunĹrthsh e(x) se ìla ta u-
podiastămata I1, I2, . . . , IN . PragmatikĹ, an to x anăkei sto prÿto sÔnolo upodia-
sthmĹtwn {I1, I2, . . . , Ik1}, pou eÐnai (+) upodiastămata, to q(x) eÐnai jetikì afoÔ
zi > x, i = 1, 2, . . . ,m, enÿ kĹje forĹ pou to x metabaÐnei se epìmeno uposÔnolo
to poluÿnumo q allĹzei prìshmo afoÔ kĹje forĹ kai èna apì ta zi gÐnetai mikrìtero
tou x. OnomĹzoume me R thn ènwsh twn upodiasthmĹtwn pou den eÐnai (±) upodiastă-
mata. Tìte,

max
x∈R
|e(x)| = ρ′ < ρ.

Upojètoume ìti ‖q‖ = M kai epilègoume èna λ > 0 tìso mikrì ÿste

λM < min{ρ− ρ′, ρ
2
}.

Ja apodeÐxoume tÿra ìti to poluÿnumo p(x) = λq(x) + p∗n(x) ∈ Pn eÐnai kalÔterh
prosèggish apì to p∗n(x).
’Estw ìti x ∈ R, tìte

|f(x)−p(x)| = |f(x)−λq(x)−p∗n(x)| = |e(x)−λq(x)| ≤ |e(x)|+λ|q(x)| ≤ ρ′+λM < ρ.

An to x anăkei se èna apì ta Ij, j = 1, 2, . . . , N , e(x) kai λq(x) èqoun to Ðdio prìshmo
kai isqÔoun oi anisìthtec |e(x)| > ρ

2
> λ|q(x)|. Tìte,

|f(x)−p(x)| = |f(x)−λq(x)−p∗n(x)| = |e(x)−λq(x)| = |e(x)|−λ|q(x)| ≤ ρ−λ|q(x)| < ρ.
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Katalăxame ètsi se Ĺtopo opìte isqÔei to zhtoÔmeno kai oloklhrÿjhke h apìdeixh tou
Jewrămatoc. •

To jeÿrhma autì de mac lèei ìti to enallassìmeno sÔnolo shmeÐwn eÐnai monadikì,
pou shmaÐnei ìti mporoÔn na upĹrqoun perissìtera apì n + 2 enallassìmena shmeÐa.
Autì faÐnetai kajarĹ sto epìmeno parĹdeigma.

ParĹdeigma 8 Na brejeÐ h bèltisth prosèggish thc sunĹrthshc sin(4x) sto diĹsth-
ma [−π, π], ston P6.

ParathroÔme ìti h sunĹrthsh sin(4x) èqei èna enallassìmeno sÔnolo shmeÐwn sto
diĹsthma [−π, π] apoteloÔmeno apì 8 shmeÐa, ta {−π + π

8
,−π + 3π

8
,−π + 5π

8
,−π +

7π
8
,−π + 9π

8
,−π + 11π

8
,−π + 13π

8
,−π + 15π

8
}. An jewrăsoume thn Ðdia sunĹrthsh wc th

sunĹrthsh sfĹlma e(x), tìte to bèltisto poluÿnumo mèqri kai èktou bajmoÔ eÐnai to
mhdenikì poluÿnumo. ’Eqoume loipìn wc sumpèrasma ìti

p∗0 = p∗1 = p∗2 = p∗3 = p∗4 = p∗5 = p∗6 = 0.

Apì to Jeÿrhma 1 thc Eisagwgăc èqoume exasfalÐsei thn Ôparxh thc bèltisthc o-
moiìmorfhc prosèggishc, to Jeÿrhma 3 ìmwc de mac exasfalÐzei th monadikìthta autăc,
afoÔ h nìrma Ĺpeiro den eÐnai austhrĹ kurtă nìrma. Ja apodeÐxoume edÿ th monadikìth-
ta thc bèltisthc omoiìmorfhc prosèggishc, qrhsimopoiÿntac th qarakthristikă idiìthta
pou apodeÐxame sto Jeÿrhma 8.

Jeÿrhma 9 (Monadikìthta) H bèltisth omoiìmorfh prosèggish p∗n thc f ∈ C[a, b]

ston Pn eÐnai monadikă.

‖f − p‖ > ‖f − p∗n‖ ∀p ∈ Pn, p 6= p∗n

Apìdeixh: Upojètoume ìti upĹrqei poluÿnumo p ∈ Pn tètoio ÿste

‖f − p‖ = ‖f − p∗n‖ = En(f).

Tìte, sÔmfwna me to Jeÿrhma 2, kai o kurtìc sunduasmìc q = p+p∗n
2

ja eÐnai bèltisth
prosèggish. ’Estw ìti {x0, x1, . . . , xn+1} sunistĹ èna enallassìmeno sÔnolo shmeÐwn
gia thn f − q tètoio ÿste

f(xj)− q(xj) =
f(xj)− p(xj)

2
+
f(xj)− p∗n(xj)

2
= (−1)l+jEn(f), j = 0, 1, . . . , n+ 1

ìpou to l paÐrnei tic timèc 0 ă 1 an to sfĹlma sto shmeÐo x0 eÐnai jetikì ă arnhtikì,
antÐstoiqa. Epeidă ìmwc

∣∣∣∣∣
f(xj)− p(xj)

2

∣∣∣∣∣ ≤
En(f)

2
,

∣∣∣∣∣
f(xj)− p∗n(xj)

2

∣∣∣∣∣ ≤
En(f)

2
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sumperaÐnoume ìti

f(xj)− p(xj) = f(xj)− p∗n(xj) = (−1)l+jEn(f), j = 0, 1, . . . , n+ 1

ă
p(xj) = p∗n(xj), j = 0, 1, . . . , n+ 1

pou apodeiknÔei ìti p ≡ p∗n. •
Ja dÿsoume edÿ kĹpoia aplĹ paradeÐgmata eÔreshc thc bèltisthc prosèggishc.

ParĹdeigma 9 Na brejeÐ h bèltisth prosèggish thc sunĹrthshc x2 sto diĹsthma
[−1, 1], ston P1.

AnazhtoÔme èna poluÿnumo to polÔ prÿtou bajmoÔ. Upojètoume ìti autì ja eÐnai
thc morfăc αx+β, opìte h sunĹrthsh sfĹlma ja eÐnai e(x) = x2−αx−β. AnazhtoÔme
loipìn ta 3 akrìtata autăc thc sunĹrthshc sto diĹsthma [−1, 1]. Epeidă aută eÐnai
suneqăc kai paragwgÐsimh sto (−1, 1), brÐskoume ta eswterikĹ akrìtata mhdenÐzontac
thn parĹgwgo. Aută mac dÐnei to shmeÐo α

2
. Profanÿc ta Ĺlla duo akrìtata ja eÐnai

anagkastikĹ ta Ĺkra tou diastămatoc −1 kai 1. Ja èqoume loipìn, sÔmfwna me to nìmo
twn enallassìmenwn shmeÐwn, ìti

e(−1) = −e(α
2

) = e(1)⇔ 1 + α− β = −(
α2

4
− α2

2
− β) = 1− α− β.

LÔnontac to sÔsthma autì brÐskoume ìti α = 0 kai β = 1
2
. ’Eqoume epomènwc ìti

p∗1(x) =
1

2
= p∗0(x).

ParĹdeigma 10 Na brejeÐ h bèltisth prosèggish thc sunĹrthshc x3, x ∈ [−1, 1],
ston P1.

Ergazìmaste me ton Ðdio trìpo ìpwc kai sto prohgoÔmeno parĹdeigma. Upojètoume
ìti p∗1(x) = αx + β, opìte h sunĹrthsh sfĹlma ja eÐnai e(x) = x3 − αx− β. Paragw-
gÐzontac kai mhdenÐzontac thn parĹgwgo, brÐskoume duo eswterikĹ akrìtata ta ±

√
α
3
.

Profanÿc to trÐto akrìtato ja eÐnai anagkastikĹ èna apì ta duo Ĺkra tou diastămatoc,
to −1 ă to 1. Ja èqoume loipìn, sÔmfwna me to nìmo twn enallassìmenwn shmeÐwn,
ìti

e(−1) = −e
(
−
√
α

3

)
= e

(√
α

3

)
⇔ −1 + α− β = −

(
2α

3

√
α

3
− β

)
= −2α

3

√
α

3
− β.

ă

e
(
−
√
α

3

)
= −e

(√
α

3

)
= e(1)⇔ 2α

3

√
α

3
− β = −

(
−2α

3

√
α

3
− β

)
= 1− α− β.

LÔnontac ta duo parapĹnw sustămata, brÐskoume thn koină lÔsh α = 3
4

kai β = 0.
’Eqoume epomènwc ìti

p∗1(x) =
3

4
x.

Epeidă brèjhkan telikĹ tèssera ta shmeÐa sto enallassìmeno sÔnolo, to poluÿnumo
pou brăkame ja eÐnai bèltisth prosèggish kai ston P2, ja èqoume dhladă ìti p∗2(x) = 3

4
x.
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ParĹdeigma 11 Na brejeÐ h bèltisth prosèggish thc sunĹrthshc |x|, x ∈ [−1, 1],
ston P2.

Upojètoume ìti p∗2(x) = αx2 + βx + γ, opìte h sunĹrthsh sfĹlma ja eÐnai e(x) =

|x| −αx2−βx− γ. Edÿ èqoume to prìblhma ìti den orÐzetai h parĹgwgoc sto 0. Sthn
perÐptwsh aută paragwgÐzoume sta upodiastămata (−1, 0) kai (0, 1), ètsi èqoume

e(x) = −x− αx2 − βx− γ = −αx2 − (β + 1)x− γ,

e′(x) = −2αx− (β + 1) = 0⇔ x = −β + 1

2α
, x ∈ (−1, 0)

kai
e(x) = x− αx2 − βx− γ = −αx2 − (β − 1)x− γ,

e′(x) = −2αx− (β − 1) = 0⇔ x = −β − 1

2α
, x ∈ (0, 1).

’Eqoume breÐ loipìn duo akrìtata, èna gia kĹje upodiĹsthma. Ta upìloipa duo pou
mac qreiĹzontai ja lhfjoÔn apì ta Ĺkra −1 kai 1 ă apì to 0 pou den orÐzetai h
parĹgwgoc. ’Eqoume epomènwc na epilèxoume mèsa apì treic epilogèc tetrĹdwn, tic
{−1,−β+1

2α
, 0,−β−1

2α
ă {−β+1

2α
, 0,−β−1

2α
, 1} ă {−1,−β+1

2α
,−β−1

2α
, 1}. DokimĹzontac thn

prÿth epilogă paÐrnoume

e(−1) = −e(−β + 1

2α
) = e(0) = −e(−β − 1

2α
)

⇔ −α + β + 1− γ = −(β + 1)2

4α
+ γ = −γ = −(β − 1)2

4α
+ γ

LÔnontac to sÔsthma brÐskoume α = 1, β = 0 kai γ = 1
8
. To enallassìmeno sÔnolo

ja eÐnai {−1,−1
2
, 0, 1

2
}. ’Eqoume epomènwc ìti

p∗2(x) = x2 +
1

8
.

UpologÐzoume sth sunèqeia ta sfĹlmata sto enallassìmeno sÔnolo: e(−1) = −1
8
, e(−1

2
)

= 1
8
, e(0) = −1

8
, e(1

2
) = 1

8
. An upologÐsoume to sfĹlma thc lÔshc pou brăkame kai

sto shmeÐo 1, ja broÔme e(1) = −1
8
pou shmaÐnei ìti upĹrqei èna enallassìmeno sÔnolo

apoteloÔmeno apì pènte shmeÐa, dhladă h lÔsh pou brăkame ja eÐnai bèltisth prosèg-
gish kai ston P3, ja èqoume dhladă ìti p∗3(x) = x2 + 1

8
. Lìgw thc monadikìthtac, afoÔ

brăkame th lÔsh, eÐnai anÿfelo na exetĹsoume tic Ĺllec duo epilogèc. Profanÿc h
deÔterh epilogă ja mac dÿsei thn Ðdia lÔsh enÿ h trÐth de ja mac dÿsei lÔsh, afoÔ
an exairèsoume to endiĹmeso shmeÐo 0 de mporeÐ ta upìloipa shmeÐa na suneqÐzoun na
apoteloÔn enallassìmeno sÔnolo.

ParathroÔme sta trÐa parapĹnw paradeÐgmata ìti ekeÐ ìpou h sunĹrthsh eÐnai Ĺrtia,
èdwse bèltisto poluÿnumo èna Ĺrtio poluÿnumo, enÿ ekeÐ ìpou eÐnai perittă, èdwse
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perittì. Autì sumbaÐnei epeidă to diĹsthma [−1, 1] twn triÿn paradeigmĹtwn, eÐnai sum-
metrikì wc proc to 0. MporeÐ na apodeiqteÐ genikĹ ìti oi Ĺrtiec sunartăseic orismènec
se summetrikì wc proc to 0 diĹsthma dÐnoun Ĺrtio bèltisto poluÿnumo, enÿ oi perittèc,
perittì.

H diadikasÐa pou akoloujăjhke sta paradeÐgmata, den eÐnai eÔkolo na akoloujhjeÐ
genikĹ, gia to lìgo ìti h sunĹrthsh f mporeÐ na eÐnai polÔplokh ă to n eÐnai sqetikĹ
megĹlo kai eÐnai dÔskolo (ă adÔnato) na prosdiorisjoÔn oi rÐzec thc paragÿgou. Para-
kĹtw ja doÔme ìti upĹrqei algìrijmoc prosdiorismoÔ tou bèltistou poluwnÔmou, pou
basÐzetai sthn prosèggish sunartăsewn orismènwn se peperasmèno sÔnolo shmeÐwn.
Prÿta ìmwc ja meletăsoume to prìblhma thc prosèggishc poluwnÔmwn me poluÿnuma
mikrìterou bajmoÔ.

2.2 Bèltisth omoiìmorfh prosèggish poluwnÔ-
mwn ` Poluÿnuma Chebyshev

Orismìc 4 To poluÿnumo Chebyshev bajmoÔ n orÐzetai wc

Tn(x) = cos(nθ), x = cos(θ). (2.9)

To poluÿnumo Chebyshev mporeÐ na grafeÐ kai wc

Tn(x) = cos(n arccosx).

Apì thn idiìthta twn sunhmitìnwn:

cos((n+ 1)θ) + cos((n− 1)θ) = 2 cos(θ) cos(nθ),

prokÔptei h anadromikă sqèsh twn poluwnÔmwn Chebyshev:

Tn+1(x) = 2xTn(x)− Tn−1(x). (2.10)

Apì th sqèsh aută mporoÔme na upologÐsoume to Tn(x) gia opoiodăpote n, xekinÿntac
me T0(x) = 1 kai T1(x) = x pou eÐnai profană apì th (2.9). DÐnoume edÿ touc treic
epìmenouc ìrouc:

T2(x) = 2xT1(x)− T0(x) = 2x2 − 1

T3(x) = 2xT2(x)− T1(x) = 2x(2x2 − 1)− x = 4x3 − 3x

T4(x) = 2xT3(x)− T2(x) = 2x(4x3 − 3x)− (2x2 − 1) = 8x4 − 8x2 + 1.

ApodeiknÔetai polÔ eÔkola me epagwgă ìti o suntelestăc tou megistobajmÐou ìrou tou
Tn(x) eÐnai 2n−1, kajÿc kai ìti to Tn(x) perièqei mìno tic Ĺrtiec dunĹmeic tou x an o n
eÐnai Ĺrtioc ă mìno tic perittèc an o n eÐnai perittìc.
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Ta poluÿnuma Chebyshev èqoun polÔ kalèc idiìthtec. Mia apì autèc eÐnai h orjo-
gwniìthtĹ touc wc proc th sunĹrthsh bĹrouc 1√

1−x2 , sto diĹsthma [−1, 1]. H idiìthta
aută dÐnei ìti ∫ 1

−1
(1− x2)−

1
2Tn(x)Tm(x)dx = 0, m 6= n (2.11)

kai ∫ 1

−1
(1− x2)−

1
2 [Tn(x)]2dx =

{
π
2
, n ≥ 1
π, n = 0

(2.12)

Thn idiìthta aută ja th doÔme na efarmìzetai sthn prosèggish elĹqistwn tetragÿnwn
sto epìmeno KefĹlaio. Edÿ ja qrhsimopoiăsoume mia Ĺllh polÔ shmantikă idiìthta th
legìmenh minmax idiìthta. Aută diatupÿnetai wc exăc

min
p∈P cn

max
x∈[−1,1]

|p(x)| = max
x∈[−1,1]

∣∣∣∣
c

2n−1
Tn(x)

∣∣∣∣ =
|c|

2n−1
, (2.13)

ìpou P c
n eÐnai to sÔnolo twn poluwnÔmwn n bajmoÔ me suntelestă megistobajmÐou ìrou

c. Autì apodeiknÔetai eÔkola afoÔ, apì ton orismì tou (2.9), to poluÿnumo Tn(x) èqei
n+ 1 akrìtata sto diĹsthma [−1, 1], ekeÐ ìpou to cos(nθ) paÐrnei timèc ±1. AutĹ eÐnai
ta shmeÐa

xj = cos
(
jπ

n

)
, j = 0, 1, 2, . . . , n.

EÔkola faÐnetai ìti Tn(xj) = (−1)j, epomènwc ta xj apoteloÔn èna enallassìmeno
sÔnolo apì n + 1 shmeÐa sto [−1, 1]. An tÿra jewrăsoume th bèltisth prosèggish
p∗n ∈ Pn tou p ∈ P c

n+1 ston Pn, ja èqoume ìti to sfĹlma

e(x) = p(x)− p∗n(x) ∈ Pn+1

èqei èna enallassìmeno sÔnolo apoteloÔmeno apì n+ 2 shmeÐa kai ton Ðdio suntelestă
megistobajmÐou ìrou me ekeÐnon tou p, dhladă ton c. Epeidă h bèltisth prosèggish
eÐnai monadikă, to sfĹlma e(x) den mporeÐ na eÐnai Ĺllo parĹ to c

2n
Tn+1(x), afoÔ 2n

eÐnai o suntelestăc megistobajmÐou ìrou tou Tn+1(x). Autì to poluÿnumo, epeidă eÐnai
sfĹlma bèltisthc prosèggishc, ja plhroÐ kai th minmax idiìthta (2.13), sÔmfwna me
ton orismì thc bèltisthc prosèggishc.

Apì thn parapĹnw anĹlush prokÔptei sugqrìnwc kai o algìrijmoc thc eÔreshc thc
bèltisthc prosèggishc enìc poluwnÔmou n+ 1 bajmoÔ, ston Pn, arkeÐ na afairèsoume
to c

2n
Tn+1(x). Ja dÿsoume edÿ kĹpoia paradeÐgmata.

ParĹdeigma 12 Na brejeÐ h bèltisth prosèggish thc sunĹrthshc xn+1 ston Pn, sto
diĹsthma [−1, 1].

SÔmfwna me thn parapĹnw anĹlush, aută ja eÐnai

p∗n(x) = xn+1 − 1

2n
Tn+1(x).
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Gia n = 2 aută gÐnetai

p∗2(x) = x3 − 1

22
T3(x) = x3 − 1

4
(4x3 − 3x) =

3

4
x.

ParathroÔme edÿ ìti aută eÐnai bèltisth prosèggish kai ston P1. GenikĹ h bèltisth
prosèggish tou xn+1 ja eÐnai h Ðdia kai ston Pn−1 afoÔ to Tn+1(x) èqei mìno Ĺrtiec ă
perittèc dunĹmeic tou x.
Profanÿc edÿ brăkame thn Ðdia akribÿc lÔsh me ekeÐnh tou ParadeÐgmatoc 10, afoÔ
lÔsame to Ðdio prìblhma me diaforetikì ìmwc trìpo.

Gia n = 3 èqoume

p∗3(x) = x4 − 1

23
T4(x) = x4 − 1

8
(8x4 − 8x2 + 1) = x2 − 1

8
.

Epeidă h parapĹnw anĹlush isqÔei mìno gia to diĹsthma [−1, 1], gia na antimetwpÐ-
soume problămata pou orÐzontai sto genikìtero diĹsthma [a, b], qrhsimopoioÔme kai edÿ
to grammikì metasqhmatismì

x =
b− a

2
t+

b+ a

2

pou apeikonÐzei to diĹsthma [−1, 1] sto [a, b]. BrÐskoume ètsi th sunĹrthsh

g(t) = f

(
b− a

2
t+

b+ a

2

)
, t ∈ [−1, 1].

Sth sunèqeia, prosdiorÐzoume th bèltisth prosèggish thc g me ton parapĹnw algìrijmo
kai epistrèfoume sto diĹsthma [a, b], me ton antÐstrofo metasqhmatismì

t =
2

b− ax−
b+ a

b− a.

ParĹdeigma 13 Na brejeÐ h bèltisth prosèggish thc sunĹrthshc x3 ston P2, sto
diĹsthma [−2, 2].

O grammikìc metasqhmatismìc pou mac pĹei sto [−1, 1] eÐnai x = 2t, opìte

g(t) = f(2t) = (2t)3 = 8t3.

SÔmfwna me thn parapĹnw anĹlush, h bèltisth prosèggish ja eÐnai

q∗2(t) = 8t3 − 8

22
T3(x) = 8t3 − 2(4t3 − 3t) = 6t.

Epanerqìmaste sto diĹsthma [−2, 2] me ton antÐstrofo metasqhmatismì t = x
2
, opìte

p∗2(x) = q∗2(
x

2
) = 6

x

2
= 3x.
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2.3 Omoiìmorfh prosèggish se peperasmèno sÔ-
nolo shmeÐwn

’Estw ìti Xm eÐnai èna sÔnolo diakritÿn shmeÐwn

x1 < x2 < · · · < xm

sto diĹsthma [a, b] kai f(xi), i = 1, 2, . . . ,m eÐnai oi timèc thc sunĹrthshc f pou orÐzetai
sto Xm.
To prìblhma me to opoÐo ja asqolhjoÔme edÿ eÐnai h eÔresh thc bèltisthc omoiìmorfhc
prosèggishc thc f sto sÔnolo poluwnÔmwn Pn pou orÐzetai sto Xm.
An m ≤ n+ 1, tìte upĹrqei p ∈ Pn tètoio ÿste

p(xi) = f(xi), i = 1, 2, . . . ,m

pou eÐnai to poluÿnumo parembolăc thc f , gia opoiadăpote f orismènh sto Xm. Tìte
to poluÿnumo p eÐnai kai h bèltisth prosèggish thc f ston Pn.
Gia na meletăsoume to genikìtero prìblhma thc bèltisthc omoiìmorfhc prosèggishc
upojètoume ìti m ≥ n+ 2.

H bèltisth omoiìmorfh prosèggish thc f , orismènhc sto Xm, ston Pn, qarakthrÐ-
zetai akribÿc ìpwc kai sth suneqă perÐptwsh. O qarakthrismìc autìc dÐnetai apì to
akìloujo jeÿrhma.

Jeÿrhma 10 ’Estw f mia sunĹrthsh orismènh sto Xm. To poluÿnumo p∗n eÐnai h
bèltisth prosèggish thc f sto sÔnolo poluwnÔmwn Pn ann upĹrqei enallassìmeno
sÔnolo shmeÐwn gia th sunĹrthsh sfĹlma e = f−p∗n, pou orÐzetai stoXm, apoteloÔmeno
apì n+ 2 shmeÐa tou Xm.

Apìdeixh: H apìdeixh eÐnai băma proc băma anĹlogh me ekeÐnh tou Jewrămatoc 8 pou
anafèretai se suneqeÐc sunartăseic. Ja th dÿsoume ìmwc gia na fanoÔn kĹpoiec leptèc
diaforèc.

(⇐) ’Estw ìti upĹrqei enallassìmeno sÔnolo shmeÐwn {y1, y2, . . . , yn+2} ⊂ Xm gia
thn e = f − p∗n. ’Estw epÐshc ìti to p∗n den eÐnai bèltisth prosèggish, Ĺra upĹrqei
qn ∈ Pn tètoio ÿste

‖f − qn‖ < ‖f − p∗n‖.
Tìte

|f(yj)− qn(yj)| < ‖f − p∗n‖ = |f(yj)− p∗n(yj)|, j = 1, 2, . . . , n+ 2

kai apì ton orismì tou enallassomènou sunìlou prokÔptei ìti: An

f(yj)− p∗n(yj) = ‖f − p∗n‖ > 0⇒ f(yj)− p∗n(yj) > f(yj)− qn(yj)

ă
f(yj)− p∗n(yj)− (f(yj)− qn(yj)) = qn(yj)− p∗n(yj) > 0,
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enÿ an

f(yj)− p∗n(yj) = −‖f − p∗n‖ < 0⇒ f(yj)− p∗n(yj) < f(yj)− qn(yj)

ă

f(yj)− p∗n(yj)− (f(yj)− qn(yj)) = qn(yj)− p∗n(yj) < 0.

Autì shmaÐnei ìti to poluÿnumo qn − p∗n enallĹssei suneqÿc prìshmo kajÿc to j

metabĹlletai apì to 1 sto n + 2. Dhladă, an epekteÐnoume ta poluÿnuma qn kai p∗n se
olìklhro to diĹsthma [a, b], upĹrqei rÐza se kĹje diĹsthma (yj, yj+1), j = 1, 2, . . . , n+1.
’Etsi to poluÿnumo qn − p∗n ∈ Pn èqei n+ 1 rÐzec, to opoÐo eÐnai Ĺtopo.

(⇒) ’Estw ìti p∗n eÐnai h bèltisth prosèggish thc f , ìpou h f den eÐnai poluÿnumo
n bajmoÔ. ’Estw epÐshc ìti to mègisto enallassìmeno sÔnolo shmeÐwn apoteleÐtai apì
m+ 1 shmeÐa y1 < y2 < · · · < ym+1. EÐnai fanerì ìti kai sth diakrită perÐptwsh isqÔei
to Jeÿrhma 7, opìte m ≥ 1. Ja apodeÐxoume ìti m ≥ n+ 1.

’Estw ìti m ≤ n kai ìti

‖f − p∗n‖ = ρ.

JewroÔme ìti ta N shmeÐa u1 < u2 < · · · < uN tou Xm, me N ≥ m + 1, dÐnoun
to mègisto sfĹlma ‖e(uj)‖ = ρ, j = 1, 2, . . . , N . OnomĹzoume (+) shmeÐa ekeÐna gia ta
opoÐa h sunĹrthsh e paÐrnei jetikă timă ρ kai (`) shmeÐa ekeÐna gia ta opoÐa h sunĹrthsh
e paÐrnei arnhtikă timă −ρ. QwrÐzoume sth sunèqeia to sÔnolo {u1, u2, . . . , uN} se
uposÔnola pou ja perièqoun ta diadoqikĹ (+) ă (`) shmeÐa. ’Estw ìti autĹ eÐnai:

{u1, u2, . . . , uk1} (+) uposÔnolo

{uk1+1, uk1+2, . . . , uk2} (−) uposÔnolo
...

...
...

{ukm+1, ukm+2, . . . , ukm+1} (−)m uposÔnolo

KĹje uposÔnolo perièqei toulĹqiston èna shmeÐo, enÿ 2 ≤ m + 1 ≤ n + 1 apì tic
upojèseic pou kĹname. JewroÔme tÿra m shmeÐa z1, z2, . . . , zm tètoia ÿste

zj > ukj kai zj < ukj+1.

OrÐzoume sth sunèqeia to poluÿnumo q ∈ Pm:

q(x) = (z1 − x)(z2 − x) · · · (zm − x).

ParathroÔme ìti to q(x) èqei to Ðdio prìshmo me th sunĹrthsh e(x) se ìla ta shmeÐa
u1, u2, . . . , uN . PragmatikĹ, an to x anăkei sto prÿto uposÔnolo {u1, u2, . . . , uk1}, pou
eÐnai (+) uposÔnolo, to q(x) eÐnai jetikì afoÔ zi > x, i = 1, 2, . . . ,m, enÿ kĹje forĹ
pou to x metabaÐnei se epìmeno uposÔnolo to poluÿnumo q allĹzei prìshmo afoÔ kĹje
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forĹ kai èna apì ta zi gÐnetai mikrìtero tou x. OnomĹzoume me UN to sÔnolo twn (±)
shmeÐwn kai me R to sÔnolo twn shmeÐwn pou den eÐnai (±) shmeÐa (R = Xm\UN). Tìte,

max
x∈R
|e(x)| = ρ′ < ρ.

Upojètoume ìti ‖q‖ = M kai epilègoume èna λ > 0 tìso mikrì ÿste

λM < ρ− ρ′.

Ja apodeÐxoume tÿra ìti to poluÿnumo p(x) = λq(x) + p∗n(x) ∈ Pn eÐnai kalÔterh
prosèggish apì to p∗n(x).
’Estw ìti x ∈ R, tìte

|f(x)−p(x)| = |f(x)−λq(x)−p∗n(x)| = |e(x)−λq(x)| ≤ |e(x)|+λ|q(x)| ≤ ρ′+λM < ρ.

An to x anăkei sto UN , tìte e(x) kai λq(x) èqoun to Ðdio prìshmo me |e(x)| > λ|q(x)|.
Tìte,

|f(x)−p(x)| = |f(x)−λq(x)−p∗n(x)| = |e(x)−λq(x)| = |e(x)|−λ|q(x)| ≤ ρ−λ|q(x)| < ρ.

Katalăxame ètsi se Ĺtopo opìte isqÔei to zhtoÔmeno kai oloklhrÿjhke h apìdeixh tou
Jewrămatoc. •

Kai sthn perÐptwsh aută isqÔei h paratărhsh ìti to enallassìmeno sÔnolo shmeÐ-
wn den eÐnai monadikì, pou shmaÐnei ìti mporoÔn na upĹrqoun perissìtera apì n + 2

enallassìmena shmeÐa.
Apomènei na dÿsoume to jeÿrhma thc monadikìthtac afoÔ h Ôparxh exasfalÐzetai

apì to Jeÿrhma 1 thc Eisagwgăc. Ja to dÿsoume aplÿc qwrÐc apìdeixh, epeidă h
apìdeixh eÐnai Ðdia băma proc băma me ekeÐnh tou Jewrămatoc 9.

Jeÿrhma 11 (Monadikìthta) H bèltisth omoiìmorfh prosèggish p∗n thc f , orismè-
nhc sto Xm, ston Pn eÐnai monadikă.

‖f − p‖ > ‖f − p∗n‖ ∀p ∈ Pn, p 6= p∗n.

Ja apodeÐxoume tÿra ìti h bèltisth omoiìmorfh prosèggish thc f pou orÐzetai
sto diĹsthma [a, b] ă sto sÔnolo shmeÐwn Xm, ston Pn mporeÐ na anaqjeÐ telikĹ se
antÐstoiqo prìblhma pĹnw se kĹpoio sÔnolo shmeÐwn Xn+2.

Jeÿrhma 12 An p∗n eÐnai h bèltisth omoiìmorfh prosèggish thc f ∈ C[a, b], ston
Pn, tìte upĹrqei X∗n+2 ⊂ [a, b] tètoio ÿste:

En(f ; [a, b]) = En(f ;X∗n+2) = max
x∈X∗n+2

|f(x)− p∗n(x)| < max
x∈X∗n+2

|f(x)− p(x)| (2.14)
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gia kĹje p ∈ Pn, p 6= p∗n. Epiplèon, gia kĹje Xn+2 ∈ [a, b], isqÔei ìti

En(f ;Xn+2) = minp∈Pn maxx∈Xn+2 |f(x)− p(x)|
= maxx∈Xn+2 |f(x)− p∗n(Xn+2;x)| ≤ En(f ; [a, b])
= En(f ;X∗n+2),

(2.15)

ìpou h isìthta eÐnai dunată mìno an p∗n(Xn+2) = p∗n.
Apìdeixh: H prÿth sqèsh (2.14) eÐnai profanăc an jewrăsoume to X∗n+2 wc to

enallassìmeno sÔnolo shmeÐwn. Gia thn apìdeixh thc deÔterhc (2.15), jewroÔme ìti
p∗n(Xn+2) 6= p∗n. Tìte apì th monadikìthta èqoume ìti

En(f ;Xn+2) = ‖f − p∗n(Xn+2)‖ < ‖f − p∗n‖ = En(f ; [a, b]) = En(f ;X∗n+2),

afoÔ to p∗n eÐnai diaforetikì apì to bèltisto poluÿnumo p∗n(Xn+2) sto sÔnolo Xn+2.
An p∗n(Xn+2) = p∗n, tìte profanÿc èqoume isìthta, pou shmaÐnei ìti kai to Xn+2 apoteleÐ
enallassìmeno sÔnolo shmeÐwn. •

An antikatastăsoume me Xm to [a, b] èqoume to antÐstoiqo jeÿrhma, h apìdeixh tou
opoÐou eÐnai akribÿc Ðdia.

Jeÿrhma 13 An p∗n eÐnai h bèltisth omoiìmorfh prosèggish thc f , orismènhc sto
Xm, ston Pn, tìte upĹrqei X∗n+2 ⊆ Xm tètoio ÿste:

En(f ;Xm) = En(f ;X∗n+2) = max
x∈X∗n+2

|f(x)− p∗n(Xm;x)| < max
x∈X∗n+2

|f(x)− p(x)| (2.16)

gia kĹje p ∈ Pn, p 6= p∗n. Epiplèon, gia kĹje Xn+2 ⊆ Xm, isqÔei ìti

En(f ;Xn+2) ≤ En(f ;Xm) = En(f ;X∗n+2), (2.17)

ìpou h isìthta eÐnai dunată mìno an p∗n(Xn+2) = p∗n.

Ta parapĹnw jewrămata mac dÐnoun th dunatìthta na anazhtoÔme gia th bèltisth
omoiìmorfh prosèggish, se sÔnola shmeÐwn apoteloÔmena apì n+ 2 shmeÐa. An èqoume
to prìblhma sto diĹsthma [a, b], tìte upĹrqoun Ĺpeira tètoia sÔnola. An ìmwc erga-

zìmaste sto Xm, o sunolikìc arijmìc twn sunìlwn autÿn eÐnai

(
m

n+ 2

)
. Tìte to

prìblhma anĹgetai sthn eÔresh tou

max
i=1,2,...,

(
m

n + 2

)En(f ;Xm,i) = En(f ;Xm,i∗), (2.18)

ìpou me Xm,i èqoume sumbolÐsei to i sth seirĹ sÔnolo apoteloÔmeno apì n+ 2 shmeÐa.
Tìte,

p∗n(Xm) = p∗n(Xm,i∗).

Autì ìmwc apaiteÐ to na mporoÔme na broÔme to sfĹlma En(f ;Xn+2) kai to poluÿnumo
p∗n(Xn+2), dojèntoc tou sunìlou Xn+2 apoteloÔmeno apì n+ 2 shmeÐa.
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2.3.1 EÔresh omoiìmorfhc prosèggishc sto sÔnolo Xn+2

JewroÔme to poluÿnumo parembolăc p ∈ Pn+1 thc f sta shmeÐa xi, i = 1, 2, . . . , n + 2

tou sunìlou Xn+2

p(xi) = f(xi), i = 1, 2, . . . , n+ 2.

To p eÐnai monadikì kai dÐnetai apì ton tÔpo tou Lagrange

p(x) =
n+2∑

i=1

n+2∏

j=1,j 6=i

x− xj
xi − xj f(xi).

EÐnai eÔkolo na doÔme ìti an jèsoume

ω(x) =
n+2∏

i=1

(x− xi),

to poluÿnumo parembolăc grĹfetai

p(x) =
n+2∑

i=1

ω(x)

x− xi
f(xi)

ω′(xi)
.

Apì th sqèsh aută faÐnetai kajarĹ ìti o suntelestăc tou megistobajmÐou ìrou tou p
eÐnai o

∑n+2
i=1

f(xi)
ω′(xi)

. An autìc eÐnai mhdèn, tìte ja èqoume ìti p ∈ Pn, pou ja apoteleÐ kai
th bèltisth omoiìmorfh prosèggish, dhladă p∗(Xn+2) = p me sfĹlma En(f ;Xn+2) = 0.

Upojètoume edÿ ìti p /∈ Pn. JewroÔme sth sunèqeia to poluÿnumo ln+1 ∈ Pn+1

tètoio ÿste
ln+1(xi) = (−1)i, i = 1, 2, . . . , n+ 2.

Wc poluÿnumo parembolăc sto sÔnolo shmeÐwn Xn+2, autì ja eÐnai monadikì kai ja
dÐnetai apì ton tÔpo parembolăc tou Lagrange wc exăc:

ln+1(x) =
n+2∑

i=1

ω(x)

x− xi
(−1)i

ω′(xi)
.

Apì th sqèsh

ω′(xi) =
n+2∏

j=1,j 6=i
(xi − xj) =

i−1∏

j=1

(xi − xj)
n+2∏

j=i+1

(xj − xi) (−1)n+2−i,

prokÔptei ìti

sign(ω′(xi)) = sign((−1)n−i) ă sign

(
(−1)i

ω′(xi)

)
= sign((−1)n).

Autì shmaÐnei ìti oi ìroi tou ajroÐsmatoc
∑n+2
i=1

(−1)i

ω′(xi)
, pou apoteleÐ to suntelestă tou

megistobajmÐou ìrou tou poluwnÔmou ln+1, den allĹzoun prìshmo kai epomènwc

n+2∑

i=1

(−1)i

ω′(xi)
6= 0.
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JewroÔme tÿra to poluÿnumo
q = p− λln+1,

ìpou p, ln+1 ta proanaferjènta poluÿnuma parembolăc kai

λ =

∑n+2
i=1

f(xi)
ω′(xi)∑n+2

i=1
(−1)i

ω′(xi)

.

Tìte ìmwc q ∈ Pn epeidă p kai λln+1 èqoun ton Ðdio megistobĹjmio ìro. EpÐshc èqoume
ìti

e(xi) = f(xi)− (p(xi)− λln+1(xi)) = λln+1(xi) = λ(−1)i, i = 1, 2, . . . , n+ 2,

pou shmaÐnei ìti ta shmeÐa x1, x2, . . . , xn+2 apoteloÔn èna enallassìmeno sÔnolo shmeÐwn
gia thn e(x), epomènwc to poluÿnumo q eÐnai h bèltisth omoiìmorfh prosèggish thc f
sto Xn+2, q = p∗(Xn+2). EpÐshc prokÔptei ìti

En(f ;Xn+2) = |λ|.

Jewrÿntac tÿra ìti èqoume to sÔnolo Xm, m > n+2, paÐrnoume ìla ta uposÔnola
apoteloÔmena apì n+ 2 shmeÐa kai upologÐzoume ìla ta λ. Tìte to p∗(Xm) = p∗(X∗n+2)

antistoiqeÐ sto sÔnolo shmeÐwn X∗n+2 pou antistoiqeÐ sto mègisto |λ|, sÔmfwna me to
Jeÿrhma 13.

Ja doÔme kalÔtera th diadikasÐa upologismoÔ tou bèltistou poluwnÔmou, dia mèsou
tou epìmenou paradeÐgmatoc:

ParĹdeigma 14 DÐnetai to sÔnolo shmeÐwn X5 = {−1,−1
2
, 0, 1

2
, 1} kai jèloume na

broÔme th bèltisth prosèggish deutèrou bajmoÔ gia th sunĹrthsh f(x) = |x|.
O pÐnakac timÿn thc sunĹrthshc eÐnai

xi −1 −1
2

0 1
2

1
fi 1 1

2
0 1

2
1
.

Prèpei na broÔme ìla ta dunatĹ uposÔnola shmeÐwn apoteloÔmena apì n + 2 = 4

shmeÐa kai na akoloujăsoume th diadikasÐa pou perigrĹyame.

1) X5,1 = {−1,−1
2
, 0, 1

2
}:

ω′(x1) = ω′(−1) = (−1 + 1
2
)(−1− 0)(−1− 1

2
) = (−1

2
)(−1)(−3

2
) = −3

4

ω′(x2) = ω′(−1
2
) = (−1

2
+ 1)(−1

2
− 0)(−1

2
− 1

2
) = 1

2
(−1

2
)(−1) = 1

4

ω′(x3) = ω′(0) = (0 + 1)(0 + 1
2
)(0− 1

2
) = 11

2
(−1

2
) = −1

4

ω′(x4) = ω′(1
2
) = (1

2
+ 1)(1

2
+ 1

2
)(1

2
− 0) = 3

2
11

2
= 3

4

λ(1) =

∑4
i=1

f(xi)
ω′(xi)∑4

i=1
(−1)i

ω′(xi)

=

1
− 3

4

+
1
2
1
4

+ 0
− 1

4

+
1
2
3
4

−1
− 3

4

+ 1
1
4

+ −1
− 1

4

+ 1
3
4

=
4
3
32
3

=
1

8
.
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2) X5,2 = {−1,−1
2
, 0, 1}:

ω′(−1) = (−1 + 1
2
)(−1)(−1− 1) = −1 ω′(0) = 11

2
(−1) = −1

2

ω′(−1
2
) = (−1

2
+ 1)(−1

2
)(−1

2
− 1) = 3

8
ω′(1) = (1 + 1)(1 + 1

2
)(1) = 3

λ(2) =

∑4
i=1

f(xi)
ω′(xi)∑4

i=1
(−1)i

ω′(xi)

=

1
−1

+
1
2
3
8

+ 0
− 1

2

+ 1
3

−1
−1

+ 1
3
8

+ −1
− 1

2

+ 1
1
3

=
2
3

6
=

1

9
.

3) X5,3 = {−1,−1
2
, 1

2
, 1}:

ω′(−1) = (−1 + 1
2
)(−1− 1

2
)(−1− 1) = −3

2
ω′(1

2
) = (1

2
+ 1)(1

2
+ 1

2
)(1

2
− 1) = −3

4

ω′(−1
2
) = (−1

2
+ 1)(−1

2
− 1

2
)(−1

2
− 1) = 3

4
ω′(1) = (1 + 1)(1 + 1

2
)(1− 1

2
) = 3

2

λ(3) =

∑4
i=1

f(xi)
ω′(xi)∑4

i=1
(−1)i

ω′(xi)

=

1
− 3

2

+
1
2
3
4

+
1
2

− 3
4

+ 1
3
2

−1
− 3

2

+ 1
3
4

+ −1
− 3

4

+ 1
3
2

=
0

4
= 0.

4) X5,4 = {−1, 0, 1
2
, 1}:

ω′(−1) = (−1)(−1− 1
2
)(−1− 1) = −3 ω′(1

2
) = (1

2
+ 1)1

2
(1

2
− 1) = −3

8

ω′(0) = 1(−1
2
)(−1) = 1

2
ω′(1) = (1 + 1)1(1− 1

2
) = 1

λ(4) =

∑4
i=1

f(xi)
ω′(xi)∑4

i=1
(−1)i

ω′(xi)

=

1
−3

+ 0
1
2

+
1
2

− 3
8

+ 1
1

−1
−3

+ 1
1
2

+ −1
− 3

8

+ 1
1

=
−2

3

6
= −1

9
.

5) X5,5 = {−1
2
, 0, 1

2
, 1}:

ω′(−1
2
) = −1

2
(−1

2
− 1

2
)(−1

2
− 1) = −3

4
ω′(1

2
) = (1

2
+ 1

2
)1

2
(1

2
− 1) = −1

4

ω′(0) = 1
2
(−1

2
)(−1) = 1

4
ω′(1) = (1 + 1

2
)1(1− 1

2
) = 3

4

λ(5) =

∑4
i=1

f(xi)
ω′(xi)∑4

i=1
(−1)i

ω′(xi)

=

1
2

− 3
4

+ 0
1
4

+
1
2

− 1
4

+ 1
3
4

−1
− 3

4

+ 1
1
4

+ −1
− 1

4

+ 1
3
4

=
−4

3
32
3

= −1

8
.

ParathroÔme ìti |λmax| = |λ(1)| = |λ(5)| = 1
8
, epomènwc h bèltisth prosèggish

dÐnetai apì duo sÔnola shmeÐwn to X5,1 = {−1,−1
2
, 0, 1

2
} kai to X5,5 = {−1

2
, 0, 1

2
, 1}.

Profanÿc, lìgw thc monadikìthtac, kai ta duo autĹ sÔnola ja dÿsoun to Ðdio bèltisto
poluÿnumo. Gia na to epibebaiÿsoume ja to upologÐsoume, sÔmfwna me th jewrÐa pou
anaptÔqjhke, qrhsimopoiÿntac kai ta duo sÔnola.

p∗(X5; x) = p∗(X5,1;x) = p3(x)− λ(1)l3(x) =
∑4
i=1

ω(x)
x−xi

f(xi)
ω′(xi)

− λ(1)∑4
i=1

ω(x)
x−xi

(−1)i

ω′(xi)

= (x+ 1
2
)x(x− 1

2
) 1
− 3

4

+ (x+ 1)x(x− 1
2
)

1
2
1
4

+ (x+ 1)(x+ 1
2
)x

1
2
3
4

− 1
8

(
(x+ 1

2
)x(x− 1

2
) −1
− 3

4

+ (x+ 1)x(x− 1
2
) 1

1
4

+ (x+ 1)(x+ 1
2
)(x− 1

2
) −1
− 1

4

+ (x+ 1)(x+ 1
2
)x 1

3
4

)
= x2 + 1

8
.
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p∗(X5;x) = p∗(X5,5;x) = p3(x)− λ(5)l3(x) =
∑4
i=1

ω(x)
x−xi

f(xi)
ω′(xi)

− λ(1)∑4
i=1

ω(x)
x−xi

(−1)i

ω′(xi)

= x(x− 1
2
)(x− 1)

1
2

− 3
4

+ (x+ 1
2
)x(x− 1)

1
2

− 1
4

+ (x+ 1
2
)x(x− 1

2
) 1

3
4

+ 1
8

(
x(x− 1

2
)(x− 1) −1

− 3
4

+ (x+ 1
2
)(x− 1

2
)(x− 1) 1

1
4

+ (x+ 1
2
)x(x− 1) −1

− 1
4

+ (x+ 1
2
)x(x− 1

2
) 1

3
4

)
= x2 + 1

8
.

Ac upologÐsoume tÿra to sfĹlma e(x) = |x| − (x2 + 1
8
) sto sÔnolo shmeÐwn X5:

e(−1) = | − 1| − ((−1)2 +
1

8
) = −1

8

e
(
−1

2

)
=
∣∣∣∣−

1

2

∣∣∣∣−
((
−1

2

)2

+
1

8

)
=

1

8

e(0) = |0| − (02 +
1

8
) = −1

8

e
(

1

2

)
=
∣∣∣∣
1

2

∣∣∣∣−
((

1

2

)2

+
1

8

)
=

1

8

e(1) = |1| − (12 +
1

8
) = −1

8
.

ParathroÔme edÿ ìti to sÔnolo X5 apoteleÐ enallassìmeno sÔnolo apoteloÔmeno apì
pènte shmeÐa, epomènwc to bèltisto poluÿnumo pou brăkame eÐnai kai bèltisto poluÿ-
numo trÐtou bajmoÔ, dhladă p∗(X5) ∈ P3. EpÐshc parathroÔme ìti h sunĹrthsh |x| eÐnai
Ĺrtia kai èdwse wc bèltisto poluÿnumo èna Ĺrtio poluÿnumo. Autì sumbaÐnei epeidă
to sÔnolo shmeÐwn X5, eÐnai summetrikì wc proc to 0. IsqÔei kai, edÿ sth diakrită
perÐptwsh, h paratărhsh pou kĹname sth suneqă. MporeÐ dhladă na apodeiqteÐ genikĹ
ìti oi Ĺrtiec sunartăseic orismènec se summetrikì wc proc to 0 sÔnolo shmeÐwn dÐnoun
Ĺrtio bèltisto poluÿnumo, enÿ oi perittèc, perittì.

H parapĹnw diadikasÐa eÐnai arketĹ dapanhră se qrìno, afoÔ prèpei na upologistoÔn

ìla ta λ gia ìla ta sÔnola apoteloÔmena apì n + 2 shmeÐa, pou eÐnai

(
m

n+ 2

)
se a-

rijmì. O arijmìc autìc sth prĹxh eÐnai pĹra polÔ megĹloc, diìti sunăjwc o m eÐnai
polÔ megalÔteroc tou n, me apotèlesma h parapĹnw diadikasÐa na kajÐstatai anapote-
lesmatikă. Gia thn antimetÿpish autoÔ tou problămatoc epinoăjhke ènac algìrijmoc,
ìpou mejodikĹ metabaÐnoume apì sÔnolo se sÔnolo shmeÐwn kai pou ja perigrafeÐ sth
sunèqeia.

2.3.2 Algìrijmoc enallagăc shmeÐwn gia thn eÔresh thc
bèltisthc omoiìmorfhc prosèggishc sto sÔnolo Xm

’Opwc èqoume anafèrei sthn prohgoÔmenh parĹgrafo, h eÔresh thc omoiìmorfhc bèl-
tisthc prosèggishc se èna sÔnolo Xm anĹgetai sthn eÔresh ekeÐnou tou uposunìlou
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Xm,i, apoteloÔmeno apì n+ 2 shmeÐa, pou dÐnei to megalÔtero sfĹlma. Akìmh, gia thn
eÔresh thc bèltisthc prosèggishc sunartăsewn se èna diĹsthma [a, b], sthn prĹxh jew-
roÔme mia omoiìmorfh diamèrish Xm, m shmeÐwn sto diĹsthma autì, kai proseggÐzoume
th bèltisth prosèggish sto [a, b] me th bèltisth prosèggish sto Xm. ’Oso megalÔtero
eÐnai to m, tìso kalÔtera proseggÐzoume th bèltisth prosèggish sto [a, b]. O Remez

anèptuxe ènan algìrijmo gia thn eÔresh thc bèltisthc omoiìmorfhc prosèggishc sto
diĹsthma [a, b], me ìsh akrÐbeia jèloume. To pìso megĹlo ja eÐnai to m exartĹtai apì
to mètro sunèqeiac thc f . ’Eqoun apodeiqteÐ diĹforec protĹseic gia diĹforec klĹseic
sunartăsewn.

Ja asqolhjoÔme ìmwc edÿ me to pwc ja mporèsoume na broÔme to uposÔnolo Xm,i,
pou dÐnei th bèltisth prosèggish, apì to sÔnolo Xm, qwrÐc na qreiĹzetai na upologÐ-

soume ìla ta λ(i), i = 1, 2, . . . ,

(
m

n+ 2

)
. Ja dÿsoume ènan algìrijmo metĹbashc

apì èna uposÔnolo shmeÐwn se Ĺllo, me gnÿmona thn aÔxhsh tou sfĹlmatoc.
’Estw ìti xekinĹme me èna sÔnolo n + 2 shmeÐwn tou Xm pou ja to sumbolÐzoume

me {xσ} kai ja to kaloÔme sÔnolo anaforĹc. Ta sÔnola anaforĹc ta sumbolÐzoume me
ellhnikoÔc deÐktec, ìpwc {xσ}, enÿ me xσ ja sumbolÐzoume kĹje mia apì tic timèc xi
pou anăkei sto {xσ}. Gia aplìthta dhladă de ja allĹzoume to deÐkth. Gia parĹdeigma
me to

∑
σ f(xσ) ja ennooÔme to Ĺjroisma ìlwn twn f(x) ìpou x ∈ {xσ}. ’Estw pσ =

p∗n(f ; {xσ}) h bèltisth prosèggish thc f sto {xσ}, tìte
|f(xσ)− pσ(xσ)| = En(f ; {xσ}) = ρσ.

’Estw epÐshc ìti
M = max

x∈Xm
|f(x)− pσ(x)| = |f(xj)− pσ(xj)|.

An M = ρσ tìte to sÔnolo anaforĹc {xσ} apoteleÐ enallassìmeno sÔnolo shmeÐwn gia
to Xm pou shmaÐnei ìti pσ eÐnai h bèltisth prosèggish kai gia to Xm. Sthn perÐptwsh
aută brèjhke h bèltisth prosèggish kai teleiÿnei o algìrijmoc. An M > ρσ tìte xj /∈
{xσ} kai ja prèpei na broÔme èna Ĺllo sÔnolo anaforĹc {xµ}. To {xµ} ja apoteleÐtai
apì to xj pou ja antikatastăsei èna shmeÐo tou {xσ} kai apì ìla ta upìloipa shmeÐa
tou {xσ}. H antikatĹstash ja gÐnetai me trìpo ÿste h sunĹrthsh e(x) = f(x)− pσ(x)

na exakoloujeÐ na enallĹssei prìshmo ìtan to x kineÐtai sto sÔnolo {xµ}. ’An to xj
eÐnai endiĹmeso shmeÐo tìte ja antikatastăsei èna apì ta diplanĹ shmeÐa pou èqei to
Ðdio prìshmo me to f(x) − pσ(x). ’An to xj eÐnai akraÐo shmeÐo tìte ja antikatastăsei
to diplanì tou an èqei to Ðdio prìshmo ă to Ĺllo Ĺkro an to prìshmo me to diplanì
tou eÐnai diaforetikì. UpologÐzoume sth sunèqeia th bèltisth prosèggish pµ kai to
antÐstoiqo sfĹlma ρµ. Ja apodeÐxoume ìti

ρµ > ρσ,

pou shmaÐnei ìti eÐmaste se kalì drìmo afoÔ metabaÐnoume apì mikrìtera se megalÔtera
sfĹlmata.
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Apì th sqèsh pou mac dÐnei to λ, èqoume ìti

λ =

∑n+2

i=1

f(xi)

ω′(xi)∑n+2

i=1

(−1)i

ω′(xi)
=
∑n+2
i=1

1
ω′(xi)∑n+2

j=1

(−1)j

ω′(xj)

f(xi) =
∑n+2
i=1

1

(−1)n−i|ω′(xi)|∑n+2

j=1

(−1)j

(−1)n−j |ω′(xj)|
f(xi)

=
∑n+2
i=1

1
|ω′(xi)|∑n+2

j=1
1

|ω′(xj)|
(−1)if(xi).

OnomĹzoume me

λi =

1
|ω′(xi)|∑n+2
j=1

1
|ω′(xj)|

> 0,

tìte to λ dÐnetai apì

λ =
n+2∑

i=1

λi(−1)if(xi), me
n+2∑

i=1

λi = 1, (2.19)

pou shmaÐnei ìti to sfĹlma λ thc bèltisthc prosèggishc thc sunĹrthshc f , eÐnai ènac
kurtìc sunduasmìc twn timÿn (−1)if(xi) me suntelestèc (ă bĹrh) λi. Ac shmeiwjeÐ
edÿ ìti oi suntelestèc λi exartÿntai mìno apì tic timèc twn sunartăsewn ω′ sta shmeÐa
xi kai ìqi apì tic timèc thc sunĹrthshc f , pou shmaÐnei ìti eÐnai stajeroÐ efìson to
sÔnolo shmeÐwn paramènei to Ðdio. An sthn parapĹnw sqèsh antÐ thc f jèsoume èna
poluÿnumo p ∈ Pn, tìte h posìthta aută ja eÐnai mhdèn, dhladă

n+2∑

i=1

λi(−1)ip(xi) = 0, (2.20)

afoÔ ja antikatoptrÐzei to sfĹlma thc bèltisthc prosèggishc enìc poluwnÔmou p ∈ Pn
ston Pn. H bèltisth prosèggish ja eÐnai to Ðdio to poluÿnumo kai epomènwc to sfĹlma
ja eÐnai mhdèn.

Sth sunèqeia jewroÔme wc sÔnolo anaforĹc to {xµ} pou proèkuye apì to {xσ}
afoÔ ègine h allagă tou shmeÐou. An efarmìsoume th (2.19) gia thn f to λ ja eÐnai to
apìluto sfĹlma ρµ ă to antÐjetì tou −ρµ, epomènwc

ρµ =

∣∣∣∣∣
∑
µ

λµ(−1)µf(xµ)

∣∣∣∣∣ =

∣∣∣∣∣
∑
µ

λµ(−1)µ(f(xµ)− pσ(xµ))

∣∣∣∣∣ , (2.21)

ìpou afairèsame thn posìthta
∣∣∣∑µ λµ(−1)µpσ(xµ)

∣∣∣ pou eÐnai mhdèn lìgw thc (2.20).
UpenjumÐzoume ìti h allagă shmeÐou ègine katĹ trìpo ÿste to sfĹlma f(xµ)− pσ(xµ)

na suneqÐsei na allĹzei suneqÿc prìshmo sto sÔnolo anaforĹc {xµ}. Autì shmaÐnei
ìti h posìthta (−1)µ(f(xµ)− pσ(xµ)) diathreÐ stajerì prìshmo kajÿc to xµ diatrèqei
to sÔnolo anaforĹc {xµ}. Epomènwc to parapĹnw Ĺjroisma entìc twn apìlutwn timÿn,
eÐnai Ĺjroisma omìshmwn ìrwn afoÔ ta λµ eÐnai jetikĹ. MetĹ apì aută thn paratărhsh,
h (2.21) grĹfetai wc

ρµ =
∑
µ

λµ|f(xµ)− pσ(xµ)|. (2.22)
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Epeidă ta shmeÐa tou {xµ} eÐnai kai shmeÐa tou {xσ} ektìc apì èna, èstw to xj, isqÔei
ìti

|f(xµ)− pσ(xµ)| = ρσ, µ 6= j kai |f(xj)− pσ(xj)| = Mσ.

SÔmfwna me autĹ h (2.22) katalăgei sthn

ρµ =
∑

µ6=j
λµρσ + λjMσ =

∑
µ

λµρσ + λj(Mσ − ρσ) = ρσ + λj(Mσ − ρσ) > ρσ,

afoÔ
∑
µ λµ = 1 kai Mσ > ρσ. H teleutaÐa sqèsh apèdeixe to zhtoÔmeno.

SÔmfwna me thn parapĹnw anĹlush, o algìrijmoc ja sugklÐnei sÐgoura sth bèltisth
prosèggish afoÔ metabaÐnoume se ìlo kai megalÔtera sfĹlmata, de gnwrÐzoume ìmwc
ek twn protèrwn twn arijmì twn epanalăyewn. SÐgoura eÐnai taqÔteroc apì ekeÐnon
thc diadikasÐac elègqou ìlwn twn sfalmĹtwn gia ìla ta uposÔnola pou eÐnai se plăjoc(

m
n+ 2

)
. ’Eqoume na parathrăsoume ìti an tÔqei na xekinăsoume apì sÔnolo anaforĹc

pou antistoiqeÐ se sqetikĹ megĹlo sfĹlma, tìte sÔntoma ja ftĹsoume sth lÔsh. An
ìmwc autì antistoiqeÐ se sqetikĹ mikrì, tìte Ðswc qreiastoÔn pollèc epanalăyeic.
Genniètai loipìn to erÿthma an upĹrqei trìpoc na epilèxoume to kalÔtero dunatì arqikì
sÔnolo anaforĹc. H apĹnthsh eÐnai jetikă kai sqetÐzetai me thn prosèggish elaqÐstwn
tetragÿnwn pou ja anaptuqjeÐ sto epìmeno kefĹlaio. ’Eqei apodeiqteÐ ìti an q∗ ∈ Pn
eÐnai h prosèggish elaqÐstwn tetragÿnwn thc f , orismènhc sto Xm, ston Pn, tìte to
sÔnolo anaforĹc {xσ} gia to opoÐo h sunĹrthsh sfĹlma f(xσ) − q∗(xσ) enallĹssei
prìshma, eÐnai èna polÔ kalì arqikì sÔnolo anaforĹc gia thn eÔresh thc bèltisthc
prosèggishc me ton algìrijmo enallagăc shmeÐwn. ApaiteÐtai bèbaia h eÔresh prÿta
thc prosèggishc elaqÐstwn tetragÿnwn, pou ìpwc ja doÔme apoteleÐ mia eukolìterh
kai taqÔterh diadikasÐa. DÐnoume sth sunèqeia duo paradeÐgmata:

ParĹdeigma 15 DÐnetai to sÔnolo shmeÐwn X5 = {−2,−1, 0, 1, 2}. Na brejeÐ h
bèltisth prosèggish deutèrou bajmoÔ gia th sunĹrthsh f(x) = x3 me ton algìrijmo
enallagăc shmeÐwn.

O pÐnakac timÿn thc sunĹrthshc eÐnai

xi −2 −1 0 1 2
fi −8 −1 0 1 8

.

Epilègoume wc arqikì sÔnolo anaforĹc {xσ} = {−2,−1, 0, 1}, apoteloÔmeno apì
ta tèssera prÿta shmeÐa. ProqwroÔme sth sunèqeia me th gnwstă diadikasÐa gia thn
eÔresh tou bèltistou poluwnÔmou.

ω′(−2) = (−2 + 1)(−2)(−2− 1) = −6 ω′(0) = 2 · 1(−1) = −2
ω′(−1) = (−1 + 2)(−1)(−1− 1) = 2 ω′(1) = (1 + 2)(1 + 1)1 = 6

λσ =

∑4
i=1

f(xi)
ω′(xi)∑4

i=1
(−1)i

ω′(xi)

=
−8
−6

+ −1
2

+ 0 + 1
6

−1
−6

+ 1
2

+ −1
−2

+ 1
6

=
1
4
3

=
3

4
.
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pσ(x) = p3(x)− λσl3(x) =
∑4
i=1

ω(x)
x−xi

f(xi)
ω′(xi)

− λσ∑4
i=1

ω(x)
x−xi

(−1)i

ω′(xi)
= (x+ 1)x(x− 1)−8

−6
+ (x+ 2)x(x− 1)−1

2
+ (x+ 2)(x+ 1)x1

6

− 3
4

(
(x+ 1)x(x− 1)−1

−6
+ (x+ 2)x(x− 1)1

2
+ (x+ 2)(x+ 1)(x− 1)−1

−2

+ (x+ 2)(x+ 1)x1
6

)
= −3

2
x2 + x+ 3

4
.

UpologÐzoume tÿra ta sfĹlmata eσ(xi) gia ìla ta xi pou anăkoun sto Xm, kai
elègqoume ta prìshmĹ twn ÿste na gÐnei h allagă twn shmeÐwn.

eσ(−2) = (−2)3 − (−3
2
(−2)2 + (−2) + 3

4
) = −3

4
(−)

eσ(−1) = (−1)3 − (−3
2
(−1)2 + (−1) + 3

4
) = 3

4
(+)

eσ(0) = 03 − (−3
2
02 + 0 + 3

4
) = −3

4
(−)

eσ(1) = 13 − (−3
2
12 + 1 + 3

4
) = 3

4
(+) èxodoc

eσ(2) = 23 − (−3
2
22 + 2 + 3

4
) = 45

4
(+) eÐsodoc

Prèpei na parathrăsoume edÿ ìti de qreiazìtan na upologistoÔn ta sfĹlmata gia ta
shmeÐa tou {xσ}. EÐnai gnwstì apì th jewrÐa ìti autĹ ja eÐnai Ðsa me ρσ = 3

4
me

enallassìmena prìshma, xekinÿntac me −λσ = −3
4
. Ta upologÐsame aplÿc gia na

epibebaiwjeÐ h jewrÐa. To mègisto sfĹlma dÐnetai sto epiplèon shmeÐo 2 kai eÐnaiM = 45
4

me jetikì prìshmo. Ja eisaqjeÐ autì to shmeÐo se antikatĹstash tou diplanoÔ tou 1

pou, to antÐstoiqo sfĹlma èqei to Ðdio prìshmo. ’Etsi to nèo sÔnolo anaforĹc ja eÐnai
to {xµ} = {−2,−1, 0, 2}. Sth sunèqeia akoloujoÔme thn Ðdia diadikasÐa:

ω′(−2) = (−2 + 1)(−2)(−2− 2) = −8 ω′(0) = 2 · 1(−2) = −4
ω′(−1) = (−1 + 2)(−1)(−1− 2) = 3 ω′(2) = (2 + 2)(2 + 1)2 = 24

λµ =

∑4
i=1

f(xi)
ω′(xi)∑4

i=1
(−1)i

ω′(xi)

=
−8
−8

+ −1
3

+ 0 + 8
24

−1
−8

+ 1
3

+ −1
−4

+ 1
24

=
1
3
4

=
4

3
.

pµ(x) = p3(x)− λµl3(x) =
∑4
i=1

ω(x)
x−xi

f(xi)
ω′(xi)

− λµ∑4
i=1

ω(x)
x−xi

(−1)i

ω′(xi)
= (x+ 1)x(x− 2)−8

−8
+ (x+ 2)x(x− 2)−1

3
+ (x+ 2)(x+ 1)x 8

24

− 3
4

(
(x+ 1)x(x− 2)−1

−8
+ (x+ 2)x(x− 2)1

3
+ (x+ 2)(x+ 1)(x− 2)−1

−4

+ (x+ 2)(x+ 1)x 1
24

)
= −1

3
x2 + 10

3
x+ 4

3
.

DÐnoume tÿra ton pÐnaka twn sfalmĹtwn eµ(xi) gia ìla ta xi pou anăkoun sto Xm,
upologÐzontac mìno to sfĹlma gia to epiplèon shmeÐo 1, afoÔ gia ta shmeÐa tou {xµ}
ja eÐnai 4

3
me enallassìmena prìshma, xekinÿntac me arnhtikì.

eµ(−2) = −4
3

(−)
eµ(−1) = 4

3
(+)

eµ(0) = −4
3

(−) èxodoc
eµ(1) = 13 − (−1

3
12 + 10

3
1 + 4

3
) = −10

3
(−) eÐsodoc

eµ(2) = 4
3

(+)
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FaÐnetai kajarĹ ìti to mègisto sfĹlma dÐnetai sto shmeÐo 1 kai eÐnaiM = 10
3

me arnhtikì
prìshmo. Ja eisaqjeÐ xanĹ autì to shmeÐo se antikatĹstash tou diplanoÔ tou 0 pou,
to antÐstoiqo sfĹlma èqei to Ðdio prìshmo. To nèo sÔnolo anaforĹc ja eÐnai to {xν} =

{−2,−1, 1, 2} kai suneqÐzetai h Ðdia diadikasÐa

ω′(−2) = (−2 + 1)(−2− 1)(−2− 2) = −12 ω′(1) = (1 + 2)(1 + 1)(1− 2) = −6
ω′(−1) = (−1 + 2)(−1− 1)(−1− 2) = 6 ω′(2) = (2 + 2)(2 + 1)(2− 1) = 12

λν =

∑4
i=1

f(xi)
ω′(xi)∑4

i=1
(−1)i

ω′(xi)

=
−8
−12

+ −1
6

+ 1
−6

+ 8
12

−1
−12

+ 1
6

+ −1
−6

+ 1
12

=
1
1
2

= 2.

pν(x) = p3(x)− λνl3(x) =
∑4
i=1

ω(x)
x−xi

f(xi)
ω′(xi)

− λν∑4
i=1

ω(x)
x−xi

(−1)i

ω′(xi)
= (x+ 1)(x− 1)(x− 2) −8

−12
+ (x+ 2)(x− 1)(x− 2)−1

6

+ (x+ 2)(x+ 1)(x− 2) 1
−6

+ (x+ 2)(x+ 1)(x− 1) 8
12

− 2
(
(x+ 1)(x− 1)(x− 2) −1

−12
+ (x+ 2)(x− 1)(x− 2)1

6

+ (x+ 2)(x+ 1)(x− 2)−1
−6

+ (x+ 2)(x+ 1)(x− 1) 1
12

)
= 3x.

O pÐnaka twn sfalmĹtwn eν(xi) eÐnai:

eν(−2) = −2 (−)
eν(−1) = 2 (+)
eν(0) = 03 − 3× 0 = 0
eν(1) = −2 (−)
eν(2) = 2 (+)

To mègisto sfĹlma eÐnai M = ρν = 2, pou shmaÐnei ìti o algìrijmoc oloklhrÿjhke.
To sÔnolo anaforĹc {xν} ja eÐnai to sÔnolo enallassìmenwn shmeÐwn gia to Xm pou
mac dÐnei th bèltisth omoiìmorfh prosèggish

p∗2(x) = 3x.

ParathroÔme edÿ ìti to poluÿnumo autì eÐnai poluÿnumo prÿtou bajmoÔ, pou shmaÐnei
ìti eÐnai kai bèltisth prosèggish ston P1. IsqÔei kai edÿ h paratărhsh pou kĹname kai
sthn prosèggish suneqÿn sunartăsewn se diĹsthma kajÿc kai sth diakrită perÐptwsh,
ìpwc kai sto prohgoÔmeno parĹdeigma. Epeidă h sunĹrthsh x3 eÐnai perittă kai to
sÔnolo shmeÐwn X5 = {−2,−1, 0, 1, 2} eÐnai summetrikì wc proc to mhdèn, h bèltisth
prosèggish ja eÐnai perittă sunĹrthsh.

Ja dÿsoume edÿ èna parĹdeigma ìpou h sunĹrthsh kai to sÔnolo shmeÐwn eÐnai ta
Ðdia ìpwc prohgoÔmena, allĹzei ìmwc o qÿroc poluwnÔmwn pou ja eÐnai o P1. FusikĹ
anamènetai to Ðdio apotèlesma 3x, allĹ ja doÔme to pwc leitourgeÐ o algìrijmoc ìtan
paramènoun duo shmeÐa èxw apì to sÔnolo anaforĹc.



42 KEF§ALAIO 2. OMOIOMORFH PROSEGGISH

ParĹdeigma 16 DÐnetai to sÔnolo shmeÐwn X5 = {−2,−1, 0, 1, 2}. Na brejeÐ th
bèltisth prosèggish prÿtou bajmoÔ gia th sunĹrthsh f(x) = x3 me ton algìrijmo
enallagăc shmeÐwn.

O pÐnakac timÿn thc sunĹrthshc eÐnai

xi −2 −1 0 1 2
fi −8 −1 0 1 8

.

Epilègoume wc arqikì sÔnolo anaforĹc {xσ} = {−2,−1, 0}, apoteloÔmeno apì ta
trÐa prÿta shmeÐa kai akoloujoÔme th gnwstă diadikasÐa.

ω′(−2) = (−2 + 1)(−2) = 2, ω′(−1) = (−1 + 2)(−1) = −1, ω′(0) = 2 · 1 = 2

λσ =

∑3
i=1

f(xi)
ω′(xi)∑3

i=1
(−1)i

ω′(xi)

=
−8
2

+ −1
−1

+ 0
−1
2

+ 1
−1

+ 1
2

=
−3

−2
=

3

2
.

pσ(x) = p2(x)− λσl2(x) =
∑3
i=1

ω(x)
x−xi

f(xi)
ω′(xi)

− λσ∑3
i=1

ω(x)
x−xi

(−1)i

ω′(xi)

= (x+ 1)x−8
2

+ (x+ 2)x−1
−1
− 3

2

(
(x+ 1)x−1

2
+ (x+ 2)x 1

−1
+ (x+ 2)(x+ 1)−1

2

)

= 4x+ 3
2
.

O pÐnakac twn sfalmĹtwn eσ(xi) ja eÐnai:

eσ(−2) = −λσ = −3
2

(−)
eσ(−1) = λσ = 3

2
(+)

eσ(0) = −λσ = −3
2

(−) èxodoc
eσ(1) = 13 − (4 · 1 + 3

2
) = −9

2
(−) eÐsodoc

eσ(2) = 23 − (4 · 2 + 3
2
) = −3

2
(−)

To mègisto sfĹlma dÐnetai sto shmeÐo 1 kai eÐnai M = 9
2

me arnhtikì prìshmo. Ja
eisaqjeÐ autì to shmeÐo se antikatĹstash tou diplanoÔ tou 0 pou, to antÐstoiqo sfĹlma
èqei to Ðdio prìshmo. ’Etsi to nèo sÔnolo anaforĹc ja eÐnai to {xµ} = {−2,−1, 1}.

ω′(−2) = (−2+1)(−2−1) = 3, ω′(−1) = (−1+2)(−1−1) = −2, ω′(1) = (1+2)(1+1) = 6

λµ =

∑3
i=1

f(xi)
ω′(xi)∑3

i=1
(−1)i

ω′(xi)

=
−8
3

+ −1
−2

+ 1
6

−1
3

+ 1
−2

+ −1
6

=
−2

−1
= 2.

pµ(x) = p2(x)− λµl2(x) =
∑3
i=1

ω(x)
x−xi

f(xi)
ω′(xi)

− λµ∑3
i=1

ω(x)
x−xi

(−1)i

ω′(xi)
= (x+ 1)(x− 1)−8

3
+ (x+ 2)(x− 1)−1

−2
+ (x+ 2)(x+ 1)1

6

− 2
(
(x+ 1)(x− 1)−1

3
+ (x+ 2)(x− 1) 1

−2
+ (x+ 2)(x+ 1)−1

6

)
= 3x.

O pÐnakac twn sfalmĹtwn eµ(xi) ja eÐnai:
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eµ(−2) = −λµ = −2 (−)
eµ(−1) = λµ = 2 (+)
eµ(0) = 03 − 3 · 0 = 0 (−)
eµ(1) = −λµ = −2 (−)
eµ(2) = 23 − 3 · 2 = 2 (+)

To mègisto sfĹlma eÐnai M = ρµ = 2 kai ftĹsame sto anamenìmeno apotèlesma:

p∗1(x) = 3x.

Profanÿc o pÐnakac twn sfalmĹtwn eÐnai akribÿc o Ðdioc me ton teleutaÐo pÐnaka tou
prohgoumènou paradeÐgmatoc kai to sÔnolo twn enallassìmenwn shmeÐwn apoteleÐtai
apì tèssera shmeÐa afoÔ eÐnai kai bèltisth prosèggish ston P2.

Ja dÿsoume edÿ ènan Ĺllo trìpo upologismoÔ thc bèltisthc prosèggishc, qwrÐc thn
eÔresh twn antÐstoiqwn poluwnÔmwn parembolăc p2 kai l2, ìtan prìkeitai gia prosèggi-
sh ston P1. EÐnai ènac gewmetrikìc trìpoc pou basÐzetai sto gegonìc ìti h eujeÐa pou
enÿnei ta mèsa twn dÔo pleurÿn enìc trigÿnou, apèqei apì tic treic korufèc tou exÐsou
kai afănei duo korufèc sto èna hmiepÐpedo kai mia sto Ĺllo. Apomènei loipìn na upo-
logÐsoume thn exÐswsh thc eujeÐac pou enÿnei ta mèsa duo pleurÿn tou trigÿnou, ÿste
oi apostĹseic apì tic korufèc na èqoun enallassìmeno prìshmo. ’Estw ìti èqoume to
sÔnolo shmeÐwn X3 = {x1, x2, x3}, me x1 < x2 < x3 kai f(x1), f(x2), f(x3) eÐnai oi timèc
thc sunĹrthshc. OrÐzetai èna trÐgwno me korufèc ta shmeÐa (x1, f(x1)), (x2, f(x2)) kai
(x3, f(x3)). EÐnai profanèc ìti h eujeÐa pou enÿnei ta mèsa twn pleurÿn tou trigÿnou
pou orÐzetai apì ta duo prÿta kai ta duo deÔtera shmeÐa, apèqei exÐsou apì tic korufèc
me enallassìmeno prìshmo. Ta mèsa autĹ èqoun suntetagmènec

(
x1+x2

2
, f(x1)+f(x2)

2

)
kai(

x2+x3

2
, f(x2)+f(x3)

2

)
, antÐstoiqa. KataskeuĹzoume sth sunèqeia thn exÐswsh thc eujeÐac

pou enÿnei ta duo autĹ shmeÐa:

y − f(x1) + f(x2)

2
=

f(x2)+f(x3)
2

− f(x1)+f(x2)
2

x2+x3

2
− x1+x2

2

(
x− x1 + x2

2

)
.

LÔnontac wc proc y kai jètontac p∗1(x) sth jèsh tou, paÐrnoume

p∗1(x) =
f(x3)− f(x1)

x3 − x1

(
x− x1 + x2

2

)
+
f(x1) + f(x2)

2
, (2.23)

pou apoteleÐ ènan tÔpo apeujeÐac eÔreshc tou bèltistou poluwnÔmou.
An pĹroume to sÔnolo anaforĹc {xµ} = {−2,−1, 1} tou teleutaÐou paradeÐgmatoc

gia th sunĹrthsh x3, o tÔpoc autìc dÐnei:

p∗1(x) =
1− (−8)

1− (−2)

(
x− −2 + (−1)

2

)
+
−8 + (−1)

2
= 3x,

pou eÐnai kai to anamenìmeno apotèlesma.
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Askăseic

1. Na brejeÐ h bèltisth omoiìmorfh prosèggish thc sunĹrthshc f(x) = x+ |x|, ori-
smènhc sto diĹsthma [−1, 1], ston P1. (MporeÐte na qrhsimopoiăsete th grafikă
parĹstash thc sunĹrthshc kai idiìthtec thc bèltisthc omoiìmorfhc prosèggishc.)

2. Na brejeÐ h bèltisth omoiìmorfh prosèggish thc sunĹrthshc f(x) = 1
x
, orismènhc

sto diĹsthma [1, 2], ston P1 me th mèjodo prosdioristèwn suntelestÿn. (Jew-
răste p∗1(x) = αx + β kai prosdiorÐste ta α kai β. Na diathreÐte klĹsmata kai
rizikĹ stouc upologismoÔc.)

3. Na brejeÐ h bèltisth omoiìmorfh prosèggish thc f ∈ X4, ston P1, ìpou

X4 = {−1, 0, 1, 2} kai
xi −1 0 1 2
fi 1 0 1 4

.

4. Na brejeÐ h bèltisth omoiìmorfh prosèggish thc f ∈ X4, ston P1, ìpou

X4 = {−2, 0, 1, 2} kai
xi −2 0 1 2
fi 0 2 0 −2

.

5. Na brejeÐ h bèltisth omoiìmorfh prosèggish thc f ∈ X5, ston P1, ìpou

X5 = {−2, 1, 0, 1, 2} kai
xi −2 −1 0 1 2
fi 1 −1 1 2 0

,

qrhsimopoiÿntac ton algìrijmo thc enallagăc shmeÐwn kai xekinÿntac apì Xσ =

{−2,−1, 0}.

6. Na brejeÐ h bèltisth omoiìmorfh prosèggish thc f ∈ X4, ston P1 qrhsimopoiÿn-
tac ton algìrijmo thc enallagăc shmeÐwn, ìpou

X4 = {0, 1, 2, 3} kai
xi 0 1 2 3
fi 1 1 2 4

.

7. Na brejeÐ h bèltisth omoiìmorfh prosèggish thc f ∈ X5, ston P1, ìpou

X5 = {−2, 1, 0, 1, 2} kai
xi −2 −1 0 1 2
fi 0 1 −1 2 −2

,

qrhsimopoiÿntac ton algìrijmo thc enallagăc shmeÐwn kai xekinÿntac apì Xσ =

{−1, 0, 1}.

8. Na brejeÐ h bèltisth omoiìmorfh prosèggish thc sunĹrthshc f(x) = x2, orismè-
nhc sto diĹsthma [0, 1], ston P1 qrhsimopoiÿntac poluÿnuma Chebyshev.
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9. Na brejeÐ h bèltisth omoiìmorfh prosèggish thc f ∈ X4, ston P2 kai ston P1,
ìpou

X4 = {0, 1, 2, 3} kai
xi 0 1 2 3
fi −1 1 −1 0

.

10. Na brejeÐ h bèltisth prosèggish thc sunĹrthshc x3, orismènhc sto diĹsthma
[a, b], ston P3.

11. Poiì apì ta duo poluÿnuma x3 − 1
8
x kai x2 − 1

8
den mporeÐ na eÐnai h bèltisth

prosèggish thc sunĹrthshc x4, orismènhc sto diĹsthma [−1, 1], ston P3 kai giatÐ;

12. Na apodeiqteÐ ìti h bèltisth omoiìmorfh prosèggish thc sunĹrthshc f(x) =

sin(x) + 3x2 − 5x + 1, orismènhc sto diĹsthma [−2π, 2π], ston P2, eÐnai p∗2(x) =

3x2 − 5x+ 1.

13. DÐnetai ìti p∗n eÐnai h bèltisth omoiìmorfh prosèggish thc sunĹrthshc f ∈ C[a, b]

ston Pn. Na brejeÐ h bèltisth omoiìmorfh prosèggish thc sunĹrthshc f + qn
ston Pn, ìpou qn ∈ Pn.
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KefĹlaio 3

PROSEGGISH ELAQISTWN
TETRAGWNWN

To prìblhma thc prosèggishc elaqÐstwn tetragÿnwn gia suneqeÐc sunartăseic orismè-
nec sto diĹsthma [−1, 1] diatupÿnetai wc exăc:

Prìblhma 2 DojeÐsac suneqoÔc sunĹrthshc f sto diĹsthma I = [−1, 1] kai miac olo-
klhrÿsimhc katĹ Riemann sunĹrthshc bĹrouc w, jetikăc sto I ektìc apì peperasmèno
sÔnolo shmeÐwn ìpou w(x) = 0, na brejeÐ poluÿnumo q∗n ∈ Pn tètoio ÿste

‖f − q∗n‖2 =
[∫ 1

−1
[f(x)− q∗n(x)]2w(x)dx

] 1
2

< ‖f − p‖2 ∀p ∈ Pn, p 6= q∗n. (3.1)

To antÐstoiqo prìblhma gia sunartăseic orismènec sto sÔnolo shmeÐwnXm = {x1, x2, . . . , xm}
diatupÿnetai wc exăc:

Prìblhma 3 DojeÐsac sunĹrthshc f orismènhc sto sÔnolo shmeÐwnXm = {x1, x2, . . . , xm}
kai miac sunĹrthshc bĹrouc w, jetikăc sto Xm, na brejeÐ poluÿnumo q∗n ∈ Pn tètoio
ÿste

‖f − q∗n‖2 =

[
m∑

i=1

[f(xi)− q∗n(xi)]
2w(xi)

] 1
2

< ‖f − p‖2 ∀p ∈ Pn, p 6= q∗n. (3.2)

Apì ta genikĹ jewrămata Ôparxhc thc bèltisthc prosèggishc Jeÿrhma 1 kai mona-
dikìthtac Jeÿrhma 3 thc Eisagwgăc, prokÔptei ìti upĹrqei h prosèggish elaqÐstwn
tetragÿnwn kai eÐnai monadikă, afoÔ o qÿroc Pn eÐnai peperasmènhc diĹstashc kai h
eukleÐdeia nìrma ‖ · ‖2 eÐnai austhrĹ kurtă nìrma. Apì th sqèsh (3.1) mporoÔme na
parathrăsoume ìti h prosèggish elaqÐstwn tetragÿnwn upĹrqei kai eÐnai monadikă ìqi
mìno gia suneqeÐc sunartăseic, allĹ kai gia sunartăseic pou eÐnai oloklhrÿsimec katĹ
Riemann se sqèsh me th sunĹrthsh bĹrouc w.

H prosèggish elaqÐstwn tetragÿnwn mporeÐ na orisjeÐ kĹllista kai se opoiodăpote
kleistì diĹsthma [a, b], arkeÐ na antikatastăsoume me a kai b ta −1 kai 1, antÐstoiqa

47
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ston tÔpo (3.1). Thn orÐzoume ìmwc sto diĹsthma I = [−1, 1] afoÔ kĹje sunĹrthsh
orismènh sto [a, b] mporeÐ na metasqhmatisteÐ me to grammikì metasqhmatismì

x =
b− a

2
t+

b+ a

2

sto diĹsthma [−1, 1]. BrÐskoume th sunĹrthsh

g(t) = f

(
b− a

2
t+

b+ a

2

)
, t ∈ [−1, 1],

prosdiorÐzoume thn prosèggish elaqÐstwn tetragÿnwn thc g kai epanerqìmaste sto
diĹsthma [a, b], me ton antÐstrofo metasqhmatismì

t =
2

b− ax−
b+ a

b− a.

ProtimoÔme na ergasjoÔme sto diĹsthma I = [−1, 1] epeidă autì dieukolÔnei touc upo-
logismoÔc, ìpwc ja doÔme parakĹtw.

Apomènei loipìn na doÔme pwc qarakthrÐzetai h prosèggish elaqÐstwn tetragÿnwn
kai na dÿsoume algorÐjmouc gia ton upologismì thc. Prin proqwrăsoume se autì ja
orÐsoume to eukleÐdeio eswterikì ginìmeno pou sqetÐzetai ma thn eukleÐdeia nìrma ‖ · ‖2

kai ja dÿsoume kĹpoiec idiìthtec autoÔ pou ja mac qreiastoÔn parakĹtw.

Orismìc 5 Dojèntwn duo sunartăsewn f kai g, suneqÿn sto diĹsthma I = [−1, 1]

kai miac sunĹrthshc bĹrouc w, orÐzoume wc eswterikì ginìmeno autÿn, thn posìthta

(f, g) =
∫ 1

−1
f(x)g(x)w(x)dx. (3.3)

O antÐstoiqoc orismìc gia to eswterikì ginìmeno sunartăsewn orismènwn se sÔnolo
shmeÐwn, eÐnai.

Orismìc 6 Dojèntwn duo sunartăsewn f kai g, orismènwn sto sÔnolo Xm = {x1, x2,

. . . , xm} kai miac sunĹrthshc bĹrouc w, jetikăc sto Xm, orÐzoume wc eswterikì ginì-
meno autÿn, thn posìthta

(f, g) =
m∑

i=1

f(xi)g(xi)w(xi). (3.4)

Prèpei na parathrăsoume edÿ ìti to eukleÐdeio eswterikì ginìmeno orÐzetai genikìtera
gia migadikèc sunartăseic, emeÐc ìmwc dÿsame ton orismì pou periorÐzetai stic pragmati-
kèc sunartăseic epeidă me autèc mìno ja asqolhjoÔme. Ja doÔme edÿ ìti ta eswterikĹ
ginìmena, gia th suneqă kai diakrită perÐptwsh, pou orÐsame èqoun tic Ðdiec akribÿc
idiìthtec. Akìmh, ja doÔme parakĹtw ìti upĹrqei ènac jaumĹsioc duðsmìc metaxÔ twn
proseggÐsewn se suneqèc diĹsthma kai se sÔnolo shmeÐwn, se bajmì pou oi apodeÐ-
xeic gia th mia perÐptwsh eÐnai akribÿc oi Ðdiec kai gia thn Ĺllh. DÐnoume edÿ kĹpoiec
idiìthtec gia to eswterikì ginìmeno:
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(i) (f, g) = (g, f)

(ii) (λf, g) = (f, λg) = λ(f, g), λ ∈ IR.
(iii) (f + h, g) = (f, g) + (h, g), (f, g + h) = (f, g) + (f, h) (grammikìthta).
(iv) (f, f) = ‖f‖2

2.
Ja lème ìti oi sunartăseic f kai g eÐnai orjogÿniec metaxÔ twn an (f, g) = 0.

ParathroÔme ìti o orismìc autìc thc orjogwnìthtac sumpÐptei me thn orjogwniìthta
dianusmĹtwn ston IRm, ìtan oi sunartăseic orÐzontai sto sÔnolo shmeÐwn Xm. Proqw-
roÔme, loipìn, ston qarakthrismì thc prosèggishc elaqÐstwn tetragÿnwn.

3.1 Qarakthrismìc thc prosèggishc elaqÐstwn
tetragÿnwn

Jeÿrhma 14 ’Estw f ∈ C(I) kai w mia sunĹrthsh bĹrouc orismènh sto I. To
poluÿnumo q∗n eÐnai h prosèggish elaqÐstwn tetragÿnwn thc f , sto sÔnolo poluwnÔmwn
Pn, ann

(f − q∗n, p) =
∫ 1

−1
(f(x)− q∗n(x))p(x)w(x)dx = 0 ∀p ∈ Pn. (3.5)

Apìdeixh: (⇐) ’Estw ìti isqÔei h sqèsh (3.5) kai ìti p ∈ Pn, tìte

‖f − p‖2
2 =

∫ 1
−1(f(x)− p(x))2w(x)dx = (f − p, f − p)

= ((f − q∗n) + (q∗n − p), (f − q∗n) + (q∗n − p))
= (f − q∗n, f − q∗n) + (q∗n − p, q∗n − p) + 2(f − q∗n, q∗n − p).

Epeidă h sqèsh (3.5) isqÔei gia ìla ta p ∈ Pn kai epeidă q∗n − p ∈ Pn èqoume ìti
(f − q∗n, q∗n − p) = 0. Epomènwc h parapĹnw sqèsh gÐnetai

‖f − p‖2
2 = (f − q∗n, f − q∗n) + (q∗n − p, q∗n − p) = ‖f − q∗n‖2

2 + ‖q∗n − p‖2
2 ≥ ‖f − q∗n‖2

2,

ìpou h anisìthta gÐnetai isìthta mìno ìtan q∗n = p. Autì shmaÐnei ìti q∗n eÐnai h pro-
sèggish elaqÐstwn tetragÿnwn.

(⇒) ’Estw ìti q∗n eÐnai h prosèggish elaqÐstwn tetragÿnwn thc f kai ìti den isqÔei
h sqèsh (3.5), dhladă upĹrqei p̄ ∈ Pn gia to opoÐo isqÔei

(f − q∗n, p̄) =
∫ 1

−1
(f(x)− q∗n(x))p̄(x)w(x)dx = a 6= 0.

OrÐzoume me

b = (p̄, p̄) =
∫ 1

−1
(p̄(x))2w(x)dx > 0

kai jètoume

λ =
a

b
6= 0.
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Sth sunèqeia jewroÔme to poluÿnumo q = q∗n + λp̄ ∈ IRn kai upologÐzoume th ‖f − q‖2
2:

‖f − q‖2
2 = ‖f − q∗n − λp̄‖2

2 = (f − q∗n − λp̄, f − q∗n − λp̄)
= (f − q∗n, f − q∗n)− 2(f − q∗n, λp̄) + (λp̄, λp̄)
= ‖f − q∗n‖2

2 − 2λ(f − q∗n, p̄) + λ2(p̄, p̄) = ‖f − q∗n‖2
2 − 2λa+ λ2b

= ‖f − q∗n‖2
2 − λ2b < ‖f − q∗n‖2

2.

Autì shmaÐnei ìti to poluÿnumo q apoteleÐ kalÔterh prosèggish thc f apì ì,ti to q∗n.
Katalăxame epomènwc se Ĺtopo afoÔ upojèsame ìti to q∗n eÐnai h prosèggish elaqÐstwn
tetragÿnwn thc f kai h apìdeixh oloklhrÿjhke. •

To antÐstoiqo jeÿrhma pou qarakthrÐzei thn prosèggish elaqÐstwn tetragÿnwn thc
f , pou orÐzetai sto sÔnolo shmeÐwn Xm, eÐnai to akìloujo.

Jeÿrhma 15 ’Estw ìti h f orÐzetai sto sÔnolo shmeÐwnXm kai w eÐnai mia sunĹrthsh
bĹrouc orismènh sto Xm. To poluÿnumo q∗n eÐnai h prosèggish elaqÐstwn tetragÿnwn
thc f , sto sÔnolo poluwnÔmwn Pn, ann

(f − q∗n, p) =
m∑

i=1

(f(xi)− q∗n(xi))p(xi)w(xi)dx = 0 ∀p ∈ Pn. (3.6)

De ja dÿsoume edÿ thn apìdeixh giatÐ eÐnai akribÿc h Ðdia me ekeÐnh tou Jewrămatoc
14. H apìdeixh tou Jewrămatoc 14 dìjhke upì morfă eswterikÿn ginomènwn kai ìqi upì
morfă oloklhrwmĹtwn, akribÿc gia na apoteleÐ apìdeixh kai tou Jewrămatoc 15. Mìno
se orismèna shmeÐa dìjhkan kai kĹpoia oloklhrÿmata aplĹ gia eukolÐa tou anagnÿsth,
pou ja mporoÔsan kai autĹ na paralhfjoÔn. An antikatastăsoume ta oloklhrÿmata
me ta antÐstoiqa ajroÐsmata, tìte h parapĹnw apìdeixh apoteleÐ kĹllista apìdeixh tou
Jewrămatoc 15.

’Eqoume na parathrăsoume edÿ ìti ta Jewrămata 14 kai 15, ousiastikĹ mac lène
ìti to sfĹlma f − q∗n thc prosèggishc elaqÐstwn tetragÿnwn prèpei na eÐnai orjogÿ-
nio proc olìklhro to qÿro Pn ston opoÐo proseggÐzoume. To Ðdio sumbaÐnei kai ston
eukleÐdeio qÿro IR3 ston opoÐo zoÔme kai èqoume gewmetrikă Ĺpoyh. ’Otan jèloume na
proseggÐsoume èna shmeÐo tou qÿrou me èna shmeÐo se èna epÐpedo, fèrnoume kĹjeto
apì to shmeÐo sto epÐpedo. O Ðdioc nìmoc epomènwc pou isqÔei ston eukleÐdeio qÿro o
Ðdioc isqÔei kai stouc qÿrouc sunartăsewn ìtan proseggÐzoume me thn eukleÐdeia nìr-
ma. ApodeiknÔetai ìti h orjogwniìthta qarakthrÐzei kai thn prosèggish ìqi mìno se
qÿrouc poluwnÔmwn allĹ kai Ĺllouc upoqÿrouc ìpwc gia parĹdeigma eÐnai o upoqÿroc
twn trigwnometrikÿn poluwnÔmwn. Akìmh apodeiknÔetai ìti h prosèggish kai se pio
afhrhmènouc qÿrouc qarakthrÐzetai apì orjogwniìthta ìtan h antÐstoiqh nìrma parĹ-
getai apì eswterikì ginìmeno.

Sth sunèqeia ja dojoÔn oi mèjodoi kai algìrijmoi gia thn eÔresh th prosèggishc
elaqÐstwn tetragÿnwn.
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3.2 Poluÿnumo elaqÐstwn tetragÿnwn gia su-
nartăseic se suneqèc diĹsthma

JewroÔme ìti h sunĹrthsh f eÐnai suneqăc sto diĹsthma [−1, 1] kai stìqoc mac eÐnai na
broÔme to poluÿnumo elaqÐstwn tetragÿnwn ston Pn, wc proc th sunĹrthsh bĹrouc w.
Apì th qarakthristikă idiìthta orjogwniìthtac (3.5) pou dÐnei to Jeÿrhma 14, èqoume:

(f − q∗n, p) = 0⇔ (q∗n, p) = (f, p) ∀p ∈ Pn (3.7)

ă se morfă oloklhrwmĹtwn

∫ 1

−1
q∗n(x)p(x)w(x)dx =

∫ 1

−1
f(x)p(x)w(x)dx ∀p ∈ Pn. (3.8)

Apomènei loipìn na prosdiorÐsoume to poluÿnumo q∗n ÿste na isqÔei h sqèsh (3.8)
gia ìla ta p ∈ Pn. Apì prÿth Ĺpoyh faÐnetai na eÐnai polÔ dÔskolo prìblhma diìti
prèpei na to anazhtăsoume mèsa apì èna apeirosÔnolo pou eÐnai to Pn. Lìgw thc
grammikìthtac pou isqÔei gia ta oloklhrÿmata ă genikìtera gia ta eswterikĹ ginìmena,
arkeÐ na apaităsoume na isqÔei h (3.8) mìno gia n+1 se plăjoc poluÿnuma pou apoteloÔn
bĹsh tou Pn. Epilègoume mia bĹsh tou qÿrou Pn, ekfrĹzoume to poluÿnumo q∗n wc
grammikì sunduasmì twn poluwnÔmwn thc bĹshc kai apaitoÔme na isqÔei h (3.8) gia ìla
ta poluÿnuma thc bĹshc. KataskeuĹzoume ètsi èna grammikì sÔsthma n+ 1 exisÿsewn
me n + 1 agnÿstouc, touc suntelestèc sto grammikì sunduasmì. H lÔsh autoÔ tou
sustămatoc dÐnei kai th lÔsh tou problămatìc mac.

H diaforetikìthta twn mejìdwn pou anaptÔqjhkan kai ja doÔme sth sunèqeia sunÐ-
statai sthn epilogă thc bĹshc. Ja exetĹsoume, gia aplìthta, se ìlo to parìn kefĹlaio
mìno thn perÐptwsh ìpou w(x) = 1. H perÐptwsh gia thn opoÐa h sunĹrthsh bĹrouc
eÐnai diaforetikă apì th monĹda exetĹzetai akribÿc me ton Ðdio trìpo, arkeÐ na jewroÔme
kai th sunĹrthsh w wc parĹgonta sta oloklhrÿmata.

3.2.1 To SÔsthma twn Kanonikÿn Exisÿsewn

PaÐrnoume wc bĹsh to sÔnolo twn monwnÔmwn {1, x, x2, . . . , xn} kai jewroÔme ìti h
prosèggish elaqÐstwn tetragÿnwn q∗n ekfrĹzetai me to grammikì sunduasmì

q∗n(x) = ξ0 + ξ1x+ ξ2x
2 + · · ·+ ξnx

n. (3.9)

An jèsoume p(x) = xi, i = 0, 1, 2, . . . , n, h sqèsh (3.8) gÐnetai

∫ 1

−1
xi(ξ0 + ξ1x+ ξ2x

2 + · · ·+ ξnx
n)dx =

∫ 1

−1
xif(x)dx, i = 0, 1, 2, . . . , n

ă
n∑

j=0

(∫ 1

−1
xi+jdx

)
ξj =

∫ 1

−1
xif(x)dx, i = 0, 1, 2, . . . , n. (3.10)
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Se morfă eswterikÿn ginomènwn aută gÐnetai:

n∑

j=0

(xi, xj)ξj = (xi, f), i = 0, 1, 2, . . . , n. (3.11)

Oi sqèseic autèc dÐnoun to legìmeno SÔsthma twn Kanonikÿn Exisÿsewn:




a00 a01 a02 · · · a0n

a10 a11 a12 · · · a1n

a20 a21 a22 · · · a2n
...

...
...

. . .
...

an0 an1 an2 · · · ann







ξ0

ξ1

ξ2
...
ξn




=




b0

b1

b2
...
bn



, (3.12)

ìpou

aij = (xi, xj) =
∫ 1

−1
xi+jdx, i, j = 0, 1, . . . , n (3.13)

kai

bi = (xi, f) =
∫ 1

−1
xif(x)dx, i = 0, 1, . . . , n. (3.14)

To sÔsthma autì mporeÐ na grafeÐ sunoptikĹ upì morfă dianusmatikăc exÐswshc:

Aξ = b.

Me th lÔsh tou sustămatoc twn kanonikÿn exisÿsewn brÐskoume touc suntelestèc
ξi, i = 0, 1, . . . , n, tou grammikoÔ sunduasmoÔ (3.9), pou shmaÐnei ìti upologÐsame to
poluÿnumo elaqÐstwn tetragÿnwn q∗n.

O algìrijmoc epomènwc sunÐstatai ston upologismì twn stoiqeÐwn tou pÐnaka A,
ston upologismì twn stoiqeÐwn tou dianÔsmatoc b kai sth lÔsh enìc grammikoÔ sustă-
matoc n + 1 exisÿsewn me n + 1 agnÿstouc. ParathroÔme ìti ta stoiqeÐa aij èqoun
thn Ðdia timă ìtan oi deÐktec i kai j èqoun to Ðdio Ĺjroisma, pou shmaÐnei ìti ta stoi-
qeÐa tou pÐnaka A èqoun thn Ðdia timă katĹ măkoc twn diagwnÐwn apì kĹtw aristerĹ
proc ta Ĺnw dexiĹ. èqoume epomènwc na upologÐsoume 2n + 1 oloklhrÿmata gia ton
pÐnaka A kai n + 1 oloklhrÿmata gia to diĹnusma b. Oi pÐnakec pou èqoun tètoia diĹ-
taxh twn stoiqeÐwn touc lègontai pÐnakec Hankel kai èqoun kĹpoiec qarakthristikèc
idiìthtec. De ja asqolhjoÔme edÿ me tic idiìthtec twn pinĹkwn autÿn diìti apoteleÐ
antikeÐmeno thc Grammikăc ’Algebrac, ja anafèroume ìmwc kĹpoia qarakthristikĹ pou
ephreĹzoun th lÔsh tou problămatìc mac. ApodeiknÔetai ìti oi pÐnakec Hankel pou pa-
rĹgontai apì problămata elaqÐstwn tetragÿnwn èqoun polÔ megĹlo deÐkth katĹstashc
κ(A) = ‖A‖2 · ‖A−1‖2. Tìte lème ìti to sÔsthma (3.12) èqei kakă katĹstash, pou
shmaÐnei ìti mikrĹ sfĹlmata pou upeisèrqontai katĹ thn apojăkeush twn stoiqeÐwn tou
sustămatoc ston upologistă ă katĹ thn ektèlesh twn endiĹmeswn prĹxewn, epifèroun
megĹla sfĹlmata sth lÔsh tou sustămatoc. EÐnai tìso megĹla ta sfĹlmata, ìtan to
n eÐnai sqetikĹ megĹlo, pou h lÔsh pou paÐrnoume den eÐnai axiìpisth. ApodeiknÔetai
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ìti gia n ≥ 7 den èqoume axiìpisth lÔsh. Blèpoume loipìn ìti enÿ eÐnai aplìc o para-
pĹnw algìrijmoc, sthn prĹxh den mporeÐ na efarmosteÐ kai ja prèpei na anazhtăsoume
Ĺllon ìtan to n eÐnai sqetikĹ megĹlo. Gia polÔ mikrĹ n mporeÐ na efarmosteÐ kĹllista
kai na mac dÿsei polÔ kalĹ apotelèsmata. AkoloujeÐ èna parĹdeigma efarmogăc tou
algorÐjmou.

ParĹdeigma 17 Na brejeÐ h prosèggish elaqÐstwn tetragÿnwn thc sunĹrthshc√
|x| ston P2, sto diĹsthma [−1, 1] me to sÔsthma twn kanonikÿn exisÿsewn.
’Eqoume na kataskeuĹsoume to 3× 3 sÔsthma twn kanonikÿn exisÿsewn. SÔmfwna

me touc tÔpouc (3.13) kai (3.14) upologÐzoume ta stoiqeÐa aij, i, j = 0, 1, 2 kai bi, i =

0, 1, 2, antÐstoiqa:

a00 = (1, 1) =
∫ 1

−1
1dx = 2.

a01 = a10 = (1, x) =
∫ 1

−1
xdx = 0,

afoÔ h sunĹrthsh x eÐnai perittă kai to diĹsthma oloklărwshc eÐnai summetrikì wc proc
to 0.

a02 = a11 = a20 = (1, x2) =
∫ 1

−1
x2dx =

[
x3

3

]1

−1

=
2

3
.

a12 = a21 = (x, x2) =
∫ 1

−1
x3dx = 0.

a22 = (x2, x2) =
∫ 1

−1
x4dx =

[
x5

5

]1

−1

=
2

5
.

b0 =
(

1,
√
|x|
)

=
∫ 1

−1

√
|x|dx = 2

∫ 1

0
x

1
2dx = 2


x

3
2

3
2




1

0

=
4

3
.

Edÿ jèsame
∫ 1
−1

√
|x|dx = 2

∫ 1
0 x

1
2dx, epeidă h sunĹrthsh

√
|x| eÐnai Ĺrtia kai to diĹsthma

oloklărwshc eÐnai summetrikì wc proc to 0.

b1 =
(
x,
√
|x|
)

=
∫ 1

−1
x
√
|x|dx = 0,

epeidă h sunĹrthsh x
√
|x| eÐnai perittă.

b2 =
(
x2,

√
|x|
)

=
∫ 1

−1
x2
√
|x|dx = 2

∫ 1

0
x

5
2dx = 2


x

7
2

7
2




1

0

=
4

7
.

Epomènwc, to sÔsthma twn kanonikÿn exisÿsewn eÐnai




2 0 2
3

0 2
3

0
2
3

0 2
5






ξ0

ξ1

ξ2


 =




4
3

0
4
7


 .
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ParathroÔme ìti h deÔterh exÐswsh lÔnetai anexĹrthta apì tic Ĺllec duo kai dÐnei ξ1 = 0.
Oi Ĺllec duo dÐnoun to 2× 2 sÔsthma

[
2 2

3
2
3

2
5

] [
ξ0

ξ2

]
=

[
4
3
4
7

]
,

apì to opoÐo paÐrnoume th lÔsh ξ0 = 3
7
kai ξ2 = 5

7
. TelikĹ, to poluÿnumo elaqÐstwn

tetragÿnwn ja eÐnai
5

7
x2 +

3

7
.

ParathroÔme kai edÿ, ìpwc eÐqame parathrăsei kai sthn omoiìmorfh prosèggish, ìti

epeidă h sunĹrthsh
√
|x| eÐnai Ĺrtia kai to diĹsthma oloklărwshc eÐnai summetrikì wc

proc to 0, to poluÿnumo elaqÐstwn tetragÿnwn pou proèkuye eÐnai kai autì Ĺrtio.

3.2.2 Mèjodoi OrjogwnopoÐhshc

Gia na uperboÔme to prìblhma pou èqoume lìgw thc kakăc katĹstashc tou sustămatoc
twn kanonikÿn exisÿsewn, prospajoÔme na kataskeuĹsoume mia bĹsh orjogÿniwn po-
luwnÔmwn. Ac doÔme prÿta pÿc lÔnetai to prìblhma elaqÐstwn tetragÿnwn an èqoume
mia tètoia bĹsh, to pÿc ja thn kataskeuĹsoume ja to doÔme sth sunèqeia.

JewroÔme thn orjogÿnia bĹsh {P0, P1, P2, . . . , Pn}, ìpou Pi eÐnai poluÿnumo i baj-
moÔ kai

(Pi, Pj) =
∫ 1

−1
Pi(x)Pj(x)dx = 0 ∀i 6= j, i, j = 1, 2, . . . , n

kai mìno

(Pi, Pi) =
∫ 1

−1
[Pi(x)]2dx > 0, i = 1, 2, . . . , n.

JewroÔme epÐshc ìti h prosèggish elaqÐstwn tetragÿnwn q∗n ekfrĹzetai me to grammikì
sunduasmì

q∗n(x) = λ0P0(x) + λ1P1(x) + λ2P2(x) + · · ·+ λnPn(x). (3.15)

Jètoume p(x) = Pi(x), i = 0, 1, 2, . . . , n kai h sqèsh (3.8) gÐnetai

∫ 1

−1
Pi(x) (λ0P0(x) + λ1P1(x) + · · ·+ λnPn(x)) dx =

∫ 1

−1
Pi(x)f(x)dx, i = 0, 1, 2, . . . , n

ă se morfă eswterikÿn ginomènwn

(Pi, (λ0P0 + λ1P1 + · · ·+ λnPn)) = (Pi, f), i = 0, 1, 2, . . . , n.

Efarmìzontac idiìthtec eswterikÿn ginomènwn, paÐrnoume

n∑

j=0

λj(Pi, Pj) = (Pi, f), i = 0, 1, 2, . . . , n
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kai lìgw thc orjogwniìthtac aută gÐnetai

λi(Pi, Pi) = (Pi, f)⇔ λi =
(Pi, f)

(Pi, Pi)
, i = 0, 1, 2, . . . , n. (3.16)

FtĹsame loipìn sthn eÔresh twn suntelestÿn λi kai katĹ sunèpeia sthn eÔresh tou
poluwnÔmou elaqÐstwn tetragÿnwn, qwrÐc na qreiĹzetai na lÔsoume kĹpoio sÔsthma.
OusiastikĹ oi sqèseic (3.16) apoteloÔn èna grammikì sÔsthma, mìno pou o antÐstoiqoc
pÐnakac eÐnai diagÿnioc kai h lÔsh tou dÐnetai me n diairèseic kai me polÔ megĹlh akrÐbeia.
To telikì sumpèrasma eÐnai ìti, me th qrăsh kĹpoiac orjogÿniac bĹshc, katafèrnoume
na broÔme to poluÿnumo elaqÐstwn tetragÿnwn me megĹlh akrÐbeia apofeÔgontac to
skìpelo tou sustămatoc twn kanonikÿn exisÿsewn.

Prèpei na parathrăsoume edÿ ìti an kĹje poluÿnumo Pi, i = 0, 1, . . . , n, thc bĹshc
to pollaplasiĹsoume me èna stajerì parĹgonta ci, tìte h orjogwniìthta den alloiÿ-
netai. To nèo sÔnolo poluwnÔmwn apoteleÐ ki autì mia orjogÿnia bĹsh. Ja lème ìti
mia orjogÿnia bĹsh eÐnai anexĹrthth wc proc stajerì parĹgonta. Se orismèna pro-
blămata mac endiafèrei h bĹsh na eÐnai kanonikopoihmènh, me thn ènnoia ìti h nìrma
kĹje stoiqeÐou thc isoÔtai me th monĹda. H kanonikopoÐhsh gÐnetai eÔkola an kĹje
stoiqeÐo miac orjogÿniac bĹshc to diairèsoume me th nìrma tou. ’Estw h orjogÿ-
nia bĹsh {P0, P1, P2, . . . , Pn}. Apì autăn paÐrnoume thn antÐstoiqh kanonikopoihmènh
{P̃0, P̃1, P̃2, . . . , P̃n}, ìpou

P̃i =
Pi
‖Pi‖2

, i = 0, 1, . . . , n.

Mia tètoia bĹsh lègetai orjokanonikă. An jewrăsoume mia orjokanonikă bĹsh gia
th lÔsh tou problămatoc elaqÐstwn tetragÿnwn tìte h sqèsh (3.16), pou dÐnei ta λi,
aplopoieÐtai akìmh perissìtero kai ginetai

λi = (P̃i, f), i = 0, 1, 2, . . . , n, (3.17)

afoÔ (P̃i, P̃i) = 1.
Apomènei na doÔme kĹpoiec mejìdouc kataskeuăc orjogÿniac bĹshc.

Gram-Schmidt OrjogwnopoÐhsh

KatĹ th Gram-Schmidt orjogwnopoÐhsh xekinoÔme me mia opoiadăpote bĹsh grammikĹ
anexĹrthtwn poluwnÔmwn kai èqontac aută wc bĹsh anaforĹc prospajoÔme na kata-
skeuĹsoume th bĹsh orjogÿniwn poluwnÔmwn. Sunăjwc xekinoÔme me th bĹsh twn
monwnÔmwn {1, x, x2, . . . , xn}.

An upojèsoume ìti brăkame thn orjogÿnia bĹsh kai aută eÐnai h {P0, P1, P2, . . . , Pn},
tìte to monÿnumo xi grĹfetai wc grammikìc sunduasmìc twn monwnÔmwn thc bĹshc wc
exăc:

xi = c0P0(x) + c1P1(x) + c2P2(x) + · · ·+ ciPi(x). (3.18)
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Jewrÿntac to eswterikì ginìmeno thc sqèshc autăc me to poluÿnumo thc bĹshc Pj, me
j ≤ i, paÐrnoume

(xi, Pj) = c0(P0, Pj) + c1(P1, Pj) + c2(P2, Pj) + · · ·+ ci(Pi, Pj)

kai lìgw thc orjogwniìthtac katalăgoume

cj(Pj, Pj) = (xi, Pj)⇔ cj =
(xi, Pj)

(Pj, Pj)
, j = 0, 1, 2, . . . , i. (3.19)

Upojètoume tÿra ìti èqoume brei ta prÿta i stoiqeÐa thc bĹshc, P0, P1, P2, . . . , Pi−1

kai jèloume na broÔme to Pi. Epeidă oi orjogÿniec bĹseic eÐnai anexĹrthtec wc proc
stajerì parĹgonta, jewroÔme wc Pi sth sqèsh (3.18) to ciPi. LÔnontac wc proc autì
to Pi, afoÔ prÿta antikatastăsoume touc suntelestèc apì thn (3.19), paÐrnoume

Pi(x) = xi − (xi, P0)

(P0, P0)
P0(x)− (xi, P1)

(P1, P1)
P1(x)− · · · − (xi, Pi−1)

(Pi−1, Pi−1)
Pi−1(x). (3.20)

H sqèsh (3.20) apoteleÐ kai ton algìrijmo Gram-Schmidt orjogwnopoÐhshc, o opoÐ-
oc eÐnai polÔ aplìc sthn perigrafă tou. XekinoÔme aujaÐreta me P0(x) = 1, apì thn
(3.20) gia i = 1 brÐskoume to P1, apì thn Ðdia sqèsh gia i = 2 brÐskoume to P2 kai
h Ðdia diadikasÐa suneqÐzetai mèqri na broÔme kai to Pn. OusiastikĹ me ton algìrij-
mo Gram-Schmidt orjogwnopoÐhshc, afoÔ ekfrĹsoume to xi wc grammikì sunduasmì
twn Pj, j = 0, 1, 2, . . . , i, apaleÐfoume ìlec tic sunistÿsec tou xi stic dieujÔnseic
P0, P1, P2, . . . , Pi−1 kai apomènei anagkastikĹ h dieÔjunsh Pi. O Ðdioc akribÿc algìrij-
moc Gram-Schmidt orjogwnopoÐhshc, me thn Ðdia filosofÐa, sunantĹtai kai sth Gram-
mikă ’Algebra gia thn eÔresh orjogÿniwn bĹsewn dianusmĹtwn kai gia thn kataskeuă
orjogÿniwn pinĹkwn.

Ja doÔme sth sunèqeia thn efarmogă tou algorÐjmou autoÔ gia thn kataskeuă miac
bĹshc {P0, P1, P2, P3} ston qÿro P3.

P0(x) = 1,

P1(x) = x− (x,P0)
(P0,P0)

P0(x) = x− (x,1)
(1,1)

1 = x−
∫ 1

−1
xdx∫ 1

−1
1dx

1 = x,

P2(x) = x2 − (x2,P0)
(P0,P0)

P0(x)− (x2,P1)
(P1,P1)

P1(x) = x2 − (x2,1)
(1,1)

1− (x2,x)
(x,x)

x

= x2 −
∫ 1

−1
x2dx∫ 1

−1
1dx

1−
∫ 1

−1
x3dx∫ 1

−1
x2dx

x = x2 − 1
3
,

P3(x) = x3 − (x3,P0)
(P0,P0)

P0(x)− (x3,P1)
(P1,P1)

P1(x)− (x3,P2)
(P2,P2)

P2(x)

= x3 − (x3,1)
(1,1)

1− (x3,x)
(x,x)

x− (x3,x2− 1
3

)

(x2− 1
3
,x2− 1

3
)
(x2 − 1

3
)

= x3 −
∫ 1

−1
x3dx∫ 1

−1
1dx

1−
∫ 1

−1
x4dx∫ 1

−1
x2dx

x−
∫ 1

−1
x3(x2− 1

3
)dx∫ 1

−1
(x2− 1

3
)2dx

(x2 − 1
3
) = x3 − 3

5
x.

Me th Gram-Schmidt orjogwnopoÐhsh dhmiourgoÔntai kĹpoia upologistikĹ problămata
ìtan to n eÐnai sqetikĹ megĹlo kai autì gÐnetai epeidă gia thn eÔresh tou Pi qrhsimo-
poioÔntai ìla ta prohgoÔmena poluÿnuma. Autì èqei wc sunèpeia apì th mia na apaitoÔn-
tai polÔ upologismoÐ kai apì thn Ĺllh ta sfĹlmata pou dhmiourgăjhkan se prohgoÔmena



3.2. EL§AQISTA TETR§AGWNA SE SUNEQ§ES DI§ASTHMA 57

poluÿnuma na metabibĹzontai kai na susswreÔontai se epìmena me apotèlesma na èqoume
megĹla sfĹlmata sto telikì apotèlesma. Profanÿc eÐnai polÔ pio akribăc mèjodoc apì
ekeÐnh tou sustămatoc twn kanonikÿn exisÿsewn. Ja prospajăsoume ìmwc na broÔme
kĹpoion pio akribă algìrijmo orjogwnopoÐhshc.

OrjogwnopoÐhsh me thn anadromikă sqèsh triÿn ìrwn

Sth mèjodo aută qrhsimopoioÔme mia anadromikă sqèsh ìpwc kai katĹ thn Gram-

Schmidt orjogwnopoÐhsh, mìno pou edÿ emplèkontai mìno treic diadoqikoÐ ìroi sthn
anadromikă sqèsh. Sugkekrimèna, paÐrnoume P0(x) = 1, P1(x) = x pou gnwrÐzoume ìti
eÐnai orjogÿnia metaxÔ twn kai jewroÔme thn anadromikă sqèsh:

Pk+1(x) = (x− αk)Pk(x)− βkPk−1(x), k = 1, 2, . . . , n− 1. (3.21)

Stìqoc mac eÐnai o prosdiorismìc twn αk kai βk ÿste h bĹsh poluwnÔmwn pou parĹgetai
na eÐnai orjogÿnia. Gia na to petÔqoume ja qrhsimopoiăsoume tèleia epagwgă. Upo-
jètoume ìti oi k + 1 prÿtoi ìroi P0, P1, P2, . . . , Pk eÐnai orjogÿnia poluÿnuma metaxÔ
twn kai ja apodeÐxoume ìti me katĹllhlo prosdiorismì twn αk kai βk kai to Pk+1 eÐnai
orjogÿnio me ìla ta prohgoÔmena. JewroÔme to poluÿnumo Pj, j = 0, 1, 2, . . . , k kai
upologÐzoume to eswterikì ginìmeno (Pk+1, Pj) diakrÐnontac treic periptÿseic:

1) j < k − 1:

(Pk+1, Pj) = ((x− αk)Pk − βkPk−1, Pj) = ((x− αk)Pk, Pj)− (βkPk−1, Pj)
= (Pk, (x− αk)Pj)− βk (Pk−1, Pj) .

Apì thn upìjesh èqoume ìti (Pk−1, Pj) = 0. ParathroÔme epÐshc ìti to poluÿnumo
(x − αk)Pj ja eÐnai poluÿnumo to polÔ k − 1 bajmoÔ. To Pk upojèsame ìti eÐnai
poluÿnumo thc orjogÿniac bĹshc, epomènwc ja eÐnai orjogÿnio me opoiodăpote poluÿ-
numo to polÔ k − 1 bajmoÔ, afoÔ ekeÐno ja mporeÐ na grafeÐ wc grammikìc sunduasmìc
twn P0, P1, P2, . . . , Pk−1. Autì shmaÐnei ìti (Pk, (x− αk)Pj) = 0, pou apodeiknÔei ì-
ti (Pk+1, Pj) = 0. ApodeÐxame loipon ìti to Pk+1 eÐnai orjogÿnio me ìla ta Pj gia
j < k − 1, gia opoiadăpote αk kai βk.

2) j = k:

(Pk+1, Pk) = ((x− αk)Pk − βkPk−1, Pk) = (xPk, Pk)− αk (Pk, Pk)− βk (Pk−1, Pk)
= (xPk, Pk)− αk (Pk, Pk) .

An epilèxoume

αk =
(xPk, Pk)

(Pk, Pk)
, (3.22)

tìte paÐrnoume (Pk+1, Pk) = 0. ProsdiorÐsame to αk ÿste to poluÿnumo Pk+1 na eÐnai
orjogÿnio me to Pk.
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3) j = k − 1:

(Pk+1, Pk−1) = ((x− αk)Pk − βkPk−1, Pk−1) = (xPk, Pk−1)− αk (Pk, Pk−1)
− βk (Pk−1, Pk−1) = (xPk, Pk−1)− βk (Pk−1, Pk−1) .

Epilègontac

βk =
(xPk, Pk−1)

(Pk−1, Pk−1)
, (3.23)

paÐrnoume (Pk+1, Pk−1) = 0. ProsdiorÐsame loipìn to βk ÿste to poluÿnumo Pk+1 na
eÐnai orjogÿnio me to Pk−1.

’Eqoume apodeÐxei ìti h anadromikă sqèsh (3.21) apoteleÐ èna polÔ kalì ergaleÐo
gia thn kataskeuă bĹshc orjogÿniwn poluwnÔmwn. Ja apodeÐxoume edÿ ìti o tÔpoc
(3.23) pou mac dÐnei to βk eÐnai isodÔnamoc me ton

βk =
(Pk, Pk)

(Pk−1, Pk−1)
. (3.24)

PragmatikĹ, o arijmhtăc tou (3.23) mporeÐ na gÐnei (xPk, Pk−1) = (Pk, xPk−1). To
poluÿnumo xPk−1 eÐnai akribÿc k bajmoÔ kai mporeÐ na dojeÐ wc grammikìc sunduasmìc
twn poluwnÔmwn thc bĹshc wc exăc:

xPk−1 = c0P0 + c1P1 + c2P2 + · · ·+ ckPk.

ParathroÔme, apì thn anadromikă sqèsh kai apì to gegonìc ìti xekinoÔme me P0(x) = 1

kai P1(x) = x, ìti ìla ta poluÿnuma thc bĹshc èqoun suntelestă megistobajmÐou ìrou
th monĹda. EpÐshc kai to poluÿnumo xPk−1 eqei suntelestă megistobajmÐou ìrou th
monĹda. Epomènwc, sto grammikì sunduasmì ja èqoume ck = 1. Antikajistÿntac sto
eswterikì ginìmeno, paÐrnoume

(Pk, xPk−1) = c0(Pk, P0) + c1(Pk, P1) + c2(Pk, P2) + · · ·+ (Pk, Pk) = (Pk, Pk),

pou apodeiknÔei ton tÔpo (3.24).

MporoÔme na apodeÐxoume ìti o tÔpoc (3.22) dÐnei αk = 0 epeidă părame wc diĹsthma
to [−1, 1] pou eÐnai summetrikì wc proc to mhdèn. PragmatikĹ, o arijmhtăc tou (3.22)
dÐnei

(xPk, Pk) =
∫ 1

−1
x[Pk(x)]2dx = 0,

epeidă h upì oloklărwsh sunĹrthsh eÐnai perittă kai to diĹsthma oloklărwshc eÐnai
summetrikì wc proc to mhdèn. Se mh summetrikĹ ìmwc diastămata autì den isqÔei.

Ja prospajăsoume tÿra na upologÐsoume thn Ðdia bĹsh {P0, P1, P2, P3}, qrhsimo-
poiÿntac thn anadromikă sqèsh (3.21).
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P0(x) = 1,
P1(x) = x,

β1 = (P1,P1)
(P0,P0)

= (x,x)
(1,1)

=
2
3

2
= 1

3
,

P2(x) = xP1(x)− β1P0(x) = x2 − 1
3
,

β2 = (P2,P2)
(P1,P1)

=
(x2− 1

3
,x2− 1

3)
(x,x)

=
(x2,x2)−2 1

3
(x2,1)+ 1

9
(1,1)

2
3

=
2
5
− 4

9
+ 2

9
2
3

= 4
15
,

P3(x) = xP2(x)− β2P1(x) = x(x2 − 1
3
)− 4

15
x = x3 − 3

5
x.

Poluÿnuma Legendre

Ta poluÿnuma Legendre eÐnai èna sÔnolo orjogÿniwn poluwnÔmwn sto diĹsthma [−1, 1]

me polÔ kalèc idiìthtec. EÐnai mia eidikă perÐptwsh thc genikìterhc kathgorÐac twn
orjogÿniwn poluwnÔmwn Jacobi. Ektìc apì th JewrÐa Prosèggishc, eureÐa efarmogă
èqoun kai sthn Arijmhtikă Oloklărwsh. De ja asqolhjoÔme ìmwc edÿ se bĹjoc,
aplÿc ja ta parajèsoume wc ergaleÐo gia thn prosèggish elaqÐstwn tetragÿnwn. AutĹ
dÐnontai apì thn anadromikă sqèsh triÿn ìrwn

Pk+1(x) =
2k + 1

k + 1
xPk(x)− k

k + 1
Pk−1(x), k = 1, 2, . . . , (3.25)

me P0(x) = 1 kai P1(x) = x. DÐnoume sth sunèqeia touc tèsseric prÿtouc ìrouc twn
poluwnÔmwn Legendre.

P0(x) = 1,
P1(x) = x,
P2(x) = 2·1+1

1+1
xP1(x)− 1

1+1
P0(x) = 3

2
x2 − 1

2
,

P3(x) = 2·2+1
2+1

xP2(x)− 2
2+1

P1(x) = 5
3
x
(

3
2
x2 − 1

2

)
− 2

3
x = 5

2
x3 − 3

2
x,

P4(x) = 2·3+1
3+1

xP3(x)− 3
3+1

P2(x) = 7
4
x
(

5
2
x3 − 3

2
x
)
− 3

4

(
3
2
x2 − 1

2

)
= 35

8
x4 − 15

4
x2 + 3

8
.

ParathroÔme ìti ta poluÿnuma Legendre diafèroun apì ta orjogÿnia poluÿnuma pou
kataskeuĹsame me th mèjodo Gram-Schmidt ă me thn anadromikă sqèsh (3.21), mìno
wc proc stajerì parĹgonta. PragmatikĹ, an diairèsoume me to megistobĹjmio ìro ta
poluÿnuma Legendre, paÐrnoume akribÿc ta poluÿnuma pou eÐqame kataskeuĹsei. Gia
parĹdeigma, To P2 mac dÐnei x2 − 1

3
enÿ to P3 dÐnei x3 − 3

5
x.

Ja lÔsoume to Ðdio prìblhma tou ParadeÐgmatoc 17 qrhsimopoiÿntac orjogÿnia
poluÿnuma.

ParĹdeigma 18 Na brejeÐ h prosèggish elaqÐstwn tetragÿnwn thc sunĹrthshc√
|x| ston P2, sto diĹsthma [−1, 1] me mèjodo orjogwnopoÐhshc.
Mac qreiĹzetai to sÔnolo triÿn orjogwnÐwn poluwnÔmwn {P0, P1, P2} = {1, x, x2−

1
3
}, pou èqoume ădh kataskeuĹsei. SÔmfwna me th sqèsh (3.15) to poluÿnumo elaqÐstwn

tetragÿnwn ja dÐnetai apì to grammikì sunduasmì

q∗n(x) = λ0P0(x) + λ1P1(x) + λ2P2(x)
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ìpou ta λi, i = 0, 1, 2, ja dÐnontai apì th sqèsh (3.16). Epomènwc, paÐrnoume

λ0 =
(P0, f)

(P0, P0)
=

(
1,
√
|x|
)

(1, 1)
=

∫ 1
−1

√
|x|dx

2
=

2
∫ 1
0

√
xdx

2
=

4
3

2
=

2

3
,

λ1 =
(P1, f)

(P1, P1)
=

(
x,
√
|x|
)

(x, x)
=

∫ 1
−1 x

√
|x|dx

2
3

= 0,

λ2 = (P2,f)
(P2,P2)

=

(
x2− 1

3
,
√
|x|
)

(x2− 1
3
,x2− 1

3)
=

(
x2,
√
|x|
)
−
(

1
3
,
√
|x|
)

(x2,x2)−2 1
3

(x2,1)+ 1
9

(1,1)

=
2
∫ 1

0
x

5
2 dx− 1

3
2
∫ 1

0
x

1
2 dx∫ 1

−1
x4dx−2 1

3

∫ 1

−1
x2dx+ 1

9

∫ 1

−1
1dx

=
2 2

7
− 1

3
2 2

3
2
5
−2 1

3
2
3

+ 1
9

2
= 5

7
.

TelikĹ, to poluÿnumo elaqÐstwn tetragÿnwn ja eÐnai

q∗n(x) = λ0P0(x) + λ1P1(x) + λ2P2(x) =
2

3
+

5

7

(
x2 − 1

3

)
) =

5

7
x2 +

3

7
.

3.3 Poluÿnumo elaqÐstwn tetragÿnwn gia su-
nartăseic orismènec se sÔnolo shmeÐwn

JewroÔme ìti h sunĹrthsh f orÐzetai sto sÔnolo shmeÐwn Xm = {x1, x2, x3, . . . , xm}
kai oi timèc thc sta shmeÐa autĹ eÐnai f1, f2, f3, . . . , fm. ’Opwc kai sth suneqă perÐptwsh
ètsi kai edÿ, stìqoc mac eÐnai na broÔme to poluÿnumo elaqÐstwn tetragÿnwn ston
Pn, wc proc th sunĹrthsh bĹrouc w. Edÿ ja mporoÔsame na mhn poÔme tÐpote epiplèon
apì autĹ pou anaptăxame sth suneqă perÐptwsh. IsqÔoun akribÿc ta Ðdia, upĹrqei
ènac jaumĹsioc duðsmìc ìpwc anafèrame kai sthn arqă tou KefalaÐou. H mình diaforĹ
pou upĹrqei, eÐnai ìti ta oloklhrÿmata thc suneqoÔc perÐptwshc antikajÐstantai me
ajroÐsmata. Akìmh, edÿ ja ergazìmaste kĹje forĹ sto sugkekrimèno sÔnolo Xm,
qwrÐc na mporoÔme na to metasqhmatÐsoume, ìpwc kĹname sth suneqă perÐptwsh me to
[−1, 1].

Apì th qarakthristikă idiìthta orjogwniìthtac (3.6) pou dÐnei to Jeÿrhma 15,
èqoume kai edÿ thn Ðdia sqèsh (3.7), dhladă

(q∗n, p) = (f, p) ∀p ∈ Pn.
Se morfă ajroismĹtwn aută gÐnetai

m∑

k=1

q∗n(xk)p(xk)wk =
m∑

k=1

fkp(xk)wk ∀p ∈ Pn. (3.26)

Epilègoume kai edÿ mia bĹsh tou qÿrou Pn, ekfrĹzoume to poluÿnumo q∗n wc grammikì
sunduasmì twn poluwnÔmwn thc bĹshc kai apaitoÔme na isqÔei h (3.26) gia ìla ta
poluÿnuma thc bĹshc. Ja exetĹsoume kai edÿ thc antÐstoiqec periptÿseic, ìpwc kai
sth suneqă, ìpou h diaforetikìthta ofeÐletai sthn epilogă thc bĹshc. JewroÔme kai
edÿ ìti w(x) = 1.
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3.3.1 To SÔsthma twn Kanonikÿn Exisÿsewn

’Opwc kai sth suneqă perÐptwsh, paÐrnoume wc bĹsh to sÔnolo twn monwnÔmwn {1, x, x2,

. . . , xn} kai jewroÔme ìti h prosèggish elaqÐstwn tetragÿnwn q∗n ekfrĹzetai me to
grammikì sunduasmì

q∗n(x) = ξ0 + ξ1x+ ξ2x
2 + · · ·+ ξnx

n. (3.27)

Jètoume sth sunèqeia p(x) = xi, i = 0, 1, 2, . . . , n, kai h sqèsh (3.26) gÐnetai

m∑

k=1

xik(ξ0 + ξ1xk + ξ2x
2
k + · · ·+ ξnx

n
k) =

m∑

k=1

xikfk, i = 0, 1, 2, . . . , n

ă
n∑

j=0

(
m∑

k=1

xi+jk

)
ξj =

m∑

k=1

xikf(x)dx, i = 0, 1, 2, . . . , n. (3.28)

Se morfă eswterikÿn ginomènwn paÐrnoume akribÿc thn (3.11). Oi parapĹnw sqèseic
dÐnoun to SÔsthma twn Kanonikÿn Exisÿsewn:

Aξ = b⇔




a00 a01 a02 · · · a0n

a10 a11 a12 · · · a1n

a20 a21 a22 · · · a2n
...

...
...

. . .
...

an0 an1 an2 · · · ann







ξ0

ξ1

ξ2
...
ξn




=




b0

b1

b2
...
bn



, (3.29)

ìpou

aij = (xi, xj) =
m∑

k=1

xi+jk , i, j = 0, 1, . . . , n (3.30)

kai

bi = (xi, f) =
m∑

k=1

xikfk, i = 0, 1, . . . , n. (3.31)

Apomènei na lÔsoume to sÔsthma twn kanonikÿn exisÿsewn gia na broÔme touc suntele-
stèc tou grammikoÔ sunduasmoÔ (3.27) kai katĹ sunèpeia na upologÐsoume to poluÿnumo
elaqÐstwn tetragÿnwn q∗n.

GrĹfoume ton pÐnaka A kai to diĹnusma b sth morfă twn ajroismĹtwn (3.30) kai
(3.31):

A =




∑m
k=1 1

∑m
k=1 xk

∑m
k=1 x

2
k · · · ∑m

k=1 x
n
k∑m

k=1 xk
∑m
k=1 x

2
k

∑m
k=1 x

3
k · · · ∑m

k=1 x
n+1
k∑m

k=1 x
2
k

∑m
k=1 x

3
k

∑m
k=1 x

4
k · · · ∑m

k=1 x
n+2
k

...
...

...
. . .

...∑m
k=1 x

n
k

∑m
k=1 x

n+1
k

∑m
k=1 x

n+2
k · · · ∑m

k=1 x
2n
k



, b =




∑m
k=1 fk∑m

k=1 xkfk∑m
k=1 x

2
kfk

...∑m
k=1 x

n
kfk



.

Edÿ parathroÔme ìti o A kai to b mporoÔn na grafoÔn sth morfă

A = XTX, b = XT f̂ ,
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ìpou X eÐna o m× (n+ 1) Vandermonde pÐnakac

X =




1 x1 x2
1 · · · xn1

1 x2 x2
2 · · · xn2

1 x3 x2
3 · · · xn3

...
...

...
. . .

...
1 xm x2

m · · · xnm




kai f̂ eÐnai to m-diĹstato diĹnusma me tic timèc thc sunĹrthshc (f̂ = (f1 f2 f3 · · · fm)T ).
Epomènwc, to sÔsthma twn kanonikÿn exisÿsewn gÐnetai

XTXξ = XT f̂ ⇔ XT (Xξ − f̂) = 0.

To diĹnusma Xξ èqei wc sunistÿsec tic timèc tou zhtoÔmenou poluwnÔmou q∗n sta shmeÐa
tou Xm, sunepÿc to diĹnusma Xξ − f̂ apoteleÐ to diĹnusma sfĹlma katĹ thn prosèg-
gish elaqÐstwn tetragÿnwn. EÐnai gnwstì apì th Grammikă ’Algebra ìti to parapĹnw
sÔsthma kanonikÿn exisÿsewn, epilÔei to prìblhma elaqistopoÐhshc:

min
ξ∈IRm

‖Xξ − f̂‖2. (3.32)

Autì to prìblhma ìmwc eÐnai to prìblhma elaqÐstwn tetragÿnwn pou jèsame exarqăc.
Diastaurÿsame me autìn ton trìpo kai apì pleurĹc thc Grammikăc ’Algebrac ìti to sÔ-
sthma kanonikÿn exisÿsewn, lÔnei to prìblhmĹ mac. Bèbaia h Grammikă ’Algebra lÔnei
to genikìtero prìblhma elaqistopoÐhshc (3.32) gia opoiodăpote pÐnaka X kai diĹnusma
f̂ kai ìqi mìno autĹ pou proèrqontai apì prosèggish sunartăsewn me poluÿnuma.

IsqÔoun kai edÿ ìlec oi parathrăseic pou dÿsame sth suneqă perÐptwsh, wc proc
thn katĹstash tou sustămatoc. To sÔsthma (3.29) èqei kakă katĹstash kai ja prèpei
na yĹxoume gia pio eustajă algìrijmo diamèsou mejìdwn orjogwnopoÐhshc. DÐnoume
sth sunèqeia duo paradeÐgmata.

ParĹdeigma 19 Na brejeÐ h prosèggish elaqÐstwn tetragÿnwn ston P2, thc su-
nĹrthshc |x| sto sÔnolo shmeÐwn X5 = {−1,−1

2
, 0, 1

2
, 1} me to sÔsthma twn kanonikÿn

exisÿsewn.

O pÐnakac timÿn thc sunĹrthshc eÐnai

xk −1 −1
2

0 1
2

1
fk 1 1

2
0 1

2
1
.

Sunăjwc, katartÐzoume èna pÐnaka me tic timèc twn dunĹmewn twn xk kai me tic timèc twn
dunĹmewn twn xk epÐ fk pou mac qreiĹzontai, ÿste na brÐskoume ta ajroÐsmata. Sto
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parĹdeigmĹ mac o pÐnakac autìc eÐnai:

1 xk x2
k x3

k x4
k fk xkfk x2

kfk
1 −1 1 −1 1 1 −1 1
1 −1

2
1
4
−1

8
1
16

1
2
−1

4
1
8

1 0 0 0 0 0 0 0
1 1

2
1
4

1
8

1
16

1
2

1
4

1
8

1 1 1 1 1 1 1 1
5 0 5

2
0 17

8
3 0 9

4

To 3× 3 sÔsthma twn kanonikÿn exisÿsewn ja eÐnai



5 0 5
2

0 5
2

0
5
2

0 17
8






ξ0

ξ1

ξ2


 =




3
0
9
4


 .

H deÔterh exÐswsh lÔnetai anexĹrthta kai dÐnei ξ1 = 0. Oi Ĺllec duo dÐnoun to 2 × 2

sÔsthma [
5 5

2
5
2

17
8

] [
ξ0

ξ2

]
=

[
3
9
4

]
,

apì to opoÐo paÐrnoume th lÔsh ξ0 = 6
35

kai ξ2 = 6
7
. TelikĹ, to poluÿnumo elaqÐstwn

tetragÿnwn ja eÐnai

q∗2(x) =
6

7
x2 +

6

35
.

ParathroÔme kai edÿ, ìti epeidă h sunĹrthsh |x| eÐnai Ĺrtia kai to sÔnolo shmeÐwn Xm

eÐnai summetrikì wc proc to 0, to poluÿnumo elaqÐstwn tetragÿnwn pou proèkuye eÐnai
kai autì Ĺrtio.

To deÔtero parĹdeigma ja lÔnei to Ðdio prìblhma qwrÐc na eÐnai to Xm summetrikì wc
proc to 0.

ParĹdeigma 20 Na brejeÐ h prosèggish elaqÐstwn tetragÿnwn ston P2, thc su-
nĹrthshc |x| sto sÔnolo shmeÐwn X4 = {−1, 0, 1

2
, 1} me to sÔsthma twn kanonikÿn

exisÿsewn.
OpÐnakac timÿn thc sunĹrthshc eÐnai

xk −1 0 1
2

1
fi 1 0 1

2
1
.

O antÐstoiqoc pÐnakac timÿn ja eÐnai eÐnai:

1 xk x2
k x3

k x4
k fk xkfk x2

kfk
1 −1 1 −1 1 1 −1 1
1 0 0 0 0 0 0 0
1 1

2
1
4

1
8

1
16

1
2

1
4

1
8

1 1 1 1 1 1 1 1
4 1

2
9
4

1
8

33
16

5
2

1
4

17
8
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To 3× 3 sÔsthma twn kanonikÿn exisÿsewn ja eÐnai




4 1
2

9
4

1
2

9
4

1
8

9
4

1
8

33
16






ξ0

ξ1

ξ2


 =




5
2
1
4
17
8


 .

LÔnontac to sÔsthma autì me akribă arijmhtikă, diathrÿntac klĹsmata stouc upologi-
smoÔc, paÐrnoume th lÔsh ξ0 = 6

55
, ξ1 = 2

55
kai ξ2 = 10

11
. TelikĹ, to poluÿnumo elaqÐstwn

tetragÿnwn ja eÐnai

q∗2(x) =
10

11
x2 +

2

55
x+

6

55
.

3.3.2 Mèjodoi OrjogwnopoÐhshc

JewroÔme kai edÿ thn orjogÿnia bĹsh {P0, P1, P2, . . . , Pn}, ìpou Pi eÐnai poluÿnumo i
bajmoÔ kai

(Pi, Pj) =
m∑

k=1

Pi(xk)Pj(xk) = 0 ∀i 6= j, i, j = 1, 2, . . . , n

kai mìno

(Pi, Pi) =
m∑

k=1

[Pi(xk)]
2 > 0, i = 1, 2, . . . , n.

JewroÔme epÐshc ìti h prosèggish elaqÐstwn tetragÿnwn q∗n ekfrĹzetai me to grammikì
sunduasmì

q∗n(x) = λ0P0(x) + λ1P1(x) + λ2P2(x) + · · ·+ λnPn(x). (3.33)

Akoloujÿntac thn Ðdia diadikasÐa ìpwc sth suneqă perÐptwsh, katalăgoume sth sqèsh
(3.16) pou dÐnei ta λi, dhladă

λi =
(Pi, f)

(Pi, Pi)
, i = 0, 1, 2, . . . , n,

mìno pou ta eswterikĹ ginìmena edÿ antistoiqoÔn se ajroÐsmata. IsqÔoun kai edÿ oi
parathrăseic pou èginan sth suneqă perÐptwsh, gia to ìti dhladă mia orjogÿnia bĹsh
eÐnai anexĹrthth apì stajerì parĹgonta.

Apomènei na doÔme kĹpoiec mejìdouc kataskeuăc orjogÿniac bĹshc.

Gram-Schmidt OrjogwnopoÐhsh

KatĹ th Gram-Schmidt orjogwnopoÐhsh xekinoÔme me th bĹsh twn monwnÔmwn {1, x, x2,

. . . , xn}. IsqÔei akribÿc h Ðdia jewrÐa thc suneqoÔc perÐptwshc. Ergazìmenoi me esw-
terikĹ ginìmena katalăgoume ston Ðdio algìrijmo (3.20):

Pi(x) = xi − (xi, P0)

(P0, P0)
P0(x)− (xi, P1)

(P1, P1)
P1(x)− · · · − (xi, Pi−1)

(Pi−1, Pi−1)
Pi−1(x),
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me P0(x) = 1. Ja kataskeuĹsoume edÿ tic orjogÿniec bĹseic {P0, P1, P2} sto qÿro P2,
pou antistoiqoÔn sta sÔnola shmeÐwn twn paradeigmĹtwn 19 kai 20.

1) X5 = {−1,−1
2
, 0, 1

2
, 1}

P0(x) = 1,

P1(x) = x− (x,P0)
(P0,P0)

P0(x) = x− (x,1)
(1,1)

1 = x− −1·1+(− 1
2

)·1+0·1+ 1
2
·1+1·1

1·1+1·1+1·1+1·1+1·1 1 = x,

P2(x) = x2 − (x2,P0)
(P0,P0)

P0(x)− (x2,P1)
(P1,P1)

P1(x) = x2 − (x2,1)
(1,1)

1− (x2,x)
(x,x)

x

= x2 − 1·1+ 1
4
·1+0·1+ 1

4
·1+1·1

1·1+1·1+1·1+1·1+1·1 1− 1·(−1)+ 1
4
·(− 1

2
)+0·0+ 1

4
· 1
2

+1·1
(−1)·(−1)+(− 1

2
)·(− 1

2
)+0·0+ 1

2
· 1
2

+1·1x = x2 − 1
2
.

2) X4 = {−1, 0, 1
2
, 1}

P0(x) = 1,

P1(x) = x− (x,P0)
(P0,P0)

P0(x) = x− (x,1)
(1,1)

1 = x− −1·1+0·1+ 1
2
·1+1·1

1·1+1·1+1·1+1·1 1 = x− 1
8
,

P2(x) = x2 − (x2,P0)
(P0,P0)

P0(x)− (x2,P1)
(P1,P1)

P1(x) = x2 − (x2,1)
(1,1)

1− (x2,x− 1
8

)

(x− 1
8
,x− 1

8
)
(x− 1

8
)

= x2 − 1·1+0·1+ 1
4
·1+1·1

1·1+1·1+1·1+1·1 1− 1·(− 9
8

)+0·(− 1
8

)+ 1
4
· 3
8

+1· 7
8

(− 9
8

)·(− 9
8

)+(− 1
8

)·(− 1
8

)+ 3
8
· 3
8

+ 7
8
· 7
8

(x− 1
8
)

= x2 − 9
16

+ 1
14

(x− 1
8
) = x2 + 1

14
x− 4

7
.

ParathroÔme edÿ ìti to prÿto parĹdeigma èdwse apotèlesma P1(x) = x kai èna Ĺrtio
poluÿnumo wc P2, epeidă to sÔnolo shmeÐwn eÐnai summetrikì wc proc to mhdèn, enÿ to
deÔtero, pou den isqÔei h summetrikìthta, dÐnei diaforetikì apotèlesma. IsqÔei edÿ to
genikì sumpèrasma ìti an to sÔnolo Xm eÐnai summetrikì wc proc to mhdèn, tìte to Pi
eÐnai perittì poluÿnumo an to i eÐnai perittì kai Ĺrtio an to i eÐnai Ĺrtio.

OrjogwnopoÐhsh me thn anadromikă sqèsh triÿn ìrwn

IsqÔei akribÿc h jewrÐa pou anaptÔxame sth suneqă perÐptwsh. H orjogÿnia bĹsh
kataskeuĹzetai apì thn anadromikă sqèsh twn triÿn ìrwn thc (3.21):

Pk+1(x) = (x− αk)Pk(x)− βkPk−1(x), k = 1, 2, . . . , n− 1,

ìpou P0(x) = 1 enÿ to P1(x) dÐnetai apì th Gram-Schmidt orjogwnopoÐhsh ă jewroÔme
wc P1(x) = x−α0 kai upologÐzoume to α0 ÿste ta P0 kai P1 na eÐnai orjogÿnia metaxÔ
twn. H apaÐthsh aută dÐnei:

(P1, P0) = 0⇔ (x, 1)− α0(1, 1)⇔ α0 =
(x, 1)

(1, 1)
,

pou eÐnai to apotèlesma pou părame apì th Gram-Schmidt orjogwnopoÐhsh. Parath-
roÔme edÿ ìti o upologismìc tou P1, eÐnai kai h mình diaforĹ apì th suneqă perÐptwsh.
Autì ofeÐletai sto gegonìc ìti ekeÐ jewrăsame to diĹsthma [−1, 1] pou eÐnai summetrikì
wc proc to mhdèn kai dÐnei pĹnta wc apotèlesma P1(x) = x. An kai ekeÐ jewroÔsame



66 KEF§ALAIO 3. PROSEGGISH ELAQISTWN TETRAGWNWN

opoiodăpote diĹsthma [a, b], ja èprepe na kĹnoume autì pou kĹnoume kai edÿ gia ton
upologismì tou P1.

Ta αk kai βk dÐnontai apì tic sqèseic (3.22) kai (3.23) ă (3.24), antÐstoiqa. ’Eqoume
dhladă

αk =
(xPk, Pk)

(Pk, Pk)
, βk =

(xPk, Pk−1)

(Pk−1, Pk−1)
=

(Pk, Pk)

(Pk−1, Pk−1)
.

Ja kataskeuĹsoume sth sunèqeia tic bĹseic {P0, P1, P2}, pou antistoiqoÔn sta duo
prohgoÔmena paradeÐgmata.

1) X5 = {−1,−1
2
, 0, 1

2
, 1}

P0(x) = 1,
P1(x) = x,

α1 = (xP1,P1)
(P1,P1)

=
(x2,x)
(x,x)

=
1·(−1)+ 1

4
·(− 1

2
)+0·0+ 1

4
· 1
2

+1·1
(−1)·(−1)+(− 1

2
)·(− 1

2
)+0·0+ 1

2
· 1
2

+1·1 = 0,

β1 = (P1,P1)
(P0,P0)

= (x,x)
(1,1)

=
(−1)·(−1)+(− 1

2
)·(− 1

2
)+0·0+ 1

2
· 1
2

+1·1
1·1+1·1+1·1+1·1+1·1 = 1

2
,

P2(x) = (x− α1)P1(x)− β1P0(x) = x2 − 1
2
.

2) X4 = {−1, 0, 1
2
, 1}

P0(x) = 1,
P1(x) = x− 1

8
,

α1 = (xP1,P1)
(P1,P1)

=
(x(x− 1

8
),x− 1

8)
(x− 1

8
,x− 1

8)
=

9
8
·(− 9

8
)+0·(− 1

8
)+ 3

16
· 3
8

+ 7
8
· 7
8

(− 9
8

)·(− 9
8

)+(− 1
8

)·(− 1
8

)+ 3
8
· 3
8

+ 7
8
· 7
8

= −11
56
,

β1 = (P1,P1)
(P0,P0)

=
(x− 1

8
,x− 1

8)
(1,1)

=
(− 9

8
)·(− 9

8
)+(− 1

8
)·(− 1

8
)+ 3

8
· 3
8

+ 7
8
· 7
8

1·1+1·1+1·1+1·1+1·1 = 35
64
,

P2(x) = (x− α1)P1(x)− β1P0(x) =
(
x+ 11

56

) (
x− 1

8

)
− 35

64
1 = x2 + 1

14
x− 4

7
.

Tèloc, ja lÔsoume ta problămata twn ParadeigmĹtwn 19 kai 20.

ParĹdeigma 21 Na brejeÐ h prosèggish elaqÐstwn tetragÿnwn ston P2, thc sunĹr-
thshc |x| sto sÔnolo shmeÐwn X5 = {−1,−1

2
, 0, 1

2
, 1} me th mèjodo orjogwnopoÐhshc.

To sÔnolo triÿn orjogÿniwn poluwnÔmwn eÐnai {P0, P1, P2} = {1, x, x2 − 1
2
}. Ta

λi, i = 0, 1, 2, eÐnai

λ0 = (P0,f)
(P0,P0)

= (1,|x|)
(1,1)

=
1·1+1· 1

2
+1·0+1· 1

2
+1·1

1·1+1·1+1·1+1·1+1·1 = 3
5
,

λ1 = (P1,f)
(P1,P1)

= (x,|x|)
(x,x)

=
(−1)·1+(− 1

2
)· 1

2
+0·0+ 1

2
· 1
2

+1·1
(−1)·(−1)+(− 1

2
)·(− 1

2
)+0·0+ 1

2
· 1
2

+1·1 = 0,

λ2 = (P2,f)
(P2,P2)

=
(x2− 1

2
,|x|)

(x2− 1
2
,x2− 1

2)
=

1
2
·1+(− 1

4
)· 1

2
+(− 1

2
)·0+(− 1

4
)· 1

2
+ 1

2
·1

1
2
· 1
2

+(− 1
4

)·(− 1
4

)+(− 1
2

)·(− 1
2

)+(− 1
4

)·(− 1
4

)+ 1
2
· 1
2

= 6
7
.

TelikĹ, to poluÿnumo elaqÐstwn tetragÿnwn ja eÐnai

q∗n(x) = λ0P0(x) + λ1P1(x) + λ2P2(x) =
3

5
+

6

7

(
x2 − 1

2

)
=

6

7
x2 +

6

35
.
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ParĹdeigma 22 Na brejeÐ h prosèggish elaqÐstwn tetragÿnwn ston P2, thc sunĹr-
thshc |x| sto sÔnolo shmeÐwn X4 = {−1, 0, 1

2
, 1} me th mèjodo orjogwnopoÐhshc.

To sÔnolo triÿn orjogÿniwn poluwnÔmwn eÐnai {P0, P1, P2} = {1, x− 1
8
, x2+ 1

14
x− 4

7
},

kai ta λi, i = 0, 1, 2, ja eÐnai

λ0 = (P0,f)
(P0,P0)

= (1,|x|)
(1,1)

=
1·1+1·0+1· 1

2
+1·1

1·1+1·1+1·1+1·1 = 5
8
,

λ1 = (P1,f)
(P1,P1)

=
(x− 1

8
,|x|)

(x− 1
8
,x− 1

8
)

=
(− 9

8
)·1+(− 1

8
)·0+ 3

8
· 1
2

+ 7
8
·1

(− 9
8

)·(− 9
8

)+(− 1
8

)·(− 1
8

)+ 3
8
· 3
8

+ 7
8
· 7
8

= − 1
35
,

λ2 = (P2,f)
(P2,P2)

=
(x2+ 1

14
x− 4

7
,|x|)

(x2+ 1
14
x− 4

7
,x2+ 1

14
x− 4

7)
=

5
14
·1+(− 4

7
)·0+(− 2

7
)· 1

2
+ 1

2
·1

5
14
· 5
14

+(− 4
7

)·(− 4
7

)+(− 2
7

)·(− 2
7

)+ 1
2
· 1
2

= 10
11
.

TelikĹ, to poluÿnumo elaqÐstwn tetragÿnwn ja eÐnai

q∗n(x) = λ0P0(x) + λ1P1(x) + λ2P2(x) = 5
8
− 1

35

(
x− 1

8

)
+ 10

11

(
x2 + 1

14
x− 4

7

)

= 10
11
x2 + 2

55
x+ 6

55
.

Brăkame fusikĹ ta Ðdia apotelèsmata me autĹ tou sustămatoc twn kanonikÿn exi-
sÿsewn.

Askăseic
1. DÐnetai ìti oi sunartăseic f1, f2 ∈ C[a, b] eÐnai orjogÿniec metaxÔ twn. Na apo-

deiqteÐ h sqèsh:
‖f1 + f2‖2

2 = ‖f1‖2
2 + ‖f2‖2

2.

2. DÐnetai ìti oi sunartăseic g1, g2 ∈ C[a, b] eÐnai kanonikopoihmènec ÿste ‖g1‖2 =

‖g2‖2 = 1. Na apodeiqteÐ ìti oi sunartăseic g1 + g2 kai g1 − g2 eÐnai orjogÿniec
metaxÔ twn.

3. Na brejeÐ me opoidăpote trìpo h prosèggish elaqÐstwn tetragÿnwn thc f(x) =

x3, orismènhc sto diĹsthma [0, 1], ston P2.

4. Na brejeÐ me opoidăpote trìpo h prosèggish elaqÐstwn tetragÿnwn thc sunĹr-

thshc f(x) =

{
1 + x , x ∈ [−1, 0]
1− x , x ∈ [0, 1]

, orismènhc sto diĹsthma [−1, 1], ston P2.

5. Na brejeÐ h prosèggish elaqÐstwn tetragÿnwn thc f(x) = ex, orismènhc sto
diĹsthma [−1, 1], ston P2. (Na diathreÐte klĹsmata kai ekfrĹseic tou e stouc
upologismoÔc).

6. Na brejeÐ h prosèggish elaqÐstwn tetragÿnwn thc f(x) = x
1
3 , orismènhc sto

diĹsthma [−1, 1], ston P2 qrhsimopoiÿntac to sÔsthma twn kanonikÿn exisÿsewn.

7. Na brejeÐ h prosèggish elaqÐstwn tetragÿnwn thc f(x) =
√
|x|3, orismènhc sto

diĹsthma [−1, 1], ston P2 qrhsimopoiÿntac orjogÿnia poluÿnuma pou parĹgontai
me thn anadromikă sqèsh.
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8. Na brejeÐ h prosèggish elaqÐstwn tetragÿnwn thc f(x) = x+ |x|, orismènhc sto
diĹsthma [−1, 1], ston P2 qrhsimopoiÿntac orjogÿnia poluÿnuma Legendre.

9. Na brejeÐ h prosèggish elaqÐstwn tetragÿnwn thc sunĹrthshc x4, orismènhc
sto sÔnolo shmeÐwn X4 = {−2,−1, 1, 2}, ston P2, qrhsimopoiÿntac orjogÿnia
poluÿnuma pou parĹgontai me th mèjodo Gram Schmidt orjogwnopoÐhshc.

10. Na brejeÐ h prosèggish elaqÐstwn tetragÿnwn thc f ∈ X4, ston P2, ìpou

X4 = {−1, 0, 1, 2} kai
xi −1 0 1 2
fi 1 0 1 2

,

qrhsimopoiÿntac orjogÿnia poluÿnuma pou parĹgontai me th mèjodo Gram Sch-

midt orjogwnopoÐhshc.

11. Na brejeÐ h prosèggish elaqÐstwn tetragÿnwn thc sunĹrthshc f ∈ X5, ston P2,
ìpou

X5 = {−0, 1, 2, 3, 4} kai
xi 0 1 2 3 4
fi 0 1 −1 1 −1

,

qrhsimopoiÿntac orjogÿnia poluÿnuma.

12. Na brejeÐ h prosèggish elaqÐstwn tetragÿnwn thc f ∈ X5, ston P2, ìpou

X5 = {−2,−1, 0, 1, 2} kai
xi −2 −1 0 1 2
fi 0 2 0 2 0

,

qrhsimopoiÿntac orjogÿnia poluÿnuma sto sÔnolo X5 pou parĹgontai apì thn
anadromikă sqèsh.

13. Na brejeÐ me opoidăpote trìpo h prosèggish elaqÐstwn tetragÿnwn thc f ∈ X6,
ston P2, ìpou

X6 = {−2,−1, 0, 1, 2, 3} kai
xi −2 −1 0 1 2 3
fi 6 2 0 0 2 6

.

Sth sunèqeia na brejeÐ h ‖ · ‖2 tou sfĹlmatoc.

14. DÐnetai ìti q∗n eÐnai h prosèggish elaqÐstwn tetragÿnwn thc sunĹrthshc f ∈
C[a, b] ston Pn. Na brejeÐ h prosèggish elaqÐstwn tetragÿnwn thc sunĹrthshc
f + pn ston Pn, ìpou pn ∈ Pn.

15. DÐnetai ìti q∗1 kai q∗2 eÐnai oi proseggÐseic elaqÐstwn tetragÿnwn twn sunartă-
sewn f1 ∈ C[a, b] kai f2 ∈ C[a, b] antÐstoiqa, ston Pn. Na brejeÐ h prosèggish
elaqÐstwn tetragÿnwn thc sunĹrthshc αf1 + βf2 ston Pn, ìpou α kai β eÐnai
pragmatikèc stajerèc.



KefĹlaio 4

PAREMBOLH ME
SUNARTHSEIS SPLINE

Sthn Poluwnumikă Parembolă katĹ Lagrange ă me peperasmènec diaforèc, parathroÔme
ìti ìso perissìtera shmeÐa paÐrnoume, tìso megalÔteroc ja eÐnai o bajmìc tou po-
luwnÔmou. Mac endiafèrei na pĹroume pollĹ shmeÐa gia kalÔterh akrÐbeia, allĹ tìte
h melèth tou problămatoc gÐnetai pio polÔplokh afoÔ èqoume na ergastoÔme me po-
luÿnuma megĹlou bajmoÔ. Akìmh, kai aută h Ðdia h akrÐbeia den exasfalÐzetai telikĹ.
’Eqei apodeiqteÐ ìti upĹrqoun sunartăseic ìpou to sfĹlma thc poluwnumikăc parembo-
lăc teÐnei sto Ĺpeiro ìtan o bajmìc tou poluwnÔmou teÐnei sto Ĺpeiro. Autì mporeÐ na
exhghjeÐ gewmetrikĹ apì to gegonìc ìti ta poluÿnuma megĹlou bajmoÔ èqoun thn tĹsh
na talantÿnontai. ’Oso pio kontĹ eÐnai ta shmeÐa parembolăc tìso pio èntonec eÐnai oi
talantÿseic me sunèpeia ta sfĹlmata na megalÿnoun. Gia na parakamfjeÐ autì to prì-
blhma èqei epinohjeÐ h parembolă me tmhmatikĹ suneqeÐc sunartăseic. QwrÐzoume dhladă
to diĹshma se upodiastămata kai se autĹ kĹnoume parembolă me poluÿnuma prokajori-
smènou bajmoÔ, arkeÐ na exasfalÐzetai h sunèqeia. ’Opwc ja doÔme parakĹtw, mporoÔme
na kataskeuĹsoume tmhmatikĹ suneqeÐc sunartăseic apaitÿntac kai kĹpoia omalìthta
se autèc, dhladă na eÐnai suneqeÐc kai oi parĹgwgoi mèqri kĹpoiac tĹxhc.

4.1 Parembolă me tmhmatikĹ grammikèc sunar-
tăseic

H pio aplă apì autèc eÐnai h parembolă me tmhmatikĹ grammikèc sunartăseic. To meio-
nèkthma autÿn eÐnai ìti den exasfalÐzetai h omalìthta, gia parĹdeigma stic tmhmatikĹ
grammikèc sunartăseic den upĹrqei sunèqeia thc prÿthc paragÿgou sthn Ĺkrh twn u-
podiasthmĹtwn. H parembolă Hermite exasfalÐzei thn omalìthta mèqri kai tic prÿtec
paragÿgouc.

’Estw f ∈ C[a, b], thn opoÐa epijumoÔme na proseggÐsoume me tmhmatikĹ suneqeÐc

69
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sunartăseic. JewroÔme th diamèrish tou diastămatoc [a, b] :

a = x0 < x1 < x2 < · · · < xn = b.

H tmhmatikĹ suneqăc sunĹrthsh pou parembĹletai sthn f sunÐstatai apì ta poluÿnuma
parembolăc prÿtou bajmoÔ se kĹje èna upodiĹsthma [xi, xi+1], i = 0, 1, . . . , n−1. EÐnai
dhladă

p(x) =
x− xi+1

xi − xi+1

fi+
x− xi
xi+1 − xifi+1 =

fi+1 − fi
hi

x+
xi+1fi − xifi+1

hi
,

x ∈ [xi, xi+1]
i = 0, 1, . . . , n− 1

,

ìpou hi = xi+1 − xi, to măkoc tou diastămatoc [xi, xi+1].
SumbolÐzoume me Ln to qÿro ìlwn twn suneqÿn tmhmatikĹ grammikÿn sunartăsewn

pou orÐzontai sto [a, b] me diamèrish th Xn = {a = x0, x1, x2, . . . , xn = b}. H diĹstash
autoÔ tou qÿrou eÐnai n + 1 kai upologÐzetai eÔkola wc exăc. H diĹstash twn poluw-
nÔmwn prÿtou bajmoÔ se kĹje upodiĹsthma eÐnai 2. Aută pollaplasiĹzetai epÐ n pou
eÐnai to plăjoc twn upodiasthmĹtwn kai paÐrnoume diĹstash 2n tou qÿrou ìlwn twn
tmhmatikĹ grammikÿn sunartăsewn. H apaÐthsh thc sunèqeiac dÐnei n− 1 periorismoÔc,
ènan gia kĹje endiĹmeso shmeÐo thc diamèrishc. Afairÿntac touc periorismoÔc, paÐr-
noume 2n− (n− 1) = n + 1 th diĹstash tou Ln. ’Enac Ĺlloc trìpoc upologismoÔ thc
diĹstashc enìc qÿrou basÐzetai sto gegonìc ìti ìsec plhroforÐec apaitoÔntai gia ton
upologismì enìc stoiqeÐou tou, tìsh eÐnai kai h diĹstasă tou. Sthn perÐptwsh tou Ln,
apaitoÔntai oi n+ 1 timèc thc sunĹrthshc se ìla ta shmeÐa thc diamèrishc. EÐnai eÔkolo
na dÿsoume kai mia bĹsh tou qÿrou autoÔ allĹ de ja asqolhjoÔme perissìtero.

4.2 Kubikă parembolă Hermite

’Estw ìti f ∈ C1[a, b], ìpou C1[a, b] eÐnai o qÿroc ìlwn twn suneqÿn sunartăsewn sto
[a, b] me suneqeÐc tic prÿtec paragÿgouc sto (a, b). jewroÔme th diĹmerish a = x0 <

x1 < x2 < · · · < xn = b. ’Estw epÐshc ìti fi, f ′i , i = 0, 1, . . . , n, eÐnai oi timèc thc f kai
thc paragÿgou antÐstoiqa sta parapĹnw shmeÐa. To genikì prìblhma thc parembolăc
katĹ Hermite, sunÐstatai sto na broÔme èna poluÿnumo h to opoÐo ja èqei tic Ðdiec timèc
me thn f kai tic Ðdiec timèc thc paragÿgou thc f se ìla ta n + 1 shmeÐa parembolăc.
ApodeiknÔetai ìti to poluÿnumo parembolăc Hermite, eÐnai to polÔ 2n + 1 bajmoÔ.
H diadikasÐa upologismoÔ twn poluwnÔmwn autÿn eÐnai perissìtero polÔplokh apì
ekeÐnh twn poluwnÔmwn parembolăc katĹ Lagrange. ProkÔptei apì thn parembolă katĹ
Lagrange qrhsimopoiÿntac th jewrÐa twn dihrhmènwn diaforÿn. De ja asqolhjoÔme
edÿ me to genikì prìblhma, mac endiafèrei kurÐwc h parembolă me tmhmatikĹ kubikèc
sunartăseic Hermite pou ja apotelèsei ergaleÐo gia tic kubikèc sunartăseic spline.

H parembolă me tmhmatikĹ kubikèc sunartăseic Hermite, sunÐstatai sthn eÔre-
sh thc sunĹrthshc h pou apoteleÐtai apì kubikĹ poluÿnuma hi(x) sto diastămata
[xi, xi+1], i = 0, 1, . . . , n− 1, tètoia ÿste

h(xi) = fi kai h′(xi) = f ′i .
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Lìgw tou orismoÔ thc sunĹrthshc h, exasfalÐzetai kai h sunèqeia thc prÿthc paragÿ-
gou autăc sto (a, b), epomènwc h ∈ C1[a, b].

Ac doÔme ìmwc tÿra pwc ja upologÐsoume to kubikì poluÿnumo Hermite se èna aplì
diĹsthma [a, b]. EpijumoÔme na prosdiorÐsoume èna poluÿnumo parembolăc sto [a, b]

èqontac wc gnwstĹ ta f(a), f(b), f ′(a) kai f ′(b). H gnÿsh twn paragÿgwn shmaÐnei
ìti gnwrÐzoume tic klÐseic sta shmeÐa a, b ă isodÔnama gnwrÐzoume thn f se geitonikì
shmeÐo tou a, to a+ ε, kai se geitonikì shmeÐo tou b, to b− η, me ε, η > 0 na teÐnoun sto
0. Ja jewrăsoume epomènwc ìti èqoume ta shmeÐa a, a+ ε, b− η, b. ProsdiorÐzoume to
poluÿnumo parembolăc katĹ Lagrange kai paÐrnoume ìria gia ε, η > 0 na teÐnoun sto
0. Ta shmeÐa parembolăc eÐnai 4 epomènwc to poluÿnumo parembolăc Lagrange ja eÐnai
to polÔ trÐtou bajmoÔ. Autì ja eÐnai:

p3(x) = (x−a−ε)(x−b+η)(x−b)
−ε(a−b+η)(a−b) f(a) + (x−a)(x−b+η)(x−b)

ε(a+ε−b+η)(a+ε−b)f(a+ ε)

+ (x−a)(x−a−ε)(x−b)
(b−η−a)(b−η−a−ε)(−η)

f(b− η) + (x−a)(x−a−ε)(x−b+η)
(b−a)(b−a−ε)η f(b).

(4.1)

Ja prosdiorÐsoume, gia aplìthta, touc dÔo prÿtouc ìrouc tou parapĹnw ajroÐsmatoc.
Me thn Ðdia teqnikă ja prosdioristoÔn kai oi dÔo teleutaÐoi oi opoÐoi ja dÿsoun sum-
metrikă èkfrash. ’Estw s1 to Ĺjroisma twn dÔo prÿtwn ìrwn. Autì, metĹ apì kĹpoiec
prĹxeic, lambĹnei th morfă:

s1 = (x− a)(x− b+ η)(x− b)
f(a+ε)

(a+ε−b+η)(a+ε−b) − f(a)
(a−b+η)(a−b)

ε
+

(x− b+ η)(x− b)
(a− b+ η)(a− b)f(a).

ParathroÔme ìti ìla ta ε emfanÐzontai sto klĹsma tou prÿtou ìrou. DiathroÔme
to η stajerì kai paÐrnoume ìrio tou klĹsmatoc autoÔ gia ε teÐnontoc sto 0. Autì dÐnei

lim
ε→0

f(a+ε)
(a+ε−b+η)(a+ε−b) − f(a)

(a−b+η)(a−b)
ε

=

[
f(a)

(a− b+ η)(a− b)

]′
,

afoÔ to parapĹnw ìrio mac dÐnei ton orismì thc paragÿgou thc sunĹrthshc f(a)
(a−b+η)(a−b)

jewroÔmenhc wc sunĹrthshc tou a. ’Etsi, to ìrio tou s1 gia ε teÐnontoc sto 0 lambĹnei
th morfă

limε→0 s1 = (x− a)(x− b+ η)(x− b)
[

f(a)
(a−b+η)(a−b)

]′
+ (x−b+η)(x−b)

(a−b+η)(a−b)f(a)

= (x−a)(x−b+η)(x−b)
(a−b+η)a−b)

[
f ′(a)− f(a)

a−b+η − f(a)
a−b

]
+ (x−b+η)(x−b)

(a−b+η)(a−b)f(a).

Sth sunèqeia jewroÔme to ìrio gia η > 0 na teÐnei sto 0, opìte metĹ apì prĹxeic
lambĹnoume

lim
ε,η→0

s1 =

[
(x− b)2

(b− a)2
+ 2

(x− a)(x− b)2

(b− a)3

]
f(a) +

(x− a)(x− b)2

(b− a)2
f ′(a).

Prèpei na shmeiÿsoume edÿ ìti to Ðdio apotèlesma ja prokÔyei an jewrăsoume prÿta to
ìrio wc proc η kai sth sunèqeia wc proc ε. Epeidă ta ε kai η apoteloÔn mikrèc metabolèc
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se diaforetikĹ shmeÐa, sta a kai b, antÐstoiqa, den ephreĹzetai to telikì apotèlesma
me opoiadăpote seirĹ kai an lhfjoÔn ta ìria. To Ĺjroisma s2 tou trÐtou kai tètartou
ìrou thc (4.1) dÐnei summetrikă èkfrash wc proc a kai b, pou an akoloujăsoume thn Ðdia
diadikasÐa lambĹnoume

lim
ε,η→0

s2 =

[
(x− a)2

(b− a)2
− 2

(x− b)(x− a)2

(b− a)3

]
f(b) +

(x− b)(x− a)2

(b− a)2
f ′(b).

’Otan lème summetrikă èkfrash wc proc a kai b, ennooÔme ìti an ston ènan tÔpo enallĹ-
xoume touc rìlouc twn a kai b, tìte prokÔptei o Ĺlloc. ParathroÔme ìti autì sumbaÐnei
stouc duo parapĹnw tÔpouc. TelikĹ, h sunĹrthsh Hermite h, pou eÐnai to ìrio tou
poluwnÔmou p3, prokÔptei apì to Ĺjroisma twn duo parapĹnw ekfrĹsewn.

h(x) =
[

(x−b)2

(b−a)2 + 2 (x−a)(x−b)2

(b−a)3

]
f(a) + (x−a)(x−b)2

(b−a)2 f ′(a)

+
[

(x−a)2

(b−a)2 − 2 (x−b)(x−a)2

(b−a)3

]
f(b) + (x−b)(x−a)2

(b−a)2 f ′(b).
(4.2)

Epistrèfontac sth diamèrish a = x0 < x1 < x2 < · · · < xn = b, mporoÔme na u-
pologÐsoume thn tmhmatikă sunĹrthsh Hermite apì thn parapĹnw èkfrash arkeÐ na
antikatastăsoume me xi kai xi+1 ta a kai b, antÐstoiqa, gia ìla ta i = 0, 1, . . . , n− 1.

h(x) =
[

(x−xi+1)2

(∆xi)2 + 2 (x−xi)(x−xi+1)2

(∆xi)3

]
fi +

[
(x−xi)(x−xi+1)2

(∆xi)2

]
f ′i

+
[

(x−xi)2

(∆xi)2 − 2 (x−xi+1)(x−xi)2

(∆xi)3

]
fi+1 +

[
(x−xi+1)(x−xi)2

(∆xi)2

]
f ′i+1, x ∈ [xi, xi+1],

(4.3)

ìpou ∆xi = xi+1 − xi.
’Estw ìtiHn eÐnai o qÿroc ìlwn twn tmhmatikÿn sunartăsewn Hermite pou orÐzontai

sto [a, b] me diamèrish th Xn = {a = x0, x1, x2, . . . , xn = b}. ’Opwc kai sthn perÐptwsh
twn tmhmatikĹ grammikÿn sunartăsewn, upologÐzetai h diĹstash autoÔ tou qÿrou. H
diĹstash twn poluwnÔmwn trÐtou bajmoÔ se kĹje upodiĹsthma eÐnai 4. Aută pollapla-
siĹzetai epÐ n pou eÐnai to plăjoc twn upodiasthmĹtwn kai paÐrnoume diĹstash 4n tou
qÿrou ìlwn twn tmhmatikĹ kubikÿn sunartăsewn. H apaÐthsh thc sunèqeiac kai thc
sunèqeiac thc prÿthc paragÿgou dÐnoun 2(n− 1) periorismoÔc, duo gia kĹje endiĹmeso
shmeÐo thc diamèrishc. Afairÿntac touc periorismoÔc, paÐrnoume 4n−2(n−1) = 2n+ 2

th diĹstash touHn. Alliÿc, h diĹstash touHn dÐnetai apì ton arijmì twn plhroforiÿn
pou apaitoÔntai gia ton upologismì thc h. Autèc eÐnai oi n+1 timèc thc sunĹrthshc kai
oi n+1 timèc thc paragÿgou se ìla ta shmeÐa thc diamèrishc, sÔnolo 2n+2 plhroforÐec.

ParĹdeigma 23 Na brejeÐ h kubikă sunĹrthsh Hermite thc sunĹrthshc f(x) = |x5|,
sto diĹsthma [−1, 1], me shmeÐa diamèrishc x0 = −1, x1 = 0, x2 = 1.

Oi timèc thc sunĹrthshc sta shmeÐa autĹ eÐnai

f0 = f(−1) = |(−1)5| = 1, f1 = f(0) = |05| = 0, f2 = f(1) = |15| = 1.
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H parĹgwgoc thc f eÐnai

f ′(x) =

{
[−x5]

′
= −5x4, x ≤ 0

[x5]
′
= 5x4, x ≥ 0

pou dÐnei tic timèc sta shmeÐa diakritopoÐhshc

f ′0 = f ′(−1) = −5, f ′1 = f ′(0) = 0, f ′2 = f ′(1) = 5.

’Eqoume loipìn gia th sunĹrthsh f ton pÐnaka timÿn

xi −1 0 1
fi 1 0 1
f ′i −5 0 5

.

UpologÐzoume sth sunèqeia thn h apì ton tÔpo (4.2) antikajistÿntac prÿta me a =

−1, b = 0 gia to diĹsthma [−1, 0] kai sth sunèqeia me a = 0, b = 1 gia to diĹsthma
[0, 1]. TelikĹ lambĹnoume

h(x) =

{
x2 + 2(x+ 1)x2 − 5(x+ 1)x2 = −3x3 − 2x2, x ∈ [−1, 0]
x2 − 2(x− 1)x2 + 5(x− 1)x2 = 3x3 − 2x2, x ∈ [0, 1]

.

ParathroÔme sto parĹdeigma autì ìti to sunolikì diĹsthma eÐnai summetrikì wc proc to
mhdèn kai ta shmeÐa diamèrishc eÐnai summetrikĹ wc proc to mhdèn. H sunĹrthsh f(x) =

|x5| eÐnai Ĺrtia sunĹrthsh, ja exetĹsoume an kai h h pou brăkame eÐnai Ĺrtia. JewroÔme
x > 0, tìte afoÔ −x < 0 ja èqoume h(−x) = −3(−x)3 − 2(−x)2 = 3x3 − 2x2 = h(x).
Sto Ðdio sumpèrasma katalăgoume an jewrăsoume x < 0. IsqÔei epomènwc kai sthn
parembolă Hermite o Ðdioc nìmoc pou isqÔei kai sthn prosèggish, ìpwc eÐdame sta
prohgoÔmena kefĹlaia, sqetikĹ me th summetrikìthta.

4.3 Parembolă me kubikèc sunartăseic Spline

JewroÔme th diamèrish Xn = {x0, x1, x2, . . . , xn} ìpou: a = x0 < x1 < x2 < · · · <
xn = b kai thn f orismènh kai suneqă sto [a, b]. ’Estw ìti S(Xn) eÐnai to sÔnolo
ìlwn twn sunartăsewn S(Xn;x) = s(x) ∈ C2[a, b], me thn idiìthta to s na eÐnai èna
poluÿnumo to polÔ trÐtou bajmoÔ se kĹje upodiĹsthma [xi, xi+1], i = 0, 1, . . . , n − 1.
Autèc tic sunartăseic tic kaloÔme kubikèc splines. Stìqoc mac eÐnai na prosdiorÐsoume
tic proôpojèseic me tic opoÐec mporoÔme na parembĹloume mia sunĹrthsh f ∈ C[a, b] me
mia kubikă spline. Autì epitugqĹnetai me to akìloujo jeÿrhma.

Jeÿrhma 16 Dojèntwn twn arijmÿn s′0 kai s′n upĹrqei mia monadikă kubikă sunĹr-
thshspline tètoia ÿste

s(f,Xn;xi) = fi

kai
s′(f,Xn; a) = s′0, s′(f,Xn; b) = s′n.
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Apìdeixh: Ja apodeÐxoume to jeÿrhma prospajÿntac na kataskeuĹsoume mia tètoia
spline. Ja upojèsoume prÿta ìti s′i eÐnai oi timèc thc paragÿgou thc kubikăc spline

stouc eswterikoÔc kìmbouc xi, i = 1, 2, . . . , n − 1. Sth sunèqeia ja upologÐsoume to
poluÿnumo parembolăc Hermite s(x) me paramètrouc ta s′i. Tèloc, ja prosdiorÐsoume ta
s′i afoÔ apaităsame oi pleurikèc deÔterec parĹgwgoi stouc kìmbouc xi, i = 1, 2, . . . , n−
1 na tautÐzontai. To poluÿnumo parembolăc Hermite sta diastămata [xi, xi+1], i =

0, 1, ..., n− 1 sÔmfwna me thn (4.3) ja eÐnai

s(x) =
[

(x−xi+1)2

(∆xi)2 + 2 (x−xi)(x−xi+1)2

(∆xi)3

]
fi +

[
(x−xi)(x−xi+1)2

(∆xi)2

]
s′i

+
[

(x−xi)2

(∆xi)2 − 2 (x−xi+1)(x−xi)2

(∆xi)3

]
fi+1 +

[
(x−xi+1)(x−xi)2

(∆xi)2

]
s′i+1, x ∈ [xi, xi+1].

(4.4)

ParagwgÐzontac duo forèc autăn wc proc x lambĹnoume

s′′(x) =
[

2
(∆xi)2 + 26x−2(xi+2xi+1)

(∆xi)3

]
fi +

[
6x−2(xi+2xi+1)

(∆xi)2

]
s′i

+
[

2
(∆xi)2 − 26x−2(2xi+xi+1)

(∆xi)3

]
fi+1 +

[
6x−2(2xi+xi+1)

(∆xi)2

]
s′i+1.

(4.5)

Jètontac ìpou x ta xi kai xi+1 lambĹnoume antÐstoiqa

s′′(xi) = − 6
(∆xi)2fi + 6

(∆xi)2fi+1 − 4
∆xi

s′i − 2
∆xi

s′i+1

= 6
(∆xi)2 ∆fi − 4

∆xi
s′i − 2

∆xi
s′i+1

(4.6)

kai
s′′(xi+1) = 6

(∆xi)2fi − 6
(∆xi)2fi+1 + 2

∆xi
s′i + 4

∆xi
s′i+1

= − 6
(∆xi)2 ∆fi + 2

∆xi
s′i + 4

∆xi
s′i+1,

(4.7)

ìpou jèsame ∆fi = fi+1 − fi. Me bĹsh thn (4.7) upologÐzoume thn aristeră pleurikă
parĹgwgo s′′(xi) jewrÿntac wc diĹsthma to [xi−1, xi], meiÿnontac aplÿc touc deÐktec
katĹ èna. ProkÔptei ètsi ìti

s′′(xi) = − 6

(∆xi−1)2
∆fi−1 +

2

∆xi−1

s′i−1 +
4

∆xi−1

s′i. (4.8)

H (4.6) dÐnei th dexiĹ pleurikă deÔterh parĹgwgo sto xi enÿ h (4.8) thn aristeră sto
Ðdio shmeÐo. Epeidă epijumoÔme s ∈ C2[a, b] prèpei na exisÿsoume tic duo pleurikèc
deÔterec paragÿgouc, opìte lambĹnoume thn exÐswsh

6

(∆xi)2
∆fi − 4

∆xi
s′i −

2

∆xi
s′i+1 = − 6

(∆xi−1)2
∆fi−1 +

2

∆xi−1

s′i−1 +
4

∆xi−1

s′i. (4.9)

PollaplasiĹzoume sth sunèqeia autăn katĹ mèlh me thn posìthta ∆xi−1∆xi
2

, metafèroume
touc agnÿstouc s′i−1, s

′
i kai s

′
i+1 sto prÿto mèloc kai ìlouc touc gnwstoÔc ìrouc sto

deÔtero. MetĹ apì aplèc prĹxeic lambĹnoume

∆xis
′
i−1 + 2(∆xi−1 + ∆xi)s

′
i + ∆xi−1s

′
i+1 = 3

[
∆xi

∆xi−1

∆fi−1 +
∆xi−1

∆xi
∆fi

]
. (4.10)
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Aută h exÐswsh isqÔei gia ìla ta eswterikĹ shmeÐa, dhladă gia ìla ta i = 1, 2, ..., n−1.
Epomènwc, katalăgoume se èna grammikì sÔsthma n−1 exisÿsewn me n−1 agnÿstouc,
ta s′i, i = 1, 2, ..., n−1. Gia i = 1, o prÿtoc ìroc tou prÿtou mèlouc thc (4.10), ∆x1s

′
0,

eÐnai gnwstìc afoÔ s′0 = f ′0 = f ′(a) apì tic upojèseic tou jewrămatoc, kai metafèretai
sto deÔtero mèloc. To Ðdio sumbaÐnei gia i = n−1 kai gia ton teleutaÐo ìro tou prÿtou
mèlouc thc (4.10), afoÔ s′n = f ′n = f ′(b). Katalăxame loipìn sto grammikì sÔsthma

Av = q, (4.11)

ìpou

A =




2(∆x0 + ∆x1) ∆x0

∆x2 2(∆x1 + ∆x2) ∆x1

. . . . . . . . .

. . . . . . . . .

∆xn−1 2(∆xn−2 + ∆xn−1)




,

v =




s′1
s′2
...

s′n−1




kai q =




3
[

∆x1

∆x0
∆f0 + ∆x0

∆x1
∆f1

]
−∆x1f

′(a)

3
[

∆x2

∆x1
∆f1 + ∆x1

∆x2
∆f2

]

...
3
[

∆xn−1

∆xn−2
∆fn−2 + ∆xn−2

∆xn−1
∆fn−1

]
−∆xn−2f

′(b)



.

O pÐnakac A eÐnai tridiagÿnioc, dhladă èqei mh mhdenikĹ stoiqeÐa mìno sth diagÿnio
kai stic duo geitonikèc deutereÔousec diagwnÐouc. EÐnai mh arnhtikìc, afoÔ ìla ta stoi-
qeÐa tou eÐnai jetikĹ ă mhdèn, kai austhrĹ diagÿnia upèrteroc, afoÔ kĹje diagÿnio stoi-
qeÐo tou eÐnai toulĹqiston diplĹsio apì to Ĺjroisma twn upìloipwn stoiqeÐwn thc gram-
măc. Apì th grammikă Ĺlgebra gnwrÐzoume ìti autìc eÐnai antistrèyimoc, opìte upĹrqei
monadikă lÔsh. UpologÐzontac loipìn apì to sÔsthma autì ta s′i, i = 1, 2, ..., n − 1,
èqoume upologÐsei kai thn kubikă sunĹrthsh spline s(f,Xn; x) = s(x) pou eÐnai monadikì
kai to jeÿrhma apodeÐqthke.•

H apìdeixh tou jewrămatoc dÐnei ousiastikĹ kai ton algìrijmo kataskeuăc thc kubi-
kăc spline. Apì to grammikì sÔsthma (4.10) upologÐzoume ta s′i kai sth sunèqeia apì th
sqèsh (4.4) upologÐzoume thn kubikă sunĹrthsh spline. DÐnoume edÿ dÔo paradeÐgmata
upologismoÔ thc kubikăc sunĹrthshc spline.

ParĹdeigma 24 Na brejeÐ h kubikă sunĹrthsh spline thc sunĹrthshc f(x) = |x|,
sto diĹsthma [−1, 1], me diamèrish thn X2 = {−1, 0, 1}.
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O pÐnakac timÿn thc sunĹrthshc sth diamèrish X2 eÐnai

xi −1 0 1
fi 1 0 1

.

H parĹgwgoc thc f eÐnai

f ′(x) =

{
[−x]′ = −1, x ≤ 0

[x]′ = 1, x ≥ 0
.

Epomènwc, oi timèc thc paragÿgou sta Ĺkra tou diastămatoc eÐnai

f ′0 = f ′(−1) = −1, f ′2 = f ′(1) = 1.

’Eqoume ìla ta dedomèna kai proqwroÔme ston upologismì thc kubikăc spline s. Epeidă
n = 2 to grammikì sÔsthma (4.11) ekfulÐzetai se mia exÐswsh me Ĺgnwsto to s′1, thn

2(∆x0 + ∆x1)s′1 = 3
[
∆x1

∆x0

∆f0 +
∆x0

∆x1

∆f1

]
−∆x1f

′(−1) + ∆x0f
′(1).

Antikajistÿntac ta

∆x0 = ∆x1 = 1, ∆f0 = −1, ∆f1 = 1,

lambĹnoume
4s′1 = 0⇔ s′1 = 0.

Sth sunèqeia kĹnoume qrăsh thc èkfrashc (4.4) gia ton upologismì tou s sta diastă-
mata [−1, 0] kai [0, 1]. TelikĹ lambĹnoume

s(x) =

{
(x2 + 2(x+ 1)x2) 1 + (x+ 1)x2(−1) = x3 + 2x2, x ∈ [−1, 0]
(x2 − 2(x− 1)x2) 1 + (x− 1)x21 = −x3 + 2x2, x ∈ [0, 1]

.

ParathroÔme kai sto parĹdeigma autì ìti epeidă to sunolikì diĹsthma eÐnai summetrikì
wc proc to mhdèn kai ta shmeÐa diamèrishc eÐnai summetrikĹ wc proc to mhdèn, h kubikă
spline s brèjhke Ĺrtia, afoÔ h sunĹrthsh f(x) = |x| eÐnai Ĺrtia.

EÐnai eÔkolo na epibebaiÿsoume apì to apotèlesma ìti h sunĹrthsh s anăkei sto
qÿro C2[−1, 1]. Edÿ èqoume na parathrăsoume ìti enÿ h sunĹrthsh f(x) = |x| anăkei
aplĹ ston C[−1, 1], den eÐnai kan paragwgÐsimh, thn proseggÐsame me mia sunĹrthsh
pou brÐsketai ston C2[−1, 1], dhladă me mia arketĹ omală sunĹrthsh. SunhjÐzetai
genikĹ sth JewrÐa Prosèggishc, na proseggÐzoume mh omalèc sunartăseic me omalèc,
ÿste na meletĹtai pio eÔkola to prìblhma. Sth sunĹrthsh aută de ja mporoÔsame na
efarmìsoume parembolă me tmhmatikèc sunartăseic Hermite, ìpwc ègine sto ParĹdeigma
23 gia thn |x5|, epeidă den upĹrqei h parĹgwgoc sto shmeÐo 0.

Ja doÔme tÿra, sto epìmeno parĹdeigma, pwc leitourgeÐ o algìrijmoc gia thn Ðdia
sunĹrthsh allĹ me perissìtera shmeÐa sth diamèrish.
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ParĹdeigma 25 Na brejeÐ h kubikă sunĹrthsh spline thc sunĹrthshc f(x) = |x|,
sto diĹsthma [−1, 1], me diamèrish thn X2 = {−1,−1

2
, 0, 1

2
, 1}.

Ta dedomèna tou problămatoc eÐnai

xi −1 −1
2

0 1
2

1
fi 1 1

2
0 1

2
1
, f ′(−1) = −1, f ′(1) = 1.

To n sthn perÐptwă mac eÐnai 4 opìte to grammikì sÔsthma (4.11) dÐnei to 3×3 sÔsthma




2(∆x0 + ∆x1) ∆x0 0
∆x2 2(∆x1 + ∆x2) ∆x1

0 ∆x3 2(∆x2 + ∆x3)






s′1
s′2
s′3




=




3
[

∆x1

∆x0
∆f0 + ∆x0

∆x1
∆f1

]
−∆x1f

′(−1)

3
[

∆x2

∆x1
∆f1 + ∆x1

∆x2
∆f2

]

3
[

∆x3

∆x2
∆f2 + ∆x2

∆x3
∆f3

]
−∆x2f

′(1)


 .

Antikajistÿntac ta

∆x0 = ∆x1 = ∆x2 = ∆x2 =
1

2
, ∆f0 = ∆f1 = −1

2
, ∆f2 = ∆f3 =

1

2
,

lambĹnoume 


2 1
2

0
1
2

2 1
2

0 1
2

2






s′1
s′2
s′3


 =



−5

2

0
5
2


 .

EpilÔoume to sÔsthma autì me th mèjodo apaloifăc tou Gauss ă me opoiadăpote Ĺllh
mèjodo kai lambĹnoume th lÔsh

s′1 = −5

4
, s′2 = 0, s′3 =

5

4
.

Sth sunèqeia apì thn (4.4) upologÐzoume to s se ìla ta upodiastămata. Sto diĹsthma
[−1,−1

2
] aută dÐnei:

s(x) =

[
(x+ 1

2)
2

( 1
2)

2 + 2
(x+1)(x+ 1

2)
2

( 1
2)

3

]
1 +

(x+1)(x+ 1
2)

2

( 1
2)

2 (−1)

+

[
(x+1)2

( 1
2)

2 − 2
(x+ 1

2)(x+1)2

( 1
2)

3

]
1
2

+
(x+ 1

2)(x+1)2

( 1
2)

2

(
−5

4

)

= −x3 − 5
2
x2 − 3x− 1

2
,

sto diĹsthma [−1
2
, 0]:

s(x) =

[
x2

( 1
2)

2 + 2
(x+ 1

2)x2

( 1
2)

3

]
1
2

+
(x+ 1

2)x2

( 1
2)

2

(
−5

4

)

= 3x3 + 7
2
x2,
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sto diĹsthma [0, 1
2
]:

s(x) =

[
x2

( 1
2)

2 − 2
(x− 1

2)x2

( 1
2)

3

]
1
2

+
(x− 1

2)x2

( 1
2)

2
5
4

= −3x3 + 7
2
x2,

kai tèloc, sto diĹsthma [1
2
, 1]:

s(x) =

[
(x−1)2

( 1
2)

2 + 2
(x− 1

2)(x−1)2

( 1
2)

3

]
1
2

+
(x− 1

2)(x−1)2

( 1
2)

2
5
4

+

[
(x− 1

2)
2

( 1
2)

2 − 2
(x−1)(x− 1

2)
2

( 1
2)

3

]
1 +

(x−1)(x− 1
2)

2

( 1
2)

2 1

= x3 − 5
2
x2 + 3x− 1

2
.

TelikĹ, h kubikă sunĹrthsh spline s eÐnai

s(x) =





−x3 − 5
2
x2 − 3x− 1

2
, x ∈ [−1,−1

2
]

3x3 + 7
2
x2, x ∈ [−1

2
, 0]

−3x3 + 7
2
x2, x ∈ [0, 1

2
]

x3 − 5
2
x2 + 3x− 1

2
, x ∈ [1

2
, 1]

.

H kubikă sunĹrthsh spline kai sto parĹdeigma autì eÐnai Ĺrtia, ìpwc to perimèname.

4.3.1 BĹsh tou qÿrou sunartăsewn twn kubikÿn Splines

Ac doÔme ìmwc tÿra thn parembolă me kubikèc splines apì thn pleurĹ twn grammikÿn
qÿrwn. H diĹstash tou qÿrou S(Xn) twn kubikÿn splines eÐnai n + 3. H diĹstash
twn poluwnÔmwn trÐtou bajmoÔ se kĹje upodiĹsthma eÐnai 4. Aută pollaplasiĹzetai
epÐ n pou eÐnai to plăjoc twn upodiasthmĹtwn kai lambĹnoume diĹstash 4n tou qÿrou
ìlwn twn tmhmatikĹ kubikÿn sunartăsewn. H apaÐthsh thc sunèqeiac, thc sunèqeiac
thc prÿthc paragÿgou kai thc sunèqeiac thc deÔterhc paragÿgou dÐnoun 3(n−1) perio-
rismoÔc, treic gia kĹje endiĹmeso shmeÐo thc diamèrishc. Afairÿntac touc periorismoÔc,
lambĹnoume 4n − 3(n − 1) = n + 3 th diĹstash tou S(Xn). Alliÿc, h diĹstash tou
S(Xn) eÐnai tìsh, ìsec plhroforÐec apaitoÔntai gia ton upologismì thc s. Autèc eÐnai
oi n + 1 timèc thc sunĹrthshc kai oi 2 timèc thc paragÿgou sta akraÐa shmeÐa a kai b,
sÔnolo n+ 3 plhroforiÿn.

Ja prospajăsoume tÿra na broÔme mia bĹsh tou qÿrou autoÔ. JewroÔme tic su-
nartăseic spline ci tètoiec ÿste

ci(xj) =

{
0 gia j 6= i
1 gia j = i

kai c′i(x0) = c′i(xn) = 0, i = 0, 1, . . . , n, (4.12)

tic opoÐec onomĹzoume jemeliÿdeic splines. Autèc eÐnai n + 1 ton arijmì, ìsa kai ta
shmeÐa. Ja apodeÐxoume ìti to sÔnolo {x, x2, c0(x), c1(x), . . . , cn(x)} apoteleÐ bĹsh gia
ton S(Xn). PragmatikĹ, an jewrăsoume to grammikì sunduasmì

t(x) = αx+ βx2 +
n∑

i=1

αici(x),
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eÐnai profanèc ìti t ∈ S(Xn). To
∑n
i=1 αici(x) orÐzei mia spline pou prokÔptei apì mia

sunĹrthsh me timèc αi sta shmeÐa xi, i = 0, 1, . . . , n, kai 0 tic timèc thc paragÿgou sta
Ĺkra. Ta α kai β prosdiorÐzontai ÿste na exasfalÐzontai h sunjăkec t′(a) = f ′(a) kai
t′(b) = f ′(b). Autì shmaÐnei ìti

α + 2βa = f ′(a)
α + 2βb = f ′(b)

⇔ α = bf ′(a)−af ′(b)
b−a

β = f ′(b)−f ′(a)
2(b−a)

. (4.13)

H sunĹrthsh t loipìn pou kataskeuĹsame eÐnai mia kubikă spline. Oi timèc thc spline

autăc sta shmeÐa xi, i = 0, 1, . . . , n, ja eÐnai

t(xi) = αxi + βx2
i + αi, i = 0, 1, . . . , n.

Gia na eÐnai aută, h spline pou prokÔptei apì th sunĹrthsh f , ta α kai β ja dÐnontai
apì touc parapĹnw tÔpouc enÿ ta αi ja dÐnontai apì

αxi + βx2
i + αi = fi ⇔ αi = fi − αxi − βx2

i , i = 0, 1, . . . , n. (4.14)

ApodeÐqthke me autìn ton trìpo ìti gia kĹje sunĹrthsh f ∈ C[a, b] upĹrqei monadikìc
grammikìc sunduasmìc twn parapĹnw stoiqeÐwn pou dÐnei th sunĹrthsh spline s(f,Xn),
epomènwc ta stoiqeÐa autĹ apoteloÔn bĹsh.

Ja doÔme sth sunèqeia to pwc kataskeuĹzetai mia tètoia bĹsh qrhsimopoiÿntac th
diamèrish X2 tou ParadeÐgmatoc 24.

ParĹdeigma 26 Na brejeÐ mia bĹsh tou qÿrou twn kubikÿn splines S(X2), ìtan
X2 = {−1, 0, 1}. Sth sunèqeia na brejeÐ h kubikă spline gia th sunĹrthsh f(x) = |x|
(ParĹdeigma 24), qrhsimopoiÿntac th bĹsh.

SÔmfwna me ta parapĹnw, h bĹsh aută ja eÐnai h {x, x2, c0(x), c1(x), c2(x)} ìpou
ci, i = 0, 1, 2 eÐnai oi jemeliÿdeic splines ìpwc orÐsthkan sthn (4.12).
H c0, eÐnai h spline pou parĹgetai apì th sunĹrthsh f me timèc

xi −1 0 1
fi 1 0 0

, f ′(−1) = 0, f ′(1) = 0.

To grammikì sÔsthma (4.11) ekfulizetai sthn exÐswsh

4s′1 = −3⇔ s′1 = −3

4
.

SÔmfwna me thn (4.4) lambĹnoume

c0(x) =





(x2 + 2(x+ 1)x2) 1 + x(x+ 1)2
(
−3

4

)
= 5

4
x3 + 3

2
x2 − 3

4
x, x ∈ [−1, 0]

x(x− 1)2
(
−3

4

)
= −3

4
x3 + 3

2
x2 − 3

4
x, x ∈ [0, 1]

.

H c1, parĹgetai apì th sunĹrthsh f me timèc

xi −1 0 1
fi 0 1 0

, f ′(−1) = 0, f ′(1) = 0.
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To grammikì sÔsthma (4.11) dÐnei

4s′1 = 0⇔ s′1 = 0

kai apì thn (4.4) lambĹnoume

c1(x) =

{
((x+ 1)2 − 2x(x+ 1)2) 1 = −2x3 − 3x2 + 1, x ∈ [−1, 0]
((x− 1)2 − 2x(x− 1)2) 1 = 2x3 − 3x2 + 1, x ∈ [0, 1]

.

Tèloc, h c2 parĹgetai apì th sunĹrthsh f me timèc

xi −1 0 1
fi 0 0 1

, f ′(−1) = 0, f ′(1) = 0.

To grammikì sÔsthma (4.11) dÐnei

4s′1 = 3⇔ s′1 =
3

4

kai apì thn (4.4) lambĹnoume

c2(x) =




x(x+ 1)2

(
3
4

)
= 3

4
x3 + 3

2
x2 + 3

4
x, x ∈ [−1, 0]

(x2 − 2(x− 1)x2) 1 + x(x− 1)2
(

3
4

)
= −5

4
x3 + 3

2
x2 + 3

4
x, x ∈ [0, 1]

.

KataskeuĹsame me ton trìpo autì th bĹsh tou qÿrou twn kubikÿn splines sto X2. Sth
sunèqeia ja upologÐsoume touc suntelestèc pou dÐnoun thn kubikă sunĹrthsh spline tou
ParadeÐgmatoc 24 gia th sunĹrthsh f(x) = |x|, wc grammikì sunduasmì twn stoiqeÐwn
thc bĹshc. Apì thn (4.13) prokÔptei ìti

α =
1f ′(−1)− (−1)f ′(1)

2
= 0, β =

f ′(1)− f ′(−1)

4
=

1

2
.

H (4.14) sth sunèqeia dÐnei

α0 = f0 − αx0 − βx2
0 =

1

2
, α1 = f1 − αx1 − βx2

1 = 0, α2 = f2 − αx2 − βx2
2 =

1

2
.

Epomènwc, h kubikă spline ja dÐnetai apì to grammikì sunduasmì

s(|x|, X2;x) = 1
2
x2 + 1

2
c0(x) + 1

2
c2(x)

=





1
2
x2 + 1

2

(
5
4
x3 + 3

2
x2 − 3

4

)
+ 1

2

(
3
4
x3 + 3

2
x2 + 3

4
x
)

1
2
x2 + 1

2

(
−3

4
x3 + 3

2
x2 − 3

4
x
)

+ 1
2

(
−5

4
x3 + 3

2
x2 + 3

4
x
)

=

{
x3 + 2x2, x ∈ [−1, 0]
−x3 + 2x2, x ∈ [0, 1]

.

Profanÿc, to apotèlesma eÐnai to Ðdio me ekeÐno tou ParadeÐgmatoc 24.
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Askăseic
1. Na brejeÐ h tmhmatikĹ grammikă sunĹrthsh pou proseggÐzei th sunĹrthsh f(x) =

x+ 1
x
, sto sÔnolo shmeÐwn X4 = {1, 2, 3, 4}.

2. Na brejeÐ h kubikă sunĹrthsh Hermite sto [0, 3] pou proseggÐzei th sunĹrthsh
f(x) = x5 − 4x4, sto sÔnolo shmeÐwn X4 = {0, 1, 2, 3}.

3. Na brejeÐ h kubikă sunĹrthsh spline pou proseggÐzei th sunĹrthsh f(x) = 1
x
,

sto sÔnolo shmeÐwn X4 = {1, 2, 3, 4}.

4. Na brejeÐ h kubikă sunĹrthsh spline pou proseggÐzei th sunĹrthsh f h opoÐa
dÐnetai sto sÔnolo shmeÐwn

X4 = {−2,−1, 1, 2}, xi −2 −1 1 2
fi −8 −1 1 8

.

kai f ′(−2) = 12, f ′(2) = 12.

5. Na brejeÐ h kubikă sunĹrthsh spline pou proseggÐzei th sunĹrthsh f , h opoÐa
dÐnetai sto sÔnolo shmeÐwn

X4 = {−1, 0, 1, 2}, xi −1 0 1 2
fi 0 1 3 17

kai f ′(−1) = 3, f ′(2) = 24.

6. Na brejeÐ h kubikă sunĹrthsh spline pou proseggÐzei th sunĹrthsh f , h opoÐa
dÐnetai sto sÔnolo shmeÐwn

X5 = {−2,−1, 0, 1, 2}, xi −2 −1 0 1 2
fi 0 3 0 −3 0

.

kai f ′(−2) = 8, f ′(2) = 8.

7. Na brejeÐ h kubikă sunĹrthsh spline pou proseggÐzei th sunĹrthsh f , h opoÐa
dÐnetai sto sÔnolo shmeÐwn

X4 = {−1, 0, 1, 2}, xi −1 0 1 2
fi −1 0 0 1

.

kai f ′(−1) = 3, f ′(2) = 3.

8. An s eÐnai h kubikă sunĹrthsh spline pou proseggÐzei th sunĹrthsh f sto sÔnolo
shmeÐwn Xm, na brejeÐ h kubikă sunĹrthsh spline pou proseggÐzei th sunĹrthsh
f + x3 sto Ðdio sÔnolo shmeÐwn.
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