PROBLEM 1

Let [a,b] beabasis of R* and let @ € R, f € R be two real numbers. For which values of a, 3 is

[a+b,aa] abasis of R? 2 For which values of &, 3 is [, 0] a basis of R2 7

Answers:a =0, #0

PROBLEM 2

Consider the following subset of R®
W={X€R5:X1—X3—X5=0} 1)
1.show that W is closed under linear combinations, hence a subspace of R®

2.Find a linear map R> —— R® such that W = nullspace(T) .Can this linear map T be
one-to-one? onto?

3.Find a linear map R> —— R® such that W = Range(T) .Can this linear map T be
one-to-one? onto?

4. Find a basis of W

Answers:

Abasisof Wis g=[e,,e +e,,¢e,,6e +€] .It extends to a basis y=,6’U{e1} .

A linear map with W =range(T) is defined by T (e) =0,T(x) =x, VX e £ .No such
map can be one-to-one, hence by the dimension theorem it cannot be onto either.

A linear map with W = nullspace(T) is defined by T (e,) =¢,,T(x) =0,V¥x e £ .No such
map can be onto, hence by the dimension theorem it cannot be one-to-one either.

PROBLEM 3

Consider the following subset of R®
A={X€R5:XZ—X5=4} @)
1.show that Ais closed under affine combinations, hence a flat in R® .1s it a hyperplane?

2.Find an affine map R® ——— R® such that A = nullspace(T) .Can this affine map T be
one-to-one? onto?
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3.Find an affine map R>—— R® such that A=Range(T) .Can this affine map T be
one-to-one? onto?

Answers

1.A'is a hyperplane because it is defined by a single linear equation

2.choose any element of A, say b = 4e,.The subspace uniquely defined by the hyperplane
Ais W =A-b={xeR°:x,=x} A basisof Wis #=[e, e, +¢;,e,¢e,]and

7 =BU{e,} isabasis of R® extending B .The linear map R®——R°® uniquely
defined by L(e,) =e,,L(X) =0,Vx e g satisfies W = nullspace(L) .The affine map
R®*——R®*T(x)=L(x)-L(b)=L(x)-b satisfies A=nullspace(T) ,because

T (x)=0< x-benullspace(L) =W < x € A.

For any affine map R° ——R®, F(x)=M (x)+c,M linear, that satisfies

A=nullspace(F), we have F(4e,)=0=F(5e, +¢&;) ,hence F, and M, cannot be one-
to-one. By the dimension theorem M cannot be onto, hence F cannot be onto either.

3. The linear map R® —=—R® uniquely defined by L(e,) =0, L(x) = X, Vx € B satisfies
W =range(L) .The affine map R®° ——R®, T (x)=L(x)+b satisfies A=range(T)
becausey =T (x)< y=b+L(x)eb+W =A.

By the same reasoning, no such affine map can be either one to one or onto

PROBLEM 4

Consider the following subset of R®
C:{XERS:XZ—XS20,><1—x2£0,x320} 3)

1.show that C is closed under nonnegative linear combinations, hence a convex cone in
R5
2.Find a linear map R> ——R® such that C = {x eR*:T(x)2 0} .Can this linear map

T be one-to-one? onto?

3.show that C is an intersection of half-spaces through the origin. Describe these half-
spaces explicitly

Answers: one such map is R>—— R® given by




T (X)=[% — X5, X, — X, X3,0,0] @)

The vectors x, =[t,t,0,0,t]=t(e, +e, +¢;) belong to C for all t. Hence any linear map

T that satisfies C = {x e R :T (x) > 0} must also satisfy

tT (e, +e,+6)>0,VteR (5)
Inequality (5) for t=1 yields
T(e+e,+6e)=0 (6)
Inequality (5) for t=-1 yields
T(e+e,+6e)<0 (7)
By (6) and (7)
T(e+e,+e)=0=T(0) 8)

Hence any linear map T that satisfiesC = {x € R®: T (x) 2 0} cannot be either one to

one or onto.

PROBLEM 5

Consider the following subset of R*
C={XER4IXZ—X426,X1—X2—X3S7,X320} 9)
1.show that C is closed under convex combinations, hence a convex set in R®

2.Find an affine map R* ——R* such that C = {x eR*:T(x)2 0} .Can this affine
map T be one-to-one? onto?

3.show that C is an intersection of half-spaces. Describe these half-spaces explicitly
Answers: one such map is R* —— R* given by

T(x)=L(x)-b
L(X)=[X, =X, X, + X3 — X, X3, 0] (10)
b =[6,-7,0,0]




The vectors x, =t(e, +e,+e,)+w,t e R,w=[13,6,0,0] belong to C for all t. Hence any
affine map T'(x)=L'(x)—b' that satisfiesC = {x € R®:T'(x) >0} must also satisfy
T'(%)=0,vteR hence L'(t(e, +e, +e,)+W)—b'>0,VteR

tL'(e, +e,+€,)2b'—L'(w),VteR (11)
By (11) we obtain
b'_ LV
L’(e1+e2+e4)2$,w>0 (12)
b'—L'
L’(e1+e2+e4)§¢,w<0 (13)
By (12),(13)
L'(e,+e,+e,)=0=L"(0) (14)

Hence L', T' cannot be either one to one or onto.



PROBLEM 6

For each one of the following functions f ,and for each value of the real parameter c,
compute and draw their better-than sets B, = {(x y)eRZ:f(x,y)2 c} ; state whether

they are quasi-concave functions on R? ,or concave functions on R?
e f(x,y)=x+4/y,c=4 {fisconcave

107




f(x,y) =x+y®,c=4; fis not quasi-concave
10

10



f(x,y)= x—l,c=4 ;fis concave
y

4-




f(x,y)=min(x,y),c=1 ;fis concave

4_




o f(x,y)=max(x, y),c=1 ;fis not quasi-concave

4




o f(x,y)=min(x/4+1y+2),c=3;fis concave
207
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o f(x,y)=max(2x/3,3y/2),c=1 ;fis not quasi-concave

3




f(x,y)=min(x/4+y-1,x+y-2,xYy),c=1/2,2,4 ;fis concave




]
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f(x,y)=min(x,y,
#

s
.....
syt ®

X2 +y?

8

),c =1 ;fis not quasi-concave




e f(x,¥)=min(max(x,y),max(2x/3,3y/2)),c=1 ;f is not quasi-concave
2
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X

o f(xy)=—(x-3)"-(y-3)°,c=-4 ; fis concave
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PROBLEM 7

Find all global maxima of the following maximization problem, or show that none exist
Objective function  f (x) =3(2+/x +1—2) —9x

constraints x >0

variables X

answer: x=0

PROBLEM 8

For all allowed values of the parameters, find all global maxima of the following
maximization problem, or show that none exist

Objective function (X, X,, X;) = X, X, X3 =W, X, =W, X, — W, X,
constraints x, >0,X, >0,x, >0

variables X, X,, X,

parameters w;, w,, W,

conditions on parameters w, >0,w, >0,w, >0

answer: there is no global maximum, because
f(t,t,t) =t> —wt-—wit-wt-—>oast—oo

PROBLEM 9

For all allowed values of the parameters, find all global maxima of the following
maximization problem, or show that none exist

Objective function  f (x,,x,) = min(% 11, +2)

constraints X, + px, <4,x >0,x, >0
variables X, X,
parameters p .conditions on parameters p >0

answer: x, =4,Xx, =0
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