OIKONOMIEZ XQPIZ KAMMIA ANTAFQNIZTIKH IZOPPOIMIA

BOLKEG OLKOVOLLKECG TIEPUTTWOELG N UTIAPENG OVTOYWVLOTIKNG LOOPPOTILAG
® LN KUPTEG MPOTLUNOELG N TEXVOAOYLEG

(Nonconvexities, indivisibilities, fixed costs, increasing returns to scale)

® TIEPLOUGLEG EKTOG TOU ECWTEPLKOU TOU £PLKTOU CUVOAOU KATAVOAWGCNG
(boundary endowments,poverty traps)

Qo BPOUE OTL,0E OAEG TIG TEPUTTWOELG,N KN UTIAPEN CUVLOTATOL OTO OTL OE KATIOLO OYOPO Ol KAUTIUAEG
npoodopag-intnong Ba ewvat tng popdng

demand

supply

P

T~

supply

demand /




Ta yaopata odpellovtol 0To YEYOVOC OTL OL AUCELG TWV OXETIKWYV TIPOBANUATWY LEYLOTOMOLNONG eV ElVaL
OUVEXELG OUVOPTNOELG TWV TTAPAETPWY,N OTO OTL TA CUVOAQ TWV OALKWY LEYLOTWY eV glval KupTa,Kat
OXL OTNV OOUVEXELA TWV apXLKwV Sedopevwv(dnAadn Tng TEXVOAOYLAC KAl TWV TPOTLLNCEWV).
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NONCONVEXITIES

|I'IAPAAEII'MA 1. FIXED COSTS

OEWPOUE OLKOVOULAL UE

e Suo KatavaAwTteg,toug 1 kot 2
e Suo ayaBa,ta A L

® Lo ETIXELPNON.

To ayaBo A mapayetat ano 1o ayabo L pe tnv MH KOIAH(aAAa olovel kolhn)
ouvapPTNON TAPAYWYNG

the hypograph of the production function,called the production set,
IS non convex

1
H rapapetpog f ovouatetat mayio kootog(fixed cost),kat ikavorotet 0 < f < E.I‘Iapatnpouue ot

To Leoo mpolov(average product))

€VaL AUEOUOA CUVOPTNON TNG ELOPONG ,KOL OEV EXEL LLEYLOTO



increasing average product
g W i=f

-1 L>f

O katavaAwtng 1

e gYel po povada tou ayabou L

®  EXELTPOTIUNCELG TNG popdng U, = A —% L2
O katavoAwtng 2

e £WaL 0 MOVASLKOG LBLOKTNTNG TNG ETUKELPNONG.
®  EXELTPOTIUNOELG TNG popdng U, = A,

YNOAOrIZMOZ ANTATQNIZTIKHZ IZOPPOMIAZ ME METABIBAZEIZ

ovopalw tnv Tiun tov kabe ayabov
p = price of A, w = price of L

TUTOTMOLW TIG TIpEG(TTQOALQETIKA)

p=1

Ootlw 10 etoodnua Tov kabe Katavalwtn

M,=wL +T,M,=IT+T, T, +T,=0 (1)

AUVw TO MEOPBANUA HEYLOTOMOLNOTG TOV kKabe kaTavalwtn

max Ul:AI—%LZ1 subjectto 0<A <M, =wL +T,0<L <1
LA
max U, = A, subjectto 0< A, <M, =I1+T,

A

OLAUOELG TWV TPOPBANUATWY QUTWV ELVOL OL CUVAPTNOELG Poodopag-{nTnong Tou
kaOe katavaAwtn

L = (2)

woif w<l o fwi+T if w<l
1 if w>1 w+T, if w>1
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Labor supply function

w if w<l

1L B owed

A =11 (3)
AVVw TO MEOPBATUA HEYLOTOTOLNONG TNG Kabe emixelgnong
~ A -wL if L<f
max I1 = revenue-cost=pA—wL = - .
L @-wypL-f if L>f

Ot Auoelg TwV TTPOPANMOTWY AUTWVY ELVOL OL CUVAPTNOELS TPoodopaG-{NTnong tng Kabe
enuxelpnong(ylo Aemtopepn e€aywyn tng Auong 8¢ to mapadelypa 5 g Stade€ng yLa tn
peylotonotlnaon )

L AT - (00,00,00) if w<1 .
(CAm)= (0,0,0) if wx1 “

Labor demand function
< | if w<l1
B i w=1

—
1 w

Avvw TG OVVONKEG LOOQOTLAG

demand = supply
A+A = A (5)
L = L

Aro 1 (4),(2) mapatnpoupue otL To cuotnua (5) Sev exeL kappLo Auon

Spyros Vassilakis page 3 of 14



nonexistence of competitive equilibrium
L

Labor supply function

Labor demand function
w

Inuewwon Evw oto mapadelypa aviaywvLloTIKEG LOOPPOTILEG HE HeTaBLBaoelg dev
umapxouv,ta onpeto topeto ewval L =1, A + A, =1— f .Apa Sev Loxuel o Seutepo

Bewpnua TNG EVNUEPLAG

MAPAAEITMA 2. MINIMUM EFFICIENT SCALE

OEWPOULE OLKOVOULA UE

e EVA KATOVOAWTN.
e Avo ayaBa, ta A kat X
® LlO ETILXELPNON.

To ayaBo A mapayetal ano to ayabo X pe tnv MH KOIAH(aAAa olovel-kolAn)
ouvaPTNON TAPAYWYNG

Spyros Vassilakis page 4 of 14



omou to F ewatl pa BeTikn mapapeTpos. Mapatnpoue OTL TO LECO KOOTOG

A 0 if A=0

X 2

A VF+—

A -
2 if A>0
A

€\QXLOTOTOLELTAL OTO ONnUELo A=+2F ,TO OTtolo KoL ovopaletal EAAXLOTN
QIMOTEAECUATLKN KALMaKa Ttapaywyng(minimum efficient scale of production).

bl e

Minimum efficient scale of production

O katavaAwtng

e gxet X > F povadeg tou ayabou X
® €Al 0 HovadLkog LBLOKTNTNG TNG EMLXELPNONG.

®  EXELMPOTWUNOELG TNG HopdNg

u=alogA+(1-a)log X (1)
OTIOU TO & VoL TtapapeETPoG,0 < ar < 1.

YNOAOlIZMOZ ANTATQNIZTIKHZ IZOPPOMNIAZ

ovopalw tnv Tiun tov kabe ayabov
p = price of A, w = price of X

Optlw To eL00dNUA TOV Kabe KaTavalwrn

M =wX +11 2)

AVVw TO MEOPBANUA HEYLOTOTOLNONG THG Kabe emixelgnong

Spyros Vassilakis page 5 of 14



- 0 if A=0
max Il = pA-wX = .
DY “ A2 N
A pA—wF—w7 if A>0

[ ) maxima of the profit function

o case £< 2F
W
JF
. P
n case i N2F
W
P
JIF
case L >~J2F
W

i

A
A >

I ——
Spyros Vassilakis page 6 of 14




OLAuoELg TwV MPOBANUATWY QUTWV ELVAL OL CUVAPTNOELS TPOodopac-{NTNong TNG
KaBe eTIyELPNONG

(0,0,0) if %«/ﬁ
(AX.1m)=1 {0,0,0),(V2F 2F,0)} if %Zx/ﬁ
(B,F+1(Bj LS if P oF
w 2\w,) 2w w
3)

|

the net supply correspondence of good A 1snot convex-valued at e J2F

W

2F

z |

AUVw TO MEOPBANUA HEYLOTOMOLNOTG TOV kKabe kaTavalwtn

maxu =alog A+(1-a)log X subject to pA+wX <wX +T1,A>0,X >0
A X

OLAUOELG TWV TPOPBANUATWY QUTWV ELVOL OL CUVAPTNOELG IPoodopag-{nTnong Tou
kaOe katavaAwtn

wX +11 wX +11

(1-a)

(A X)=(a " ) (4)

Spyros Vassilakis page 7 of 14



Aro ¢ (4),(3) exoupe ot TeAKa

W
“o it P<\2F
(1-a)X "
(A X)= a(ﬂ()?_F)+2£)
P "o P eE
(1—a)(>?—|:+ pzj W
2W

Armo tnv (5) cupnepalvou e otL n ouvaptnon {ntnong yla to ayabo A Ba swvat

demand function for good A

=

wX

p if 22 3F
o P W
a(E(T—F]+£ if £ 2F

2y

Avvw TG OVVONKEG LOOQOTLAG

(5)

demand
A
X + X

supply

x| >

(6)

Spyros Vassilakis
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Oa Avooupe tnv MpwTtn e€lowaon pe pa Stadikaola avalntnong.H povadikn

P

HETABANTN EVOL N OXETIKN TN — .
w

Srabinaota avalninong ‘vnobeson-Aven-cheyyog’

untoBeon UTIOPYXEL LOOPPOTILAL LUE P <~2F
w
wX w
Auon Ba npemnet va exoupe o —— =0 .H povadikn Avon ewvatn —=0
p p

EAeyxog Avtidaon, Stott mapaflaletal n umoBeon P <~2F
w
H avalntnon Looppormiwv cuvexLZeTal e vea uTtoBeon

untoBeon uTaPXEL LOOPPOTILA LUE P vV 2F
w

wX p  aX
Auon Ba mpemel va eyoupe @ — =+/2F ,6nAadn —=—
p W «2F

aX

2F

gAeyxoc Ba MPETMEL VOl LOXUEL N GUVONKN ETIL TWV MAPAUETPWY +2F =

lequilibrium prices|
J2F if aX =2F

=3 ? if aX <2F
2 if aX>2F

P
w

(7)
Emeldn dev exoupe €€AVIANCEL TOV MOPAUETPLKO XWPO, CUVEXL{OUUE TNV

avalntnon L.oopporwV UE vea urtoBeaon, ewg otou KaAuPBoUV oL MEPUTTWOELS

aX <2F,aX >2F

untoBeon UTAPXEL LOOPPOTILA LUE P >~/ 2F
w

Auon Ba mpemeL va EOUE a(ﬂ(f—F)+£)=£,6n)\a6n P_ 2a X-F
p 2W° W w 2-a
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10

2 —
eAeyxo¢ Ba MPETEL vaL LOXVUEL N oUVONKN ETIL TWV TOPAUETPWV 2—a X—-F >+2F
-a

,6nhadn aX > 2F

equilibrium prices
J2F if aX=2F
P 200 [= . = (8)
— =3, ]——AX-F if aX>2F
W 2—«a
? if aX<2F

Exoupe e€avTANOCEL TIG TEPUTTWOELG YL TO P XWPLG VoL BPOUE LOOPPOTILA VLA TNV
W

neputtwon a X < 2F ,apa

equilibrium prices

J2F if aX=2F
— _ (9)
Pl |22 UXZF  if aX>2oF
w 2—-«
no equilibrium exists if aX <2F

equilibria © exist iff

X 3

market size efficient scale

demand

2 |

Spyros Vassilakis page 10 of 14



11

equilibria @ do not exist iff

aX < 2F

market size efficient scale

MAPAAEITMA 3. Nonconvex preferences
OewPOUUE AVIAAAAKTLKN OLKOVOWLA UE

e Tpelg katavalwTteg, Toug A, B,C
e Suo ayaBa,ta 1 kat 2
e O kaBe KaTAVOAWTNC EXEL Lo povada amo to kabe ayabo

e  OLTIPOTIUNOELG TWV KATOVOAWTWY EvalL LOLEG LeTAEL TOUG Kal TtepLypadovTal
aro ti¢c MH OIONEI-KOIAEZ cuvaptnoelg opEAOUG

U,=A"+A> U, =B>+B?,U. =C]+C’

Spyros Vassilakis page 11 of 14
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2 2
the utility function u=x +y has
nonconvex better-than sets

YNOAOlIZMO3Z ANTAIFQNIZTIKHZ IZOPPOMNIAZ

ovopalw tnv Tiun tov kabe ayabov

P P

Optlw T0o eL00dNUA TOV Kabe KaTAVAAwTN

m,=Mg =M, =p,+ P, (10)

AUVw TO MEOPBATUA HEYLOTOMOLNOTG TOV kKabe kaTavalwtn

Tapvou e tn Auon amo to mapadelypa 10 g StaAeéng yla tn Leylotomolnon

PEPe g it p<p,

Py

(A, A)=(B,,B,)=(C,,C,) = {(HOJ(O%% if p=p,| @

1 2

(O’M) if p, > P,
2
Me tnv aMayn petaBAntng p = & ,N (12) mawpvel TNV amdouotepn popdn
P,
1 .
1+—,0) if p<1
p
(A.A)=(B,B,)=(C,,C,) = {(210),(012)} if p=1 (12)

0,1+ p) if p>1

e —
Spyros Vassilakis page 12 of 14
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Demand function of consumer A for good 1

Al

1
1+— if p<1

p
2 A =4{0,2} if p=1
0 if p=1
]
1 p

Avvw TIg OVVONKEG LOOQOTLAG

demand = supply
A+B+C = 3 (13)
A +B,+C, = 3

Sradixaota avalninong ‘vroleson-Avon-cheyyog’

urntoBeon umapyxeL Looppora pe p <1
Auon H beutepn e€lowon ywetal 0=3
EAeyxog avtipaon

Nea untoBeon umapyel Loopporia pe p >1
Auon H mpwtn €€lowon ywetat 0=3
EAeyxog avtipaon

Nea untoBeon umapyet Looppormia pe p =1

Auon eav oAol oL katavaAwteg eTtAe§ouv To L6Lo ayabo,exoule aAL TNV aviipaon
0=3.eav duo katavoAwteg eTUAEEOUV TO L6Lo ayaBo koL 0 TpLtog to aAdo ayabo oL
e§lowoelg Loopporuag ywovtat 4=3,2=3

EAeyxog aviipaon

Emewdn exoupe e€VTANCEL TIG TIEPUTTWOELG VLA TLG TLLEG XWPLG VOL EXOULE BpeL Auon
OUUTIEPALVOULLE OTL OEV UTIOLPXEL LOOPPOTILOL ALY POLLLLLOTLKOL EXOULLE OTL

Spyros Vassilakis page 13 of 14



competitive equilibria do not exist

Aggregate demand function for good 1

Aggregate supply function for good 1

3 1+E if p<1
p
° A +B +C,=4{0,2,4,6} if p=1
a ) 0 if p>1
3 I
2 ® L
0 ! p

e
Spyros Vassilakis

page 14 of 14



Page1of 3 noninterior endowments (poverty traps) 16-11-2019

1. THE ECONOMY

e Two consumers,1 and 2

e Two goods, food(f) and labour services(s)

e Preferences U, = 2\/Ti+2\/57i

e Endowments € = (0,1),62 =( f ,0) (The first entry represents food )

e Consumer 1, in order to supply labour services1— S,, needs to consume at least fl >1- S.

2. COMPETIVE EQUILIBRIUM

1. NAME THE PRICE OF EACH GOOD
p = price of f,w = price of s

2. NORMALIZE PRICES (OPTIONAL)
p=1

3. SOLVE THE OPTIMIZATION PROBLEMS OF CONSUMERS

maxu, = 2\/T1+ 2\/§,subject tof, >1-s, f, +ws, <w yields

1w )
_ if w>1
(s, f)=<1+w 1+w (1)
(1,0) if w<l
feasible set of consumer 1
f1 f1
w>=1 w<1
w
fi +ws, <w
fi+s, =1
1
w|
51
s, 1
Page 1

Spyros Vassilakis



Page2of3 poverty traps

maxu, = 2,/f, +2.fs, ,subject to f, +ws, < f yields

(52, fz):((1+flv)w’(1v-|\ffw)J 2

4. Solve the equilibrium conditions
Sl+82:1’ f1+f2:f (3)
By(3),(2),(1) we obtain

if f <1then no equilibrium exists

4
if f >1 then there is one equilibrium,namely w = ﬁ “

f<1

no equilibria

f>=1

The situation in the case f <1is described as a poverty trap.

3. COMPETITIVE EQUILIBRIUM WITH LUMP-SUM TRANFERS WHEN F<1

Consumer 1 receives a positive transfer T < f , paid by Consumer 2.

1. NAME THE PRICE OF EACH GOOD

p = price of f,w=price of s

2. NORMALIZE PRICES (OPTIONAL)

p=1

3. SOLVE THE OPTIMIZATION PROBLEMS OF CONSUMERS

maxu, = 2\/T1+2\/§,subject tof,>1-s, f, +ws, <W+T yields

Page 2
Spyros Vassilakis



Page 3 of 3 poverty traps

wl+w)' 1+w 1+wW?

(s f,)=

2

(1—L Lj it T < W)

1-w'l-w 1+w

maxu, = 2\/f_2+ 2\/§,subject tof,+ws, < f—T yields

(520 T2) :((1:;V-;W,W((1:;V1)-)]

4. Solve the equilibrium conditions

s+s,=1f+f,=f

w+T
+
wl+w)  (1+w)w

fa-yf)
1+ f

The equation

N w? (1—w)

T2> T .Hence
+ W

then becomes T >

forf >T > f(1_—\f/?)there is an equilibrium,namely w =/
+

(W+T W(W+T)j . T>w2(1—w)

=1has the unique solution W= +/ f .The condition

(5)

(6)

(8)

Page 3
Spyros Vassilakis
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A private ownership economy & is a tuple (X, =i, w" )%, (Vj)}_y, (9;);211’,’;2), as described

in my notes on the Arrow-Debreu model. The following is a typical theorem for the existence
of a Walrasian equilibrium, based on Debreu [13, pp. 83-84]. I have rewritten some of the
conditions to make them independent of each other. Weaker conditions can be imposed to
obtain the same result, at the expense of simplicity.

Theorem 1 The private ownership economy & has a Walrasian equilibrium if all of the follow-
ing conditions are satisfied.

1. Conditions on consumption sets.

(a) Fach X; is closed.
(b) Each X; is convex.
(¢) Each X; is bounded below.

2. Conditions on preferences.

(a) Fach =; is nonsatiated.
(b) Each i=; is continuous.

(c) Preferences are convex. That is, if x =y, then for every X € (0,1) we have Az + (1 —
(2
Ny =y (provided Az + (1 — Ny € X;).!
7

3. Condition on endowments:

For each i there exists * € X; such that w' > .
4. Conditions on production.

(a) There is a possibility of inaction. That is, 0 € Y; for each j.

(b) The aggregate production setY = 37" Y is closed.

(¢c) The aggregate production set’Y =374 Y} is conver.

(d) Production is irreversible. That is, Y N (=Y) C {0}.

(¢) There is free disposability. That is, if y € Y, then {y} — R} C V.2

T thank Gabor Uhrin for pointing out typos in an earlier draft.
!The provision is explicit so that violations of condition 1b do not imply a violation of 2c.

2This condition is usually written as —Rﬁ_ C Y. This formulation makes it easier to construct economies
satisfying free disposability and irreversibility, yet violating the possibility of inaction.
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1 Why do we need the assumptions?

I claim that each of the following examples satisfies all but one of the conditions of Theorem 1
and Walrasian equilibrium fails to exist. This does not of course imply that each condition is
necessary for the existence of equilibrium. Indeed some of these conditions can be replaced by
weaker assumptions, albeit at the cost of a more difficult proof. Each example is designed to
show the sort of phenomenon that must be addressed. The examples are intended to be simple
rather than realistic. Also, they make use of straight lines whenever possible, since they are
easy to draw and specify exactly.

To simplify the description of an economy, let us agree that a pure exchange economy
hasn = 1land Y = Y] = —Rﬂ. A pure exchange economy satisfies all the assumptions
on production. A pure exchange economy with two consumers and two commodities, where
X=X, = Ri, will be called an Edgeworth box economy.

Many of these examples are easy visualize. In the following diagrams, indifference curves for
consumer 1 will be and his offer curve will be red. Consumer 2 will have green indifference
curves and blue offer curve. Let us hope you have a color printer. Where convenient I shall
replace preference relations by utility functions.

Note that in a pure exchange economy as I have just defined it, if there is a Walrasian
equilibrium, then the equilibrium price vector must be nonnegative, otherwise the producer
will have no profit maximum. This means we only need consider nonnegative price vectors.
Also note that if someone has a locally nonsatiated preference, then an equilibrium price vector
cannot be zero, for demand will be unbounded. Note that nonsatiation, together with convexity
of preference and convexity of the consumption set imply local nonsatiation.

Assumption 1la: Closed consumption sets

When consumption sets are not closed, the problem is that a preference maximum might not
exist. Consider the trivial case of a one person, one commodity, pure exchange economy, where

X=101), w=1, uz)==x.

Assumption 1b: Convex consumption sets

In this two person example there are two locations, Los Angeles and St. Louis, and one com-
modity, football. It is impossible to consume football in both Los Angeles and St. Louis—a
choice must be made. Thus the consumption set for each consumer is

X ={(z,y) € RZ : 2 =0or y =0},
where z is football in L.A. and y is football in St.L.. Assume preferences on X are given by
u(z,y) =20+,

Let the endowment be
wh =w? =(1,1).

Let the aggregate production set Y be the negative orthant —Rf_, so that there is free disposal.

v. 2017.10.23::12.17
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You might ask how one could be endowed with football in both locations. Think of the
endowment as tickets—you could have title to tickets in both locations, but can attend games
in only one.

Since preferences are monotonic, prices must be nonnegative. If p, > 2p,, both consumers
will wish to sell their £ endowment and consume only y, so this cannot be an equilibrium. If
Pz < 2py, both consumers will wish to sell their y endowment and consume only x, so this
cannot be an equilibrium. If p, = 2p,, each consumer is indifferent to (0,3) and (2,0). No
combination of these adds up to the endowment (2,2), so this cannot be an equilibrium. See
Figure 1.

A

.

Y

Figure 1. Offer curves for location-specific football.

Assumption 1c: Consumption sets bounded below

Modify an Edgeworth box economy so that X; = {(z,y) : y > 0}. That is, consumer 1 can
supply unboundedly large amounts of z. Set uy(z,y) = y, uz(z,y) = z+y, and w! = w? = (1,1).
Since X7 is unbounded below in z, if p, > 0, then consumer 1 will have unbounded income
to spend on ¥, so an equilibrium price must have p, = 0, but then consumer 2, will have an
unbounded demand for z, so no equilibrium exists.

Assumption 2a: Nonsatiation

It is clear that if there is a satiation point, then monotonicity must be violated, so why don’t
we go all the way and give consumer 1 antimonotonic preferences. Specifically, suppose we have
an Kdgeworth box economy with

ui(z,y) = —(v+y) wz,y)=r+y

v. 2017.10.23::12.17
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and w! = w? = (1,1). Note that consumer 1 always demands (0, 0) when prices are nonnegative,
but consumer 2 cannot afford to consume (2, 2), so no nonnegative price vector clears the market.

Assumption 2b: Continuous preferences

To see what can happen when preferences are not continuous consider the following Edgeworth
box economy. The preferences of both consumers are given by

(z,y) = («',y) <= az4+y>2'+yor(w+y=2"+y &z>2a).

That is, the preferences are lexicographically increasing, first in the sum, and then in z (see
Figure 2a). If endowments are w! = w? = (1,1), then the offer curve for each consumer is
shown in Figure 2b. If p, > p,, then no one demands x, but if p, < py, then no one demands
y. The offer curves leap over each other at p, = p, (Figure 2c).

Assumption 2c: Convex preferences

Consider the following Edgeworth box economy. The endowments are
wh=(1,1), w?=(1,1).
Consumers have preferences represented by the utility functions

ui(z,y) = max{min{z, Sy}, min{3z,y}} wus(z,y) = min{z,y}.

Sample indifference curves for consumer 1’s preferences are shown in Figure 3a. Consumer 2
always demands his endowment, unless a price is zero. See Figure 3b. The box is shown in
Figure 3c, and it is clear that no equilibrium exists.

Assumption 3: Endowments

To see what can happen when the endowment condition is violated consider the following
Edgeworth box economy. The utility functions are

u'(z,y) =z +y, u(r,y)=min{z,y},

and the endowments are
wh=(1,0), w?=(2,1).

The Edgeworth box diagram for this economy is shown in Figure 4a.

To see that there is no equilibrium, notice that consumer 1’s preferences are strictly mono-
tonic, so in equilibrium both prices must be strictly positive. When both prices are strictly
positive, the offer curves are shown in Figure 4b. Since these do not intersect, there is no
Walrasian equilibrium. Note however that the endowment is a quasi-equilibrium.

Note also that consumer 2’s preferences are not strictly monotonic. This is necessary for this
example. Indeed McKenzie [29, 30] offers an alternative to the endowment condition, called
irreducibility, that is automatically satisfied if preferences are strictly monotonic and every
consumer is endowed with at least one good.

v. 2017.10.23::12.17
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x @
(a) Preferences are lexicographic in sum, then (b) An offer curve.
x.

(c) Offer curves miss each other.

Figure 2. Example where prefereng¢es are not continuous.

v. 2017.10.23::12.17
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/]

(a) u(z,y) = (b) u(z,y) = min{z, y}.
max{min{x, 1y}, min{iz, y}}

(c) Offer qurves do not intersect.

Figure 3. Failure of equilibrium with non-convex preferences.

v. 2017.10.23::12.17
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01

(]

02

(a) Endowment and indifference curves (b) Offer curves for p > 0.

Figure 4. Example with endowment on boundary.

The endowment condition has other implications. For instance, it is the only condition that
guarantees that the consumption set is nonempty! (Nonsatiation does not guarantee it, since
the empty set has no satiation points.) Even if we explicitly assume that consumption sets
are nonempty, there may still be no feasible allocations if the endowment condition is violated.
For instance, consider the one person, one commodity pure exchange economy with endowment
zero, and consumption set X = [1, 00).

Assumption 4a: Possibility of inaction

For the examples on production, for simplicity let there be only one consumer with consumption
set X = Ri, endowment w = (1, 1), and utility u(z,y) =z + y.
For a counterexample without the possibility of inaction, let there be one producer with
production possibility set
Y ={(z,y) 1z < -2, y<—-2}.

Then note that X N (Y +w) = @. That is, there are no feasible allocations, and hence no
equilibria.

For an even cheaper example, let Y = @. Then no allocations exist. Note that free
disposability as I have defined it is still satisfied.

Assumption 4b: Closure of production set

Again let there be only one consumer with consumption set X = R2, endowment w = (1,1),
and utility u(z,y) =  + y. Let there be one producer with production possibility set

Y ={(z,y) 1y < (—:U)%, x < 0}.

That is, y is produced from z, and the production function is almost y = z3. But in fact, o3
is an upper bound that can never be attained. As long as p, > 0, there is no profit maximizer.
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When p, = 0, then (0,0) is a profit maximizer, but demand for y is unbounded. Therefore no
equilibrium exists.

Assumption 4c: Convexity of production set

Again let there be only one consumer with consumption set X = Ri, endowment w = (1,1),
and utility u(z,y) = = + y. Instead of an indivisible commodity, we shall examine an example
with increasing returns to scale. In such an example, as long as the price of output is positive,
profit is increasing in output, so no maximum can exist. Almost any production function with
globally increasing returns to scale will do, but in keeping with the use of straight lines, for
n=20,1,2,..., set

oo
n=0

See Figure 5. Then profit is unbounded for any nonnegative price vector with p, > 0. But
py = 0 leads to unbounded demand for good y, so it cannot yield an equilibrium either.

Assumption 4d: Irreversibility

The assumptions of irreversibility and free disposability together imply that no production
vector is nonnegative. That is, it takes inputs to produce output. There are other assumptions
that guarantee this, and Debreu [14] shows that irreversibility can be replaced by another
condition, namely that the recession cones of the production and consumption sets are positively
semi-independent, but let’s not go into that here. Moreover, Bergstrom [6] shows how to discard
‘free disposability’—at no cost. As a result, the examples given here are what my son would
call “cheap,” that is, they are easily ruled out by alternative assumptions that may be even
more plausible.

Let there be only one consumer with consumption set X = Ri, endowment w = (1,1), and
utility u(z,y) =  +y. There is one producer with Y = {(z,y) : # < 0}. The only price vectors
for which a profit maximizer exists must have p, = 0, and they lead to unbounded demand for

Y.
Assumption 4e: Free disposability

Let there be only one consumer with consumption set X = R2, endowment w = (1,1), and
utility u(z,y) = x +y. There is one producer with Y = Ri. The only price vectors p for which
a profit maximizer exists must have p < 0, and they lead to unbounded demands.

2 An outline of a proof

Here is a sketch of one method of proof, leaving out the details. I call this the excess demand
approach. There are other approaches. A key ingredient in all the methods I know is the
following theorem. See Border [9, Theorem 12.1] or my on-line notes for a proof.
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Figure 5. Increasing returns to scale.
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Berge Maximum Theorem Let P, X be metric spaces and let ¢: P — X be a correspon-
dence with nonempty compact values. Let f: X x P — R be continuous. Define the “argmaz”
correspondence ji: P — X by

pu(p) = {z € (p) : © mazimizes f(-,p) on ¢(p)},

and the value function V: P — R by

Vip) = f(z,p)  for any x € pu(p).

If ¢ is continuous at p, then p is closed and upper hemicontinuous at p and V' is continuous at
p. Furthermore, p is compact-valued.

Normalize prices so that E£:1 pr = 1. This can be done as long as we can restrict attention
to nonnegative prices, which we can by free disposability. Thus let

14

A={peR':pz0, > pe=1}
k=1

In order to use the Berge Maximum Theorem as stated, we need some compactness, so for the
time being, assume that each X; and each Yj is compact. (Later we shall see how to drop this
assumption, which is incompatible, for instance, with free disposability.)

Step 1: For each producer j, let

Wp)={yeYi:p-y=p y forally €Y},
be the supply correspondence of producer j, and let
w(p) = max{p-y:y € Y’}

be the profit function. The Berge Maximum Theorem implies that 7/ is an upper hemicontin-
uous correspondence and 7/ is a continuous function. Also, since 0 € Y7, we have 77 (p) > 0
for all p. Convexity of Y implies that Z?:l 7/ is convex-valued.

Step 2: Now for each consumer %, define

mi(p) =p-w' +>_ 0wl (p),
j=1

consumer 4’s income at price vector p. Since we have assumed w’ > 2%, we have p - ' < m*(p)
for p € A. Thus the budget correspondence

Bilp)={ze X' :p-z<m(p)}

is a continuous correspondence (this requires proof), so by the Berge Maximum Theorem, the
demand correspondence

&(p) ={z € B(p) : w3z 2 for all &’ € B (p)}
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is an upper hemicontinuous compact-valued correspondence. By convexity of preferences, it is
convex-valued.
Step 3: The excess demand correspondence

m n

SOEDAED U

i=1 j=1
is upper hemicontinuous and convex- and compact-valued. (This too requires proof.)
By local nonsatiation, the strong form of Walras’ Law,

p-z=0forall z € ((p),

is satisfied. Now use the following theorem due to Gale [19], Kuhn [24], Nikaid6 [37], and
Debreu [12]. See Border [9, Theorem 18.1] for a proof.

Gale-Debreu—Nikaidé Lemma LetC: A — R’ be an upper hemicontinuous correspondence
with nonempty compact convex values satisfying Walras’ Law, i.e., for all p € A, p-z <
0 for each z € {(p). Then there exists p € A and z € ((p) satisfying z < 0.

Step 4: Now we can deal with the compactness assumption. Let K, be an increasing
sequence of compact convex sets, each containing each w’ and each 4*, whose union is R Let
XﬁL = X'N K, and Yn]: =Y N K,, and let ¢, be the excess demand correspondence of this
truncated economy. By the lemma, we get a sequence (py, z,) with z, < 0 and z, € (,(pn).
Since A is compact there is a convergent subsequence, let’s also denote it p, — p € A.

An alternative to this is to prove that the set of allocations is compact (not easy) and work
within the interior of a single compact set.

By upper hemicontinuity, we can also show there is a further subsequence with z, — 2z < 0
and z € ((p). (This is harder than it looks.) That is, there exist (x!,... 2™, y' ... y") with
each x' € ¢(p) and 3/ € 1/ (p) and

m m n
in—Zwi—Zyj:z§0.

i=1 i=1 j=1

Step 5: By Walras’ Law, p - z = 0, and by free disposability z € Y. By the definition of 7/,

each 1/ maximizes p over Y7, so y = }’:1 v/ maximizes p over Y. ' Butp-y=p : (y + z), so
Y+ z maximizes p over Y, which means we can write y+ 2z = Z?:l 77, where each §7 maximizes
p over Y7, Thus (x!,... 2™, %, ..., 9% p) is a Walrasian equilibrium.
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